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THE POINT. 

1. The following method of determining the position of any 
point on a plane was introduced by Des Cartes in his GSomStrie^ 
1637, and has been generally used by succeeding geometers. 

We are supposed to be given the position of two fixed 
right lines XX\ YY intersecting in the point 0. Now, if 
through any point P we ^ 

draw PM^ FN parallel to 
YY' and XX\ it is plain 
that, if we knew the position 
of the point P, we should 
know the lengths of the pa- 
rallels PMj FN] or, vice versd^ 
that if we knew the lengths 
of FMj FJSj we should know 
the position of the point P« 

Suppose, for example, that 
we are given FN=^ a, Plf = 6, 
we need only measure OM-a and ON^h^ and draw the 
parallels FM^ FN^ which will intersect in the point required. 

It is usual to denote FM parallel to OF by the letter y, 
and FN parallel to OX by the letter a;, and the pobt P is said 
to be determined by the two equations x^a^y^b. 

2. The parallels FM^ FN are called the coordinates of the 
point P. Pif is often called the ordinate of the point P; while 
PAT, which is equal to OM the intercept cut off by the ordinate, 
is called the absciaaa. 
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The fixed lines XX' and YY' are termed the axes of co- 
ordinates^ and the point 0^ in which they intersect, is called the 
origin. The axes are said to be rectangular or oblique, 
according as the angle at which thej intersect is a right angle 
or oblique. 

It will readily be seen that the coordinates of the point M 
on the preceding figure are a? = a, y = ; that those of the point 
^are 2B = 0, y = i } and of the origin itself are 2; = 0, y ^^ 0. 

3. In order that the equations x — a^ y^^ should only 
be satisfied by one point, it is necessary to pay attention, not 
only to the magnitudes^ but also to the signs of the co- 
ordinates. 

If we paid no attention to the signs of the coordinates, we 
might measure 0M= a and 0N== 6, on either side of the origin, 
and any of the four points 
P, P^, P„ P, would satisfy 
the equations x^^a^ 9 = ^* 

It is possible, however, to I? /N P 

distinguish algebraically 
between the lines OM^ 
OM' (which are equal in 

magnitude, but opposite in x' rrrr/ Y^ ^ X 

direction) by giving them 
different signs. We lay 
down a rule that, if lines 
measured in one direction 
be considered as positive, 
lines measured in the oppo- 
site direction must be con- 
sidered as negative. It is, of course, arbitrary in which 
direction we measure positive lines, but it is customary to 
consider OM (measured to the right hand) and 0^ (measured 
upwards) as positive, and 0M\ ON' (measured in the opposite 
directions) as negative lines. 

Introducing these conventions, the four points P, P„ P^, P 
are easily distinguished. Their co-ordinates are, respectively, 
x^^-a) 0? = — al ajss + a) x^^ — a) 
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These distinctions of sign can present no difficulty to the 
learner, who is supposed to be already acquainted with 
trigonometry. 

N.B. — The points whose coordinates are a; = a, y = J, or 
x=x\ y^y\ are generally briefly designated as the point (a, i), 
or the point oiSxf. 

It appears from what has been said, that the points (+ a, + V)^ 
(— a, — h) lie on a right line passing through the origin ; that 
they are equidistant from the origin, and on opposite sides of it. 

4. To express the distance hetween two points x'y'^ ^*y'\ ^^ 
iixes of coordinates being supposed rectangular. 

By Euclid i. 47, 

P^ = PS" + S(^, but PS= P3/- QM' = y - y", 

and QS^ OM-- OAT^x'^x"-, 

hence P 

o'=Pe = (a,'-a:'r+(y'-yT. 

To express the distance of 

any point from the origin, we 

must make x" = 0, y = in 

the above, and we find 

5. In the following pages 
we shall but seldom have occa- 
sion to make use of oblique coordinates, since formulas are, in 
general, much simplified by the use of rectangular axes; as 
however, oblique coordinates may sometimes be employed with 
advantage, we shall give the principal formulsd in their most 
general form. 

Suppose, in the last figure, the angle YOX oblique and 
■B «», then 

PBQ = 180' - «, 

and P(y = P8'+QS*^ 2P8. Q8. cos PSQ, 

or, PG' = (y'-yT+(^'-a:7 + 2(y'-y')(a:'-a:") cos6>. 

Similarly, the square of the distance of a point, x'y'j from 
the origin = «'* + y** + 2x'y' cos q>. 
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In applying these formulas, attention mast be paid to the 
signs of the coordinates. If the point Q, for example, were 
in the angle XO P, the sign of y" would be changed, and the 
line PS would be the sum and not the difference of y' and y'\ 
The learner will find no difficulty, if, having written the 
coordinates with their proper signs, he is careful to take for P8 
and Q8 the algebraic diiference of the corresponding pair of 
coordinates. 

Bz. 1. Find the lengths of the sides of a triangle, the coordinates of whose 
vertices are a:* = 2, y* = 8 j «" = J, y" = - 6 ; «'" = - 8, y"' = - 6, the axes being 
rectangular. An$, ^68, 4^0, 4^06. 

Ex. 2. Find the lengths of the sides of a triangle, the coordinates of whose 
vertices are the same as iz^ the last example) the axes being inclined at an angle 
of 60°. Ana. Joi, J57, J161. 

Ex. 3. Express that the distance of the point xy frpm the point (2, 9) is equal 
\jQ 4. Ans, (x - 2)« + (y - 3)« = 16 

EjL. 4. Express that the point xy is equidistant from the points (2, 8), (4, 6). 

Ans, (a;-2)« + (y-8)« = (x-4)« + (y-6)«; orar + y = 7. 

Ex. 5. Find the point eqaidistant from the points (2, 8), (4, 5), (6, 1). Uere W9 
)iaye two equations to determine the two unknown quantities a;, y. 

Am. v= y, y = ^, and the common distance is —^ 

o 

6. The distance between two points, being expressed in 
the form of a square root, is necesaarlly susceptible of a double 
sign. If the distance PQ, measured from Pto Q, be considered 
positive, then the distance QP, measured from Q to P, 
^s considered negative. If indeed we are only concerned 
with the single distance between two points, it would be 
pnmeaning to affix any sign to it, since by prefixing a sign we 
in fact direct that this distance shall be added to, or subtracted 
from, some other distance. But suppose we are given three 
points P, Q, jS in a right line, and know the distances PQ, 
Qli^ we may infer FB = PQ + QB. And with the explanation 
now given, this equation remains true, even though the 
point B lie between P and Q. For, in that case, ,PQ and 
QB are measured in opposite directions, and Pfi, which is their 
arithmetical difi*erence, is still their algebraical sum. Except 
in the case of lines parallel to one of the axes, no convention 
.has been established as to which shall be considered the positive 
direction. 
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7. To find the coordinates of the point cutting in a given 
raiio m: nj the line joining two given points x'y\ x"y'\ 

Let Xj y be the coordinates of the point R which we seek 
to determinei then 

m\ny.PR\RQv.M8i8N, 

or 

wi :n :: a — a; : a — a:"» 

or mx — «ia5"= nx* — nx. 

hence 




mx 4 nx 

a?= ; . 

wi + n 

In like manner 

my"-\-ny ' 

^ m-^n 

If the line were to be cut externally in the given ratio we 
should bave 

m : n :: x — x' : x^x'\ 

and therefore x = "^ — , v = ^^ T j^y , 

m-n ' -^ rn — « 

It will be observed that the formulsd for external section 
are obtained from those for internal section by changing the 
sign of the ratio ; that is, by changing w : + n into m : - w. 
In fact, in the case of internal section, PR and jSQ are 
measured in the same direction, and their ratio (Art. 6) is to 
be counted as positive. But in the case of external section 
jRfi and jSQ are measured in opposite directions, and their 
ratio is negative. 

Ex. 1. To find the ooordinates of the middle point of the line joining the points 

Am, X- — 2 - , y = — ^ . 

Ex. 2. To find the coordinates of the middle points of the sides of the triangle, 
the ooordinates of whose vertices are (2, 8), (4, — 5), (— 8,-6). 

Ani, (4, - V), (- i, - f), (8, - 1). 

Ex. 3. The line joining the points (2, 8), (4, — 6) is trisected ; to find the co* 
ordinates of the point of trisection nearest the former point. Ant, s = |, |r = i. 

Ex. 4. The coordinates of the vertices of a triangle heing x'\/, x"%f\ x^'Y", to 
find the ooordinates of the point of trisection (remote from the Vertex) of the line 
loining any vertex to the middle point of the opposite side. 

iiiu. ar = j(*' + x" + «'"), y=i(y' + y" + y'")« 



6 



TRANSFORMATION OF COORDINATES. 



Ex. 5. To find the cooidinatae of the intersectioii of the biaectora of sideB of the 
triangle, the coordinates of whose vertices are given in Ex. 2. Ana, a; = 1, y = — |. 

Ex. 6. Any sid^ of a triangle is cut in the ratio m : n, and the line joining this to 
the opposite vertex ia out in the ratio m + n : /; to find the coordinates of the point 
Ofseptiou. s _ fe' + mar*' + na^" ^ l^.-^mt/' -{-ntf" 

'"**"' /+TO + II ' ^~ /+» + » 

TRANSFORMATION OF COORDINATES.* 

8. When we know the coordinates of a point referred to 
one pair of axes, it is frequently* necessary to find its co- 
ordinates referred to another pair of axes. This operation is 
called the transformation of coordinates. 

We shall consider three cases separately; first, we shall 
suppose the origin changed, but the new axes parallel to the 
old; secondly, we shall suppose the directions of the axes 
changed, but the origin to remain unaltered ; and thirdly, we 
shall suppose both origin and directions of axes to be altered. 

First. Let the now axes be parallel tQ the old. 

Let Ox^ Oy be 
the old axes, OX^ ^ ^ 

OY the new axes. 
Let the coordinates 
of the new origin 
referred to the old be 
a?', y\ or OS^x'^ 
aR^y'. Let the 
old coordinates be 
oj, y, the new X, F, 
then we have 

OM^OR-\-RM^ mi FM^PN+NJU, 

that is x = x' + Xy and y=y'+ Z. 

These formulsd are, evidently, equally true, whether the axes 
be oblique or rectangular. 

9. Secondly, let the directions of the axes be changed, while 
the origin is unaltered. 




* The beginner may postpone the rast of this chapter till he has read to the end 
of Art. 41. 
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Let the original axes bo Ox^ Oj/j so that we have OQ^Xj 
PQ^y. Let the new axes 
be OX, OY^ so that we have 
ON^X, PN^Y. Let OX, 
OY make angles respectively 
a, iS, with the old axis of x^ 
and angles a', ff with the old 
axis of y; and if the angle 
xOy between the old axes be 
o>} we have obviously a-^-o! ^to, 
since XOx 4- XOy — xOy; and in like manner ff + fi'^w. 

The formulsB of transformation are most easily obtained by 
expressing the perpendiculars from P on the original axes, in 
terms of the new coordinates and the old. Since 

PM=^PQ smPQM, we have PM^y sina>. 

Butalso PM=NS^P8^0NsmN0B'^PNsmPN8. 

Hence y smto s J^ sina + Y sin)3. 

In like manner 

SB sinois Jrsina'+ Fsin^; 
or a? sinw = X sin(w — a)+ Fsin(tt> — )8). 

In the figure the angles a, ff, m are all measured on the 
same side of Ox] and a', ffj to all on the same side of Oy, 
If any of these angles lie on the opposite side it must be given 
a negative sign. Thus, if F lie to the left of Oy, the angle 
fi is greater than w, and /S* (= « — )8) is negative, and therefore 
the coefficient of Y in the expression for x sinca is negative. 
This occurs in the following special case, to which, as the 
one which most frequently occurs in practioe, we give a separate 
figure. 

To transform from a system of rectangular axes to a new 
rectangular system making an angle with the old. 

Here we have 

a' = 90-tf, i8' = -fl; 
and the general formulee become 
ysnX smO + YcosOj 
x^X co&0^Ye\n0'j 
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the truth of which may also be seen directlji since y » FS^-NRj 
aj = 05 -iSZ^, while 

P8^PNcoB0, JVB=OJSrsintf; OR^ONqo%0, 8N=^PNsin0. 

There is only one other case of transformation which often 
occurs in practice. 

To transform from oblique coordinates to rectangular^ retaining 
the old axis ofx. 

We may use the genend for- 
mulee making 

a=:0, /8 = 90, a' = w, )8' = c»-90. 

But it is more simple to inves- 
tigate the formulae directly. We 
have OQ and PQ for the old x and 
y^ OM and PM for the new ; and, since PQM^^^j we^ave 

Y=iy sinw, X^x-hy coso>; 

while from these equations we get the expressions for the old 
coordinates in terms of the new 

ysina>=y, a; sina> = Xsinci> — !Fcosci>. 

10. Thirdly, by combining the transformations of the two 
preceding articles, we can find the coordinates of a point re- 
ferred to two new axes in any position whatever. We first find 
the coordinates (by Art. 8) referred to a pair of axes through 
the new origin parallel to the old axes, and then (by Art. 9) 
we can find the coordinates referred to the required axes. 

The general expressions are obviously obtained by adding x' 
and y' to the values for x and y given in the last article. 

Ex. 1. The ooordinateB of a point satisfy the relation 
what will this become if the origin be transformed to the point (2, 8) ? 

Am. jr« + r« = 8i. 

Ex. 2. The coordinates of a point to a set of rectangular axes satisfy the 
relation ^ — ob* = 6 ; what will this become if transformed to axes bisecting the 
angles between the gircn axes ? Ans. XY =zS, 

Ex. 8. Transform the equation 22* — bxy + 2^ = 4 from axes inclined to each 
other at an angle of 60® to the right lines which bisect the angles between the 
giren axes. Ant. JT* - 27F« + 12 = 0. 

Ex. 4. Transform the same equation to rectangular axes, retaining the old axis 

of*. Ant. 8i:« + ior«-7i:r^ = c. 
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Bz. 5. It is erident that when we change from one let of rectangular axes to 
another, «* + ^ mnst = X* + F*, since both express the square of the distance of 
a point from the ozigin* Verify this by squaring and adding the expressions for 
Xand Fin Art 9. 

Ex. 6. Verify in like manner in gehersl that 

a^ + y* + Zary cosa;t>y = X* + F« + 2XT{xmX07, 

If we write X sin a + Ytmfizzt, Xc6sa+ F cos /9= 3/; the expressions in Art. 9 
may be written y sin M = £, « sin M = Jf sin fiv — Zoos «; whence 

sin»« («• + ^ + 2a;y cos «) = (A« + Jf *) 8in»o». 
But I^ + Jf« = Jt«+F« + 2-tFco8(rt-/3), and a^p^XOT. 

11. The degree of any equation between the coordinates is not 
altered by iransformaJdcm, of coordinates. 

Transformation cannot increase the degt^ of the equation ; 
for if the highest terms in the gj^A equation be a^^ y'^j &c.| 
those in the transformed equation will be 

{x' sinoi+x sin(«'-a) +y 8in((»— )8)^p(y' sinoi+o? sma+jr sin^S)"*, 

&c.| which evidently cannot contain powers of a; or y above the 
m^ degree. Neither can transfonnation diminish the degree of 
an eqaation^ since bj transforming the transformed equation 
back again to the old axes, we must fall back on the original 
equation, and if the first transformation had diminished the 
degree of the equation, the second shenld increase It, contrary 
to what has just been proved. 

FOLAn COORDINATES. 

12. Another method of expressing the position of a point 
is often employed. 

If we were given a fixed point 0, and a fixed line through it 
OBj it is evident that we should p 

know the position of any point 
P, if we knew the length OP, 
and also the angle FOB. The 
line OP is called the radius 
vector; the fixed point is called ^ 
the pole; and this method is called the method of polar co* 
ordinates. 

It is very easy, being given the x and y coordinates of a 
point, to find its polar ones, or vice versd. 
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First, let the fixed line 
coincide with the axis of cr, 
then we have 

OPiPMiiBinPMO : sinPOJI/; 

denoting OP by p, POM by 
5, and YOX by », then 

o^ p sin 
Pif or y=—. ; 



sinu> 





and similarly, OJf = a; = - — ,- . 

•^ ' sin ft) 

For the more ordinary case of rectangular coordinates, 
10=: 90°, and we have simply 

x=:p cosd and .v = p sin^. 

Secondly, let the fixed 

line OB not coincide with the 

axis of Xj but make with it an 

angle = a, then 

P0£= and POM=: tf - a, 

and we have only to substitute — a for in the preceding 
formulae. 

For rectangular coordinates we have 

x = p cos {0 - a) and y = p sin (5 - a). 

Ex. 1. Change to polar ooordinates the following equations in rectangular co- 

«* + y* = 6mx. Alls, p = 6m coeO, 

a:«-y« = a«. Ans. p* cob 20 = a*. 

Ex. 2. Change to rectangular coordinates the following equations in polar co- 

^'^^^^^ ^«8in20 = 2a«. An8.xy = a\ 

^« = a«co820. Ans, (a* + y*)* = «*(«*- 5*)- 

^* cos i0 = a* Ans, x^ + y'={2a- x)K 

ph = akcoaie, Ans. (2x« + 2y»-ax)« = a«(a^+y). 

13. To express the distance between two points^ in terms of 
their polar coordinates, y Q 

Let P and Q be the two points, 

OP=p', POB^ff', 

OQ^p", QOB=.0"i o 

then Pg»= Oi^+ OQ^-'^OP.OQ.cosPOQ^ 

or 8' = p** -f p'" - 2p'p" cos {0" - ^). 
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14. Any two equations betioeen the coordinates represent 
geometrically one or more points, ^ ^/s^r*"^ 

If tke equations be both of the first degree (see Ex. 5| p. 4) 
they denote a single point. For solving the equations for 
X and y, we obtain a result of the form a? = a, y = 6, which, 
as was proved in the last chapter, represents a point. 

If the equations be of higher degree, they represent more 
points than one. For, eliminating y between the equations, 
we obtain an equation containing x only; let its roots be o^, 
a,, a,, &c. Now, if we substitute any of these values (a,) for 
X in the original equations, we get two equations in y, which 
must have a common root (since the result of elimination be- 
tween the equations is rendered = by the supposition x = o^). 
Let this common root be y = /3^, Then the values a? = a^, y =» /S^, 
at once satisfy both the given equations, and denote a point 
which is represented by these equations. So, in like manner, 
is the point whose coordinates are ^ == a,) y = /S,) &c. 

Ex. 1. What point is deDoted by the equations 8« + 5jf=13, 4s — sf = 2? 

Au8. « = 1, y = 2 

Ex. 2. What points are represented by the two equations aB* + j^ = 5, xy = 2? 
Eliminating y between the equations, we get s* — &b* + 4 = 0. The roots of this 
equation are a* = 1 and a^ = 4, and, therefore, the four values of x are 

«s+l, 3? = — 1, x = + 2, = — 2. 

Substituting these suocessiTely in the second equation, we obtain the oorxesponding 

values of y, 

y = + 2,y=-2, y = +l, y = -l. 

The two given equations, therefore, represent the four points 

(+1, +2), (-1, -2), (+2, +1), (-2,-1). 

Ex. 8. What points are denoted by the equations 

»-y = l, a:« + y» = 26? Atu. (4,8), (-8,-4). 

Sz,4. What points are denoted by the equations 

«^-6a: + y + 8 = 0, aj» + y«-5«-8y+ 6 = 0? 

Am. (1, 1), (2, 8), (8, 8), (4, 1). 
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15. A Single equation letwecn the coordinates denotes a 
geometrical locus. 

One equation eyidcntly does not afford ns conditionB enough 
to determine tluB two unknown quaptities Xj y\ and an inde- 
finite number of systems of values of x and y can be found which 
will s^isfj the given equatiop. And yet the coordinates of 
any point taken at random will not satisfy it. The assemblage 
then of points, whose coordinates do satisfy the equation, forms 
a locus^ which is considered the geometrical signification of 
)lie given equation. 

.Jhus, for e;9:ample, we saw (Ex. 3, p. 4) that the equation 

expresses that the distance of tbe point xy from the point 
(2^ 3) =4. This equation then is ati led by the coordinates of 
^ny point on the circle whose centre is the point (2, 3), and 
whose radius is 4; and by the coordinates of no other point. 
This circle t^en Is the loops which thib equation is said to 
l^present. 

We can illustrate by a still simpler example, that a single 
equation between the coordhsates signiiies a locus. Let us 
recall the construction by which (p. }) we determined the 
position of a point from 
the two equations x^a^ 
y=:b. We took OM==a\ 
we drew MK parallel to 
OY] and then, measuring 
MP^bj we found P, the 
ppint required. Had we 
beep given a differept value 
of y, x = a^y — b\ we should 
proceed as before, and we 
should find a point P' still situated op the line JflT, but at 
a different distance from M. Lastly, if the value of y were 
Jeft wholly indeterminate, apd we were merely given the 
single equation a; = <7, we should know that the point P 
was situated somewhere on the lipe MKj but its position iQ 
that line would not be determined. Hence the line MK is 
the locus of all the points represented by the equation a = a, 
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nnce, whatever point we take oo the line MK^ the x of that 
point will always = a. 

16. In general, if we are given an equation of any degree 
between the coordinates, let us assume for x any value we 
please (x^^a), and the equation will enable us to determine 
a finite number of values of y answering to this particular 
value of a;; and, consequently, the equation will be satisfied for 
each of the points (p, q^ r, &c.), whose x is the assumed value, 
and whose y is that found from the equation. Again, assume 
for X any other value 
[x = a)^ and we find, 
in like manner, ano^ 
ther series of pointS| 
p\ J , r', whose co^ 
ordinates satisfy the 
equation. So again, 
if we assume x^al* 
<Hr a? = a"', &c. Now, 
if X be supposed to 
take successively all 
possible values, the assemblage of points found as above will 
form a hcus^ every point of which satisfies the conditions of the 
equation, and which is, therefore, its geometrical signification. 

We can find in the manner just explained as many points 
of this locus as we please, until we have enough to represent 
its figure to the eye. 

Ez. 1. Bepiesent in a figure* a series of points which satisfy the equation 
y = 2x + 8. 

AnM, GiTing x the yalaes -2,-1, 0, 1, 2, ^^ we find for y, - 1, 1, 8, 5, 7, Ac., 
and the oorresponding points will be seen all to lie on a right line. 

Ex. 2. Bepresent the locus denoted by the equation y = a^ — 8x — 2. 

An9, To the Talues for «,-!,- i, 0, i, 1, |, 2, g, 8, J, 4; correspond for 
y» 2, - J, - 2, - V, - 4, - V, - 4, - y, - 2, - i, 2. If the points thus denoted 
be laid down on piHPor, they will sufficiently exhibit the form of the curre, which may 
be continued indefinitely by giving x greater positive or negative values. 

Ex. 8. Bepresent the curve y = 8 ± J(20 - « — «*). 

Here to each value of x correspond two values of y. No part of the curve lies to 
the light of the line x = 4, o^ to the left of the line « = — 6, since by giving greater 
positive or negative values to x, the value of y becomes imaginary. 

* Ttkb learner is recommended to use paper mled into little squares, which is sold 
finder the name of logarithm paper. 
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17. The whole science of Analytic Geometry is founded 
on the connexion which has been thus proved to exist between 
an equation and a locus. If a curve be defined by any 
geometrical property, it will be our business to deduce from that 
property an equation which must be satisfied by the coordinates 
of every point on the curve. Thus, if a circle be defined as 
the locus of a point (a;, y), whose distance from a fixed point 
(a, b) is constant, and equal to r, then the equation of the circle 
in rectangular coordinates is (Art. 4), 

On the other hand, it will be our business when an equation is 
given, to find the figure of the curve represented, and to deduce 
its geometrical properties. In order to do this systematically, 
we make a classification of equations according to their degrees, 
and beginning with the simplest, examine the form and pro- 
perties of the locus represented by the equation. The degree 
of an equation is estimated by the highest value of the sum 
of the indices of x and y in any term. Thus the equation 
xy-^2x'hSy = i^ is of the second degree, because it contains 
the term xy. If this term were absent, it would be of the 
first degree. A curve is said to be of the n^ degree when the 
equation which represents it is of that degree. 

We commence with the equation of the first degree, and we 
shall prove that this always represents a r^ht line^ and, 
convercely, that the equation of a right line is always of the 
first degree. 

18. We have already (Art. 15) interpreted the simplest case 
of an equation of the first degree, namely, the equation x = a. 
In like manner, the equation y = b represents a line PN parallel 
to the axis OXj and meeting the axis Y at a distance from 
the origin 0N= h. If we suppose b to be equal to nothing, 
we see that the equation y = denotes the axis 0X\ and in 
like manner that a; = denotes the axis OY. 

Let us now proceed to the case next in order of simplicity, 
and let us examine what relation subsists between the co- 
ordinates of points situated on a right line passing through 
the origin. 
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If we take any point P 
on such a line^ we see that 
hoih the coordinates PM^ 
OMj will vary in length, 
but that the ratio PM\ Oil 
will be constant, being = 
to the ratio 

sin POif: Bin MPO. 
Hence we see that the 
equation 

sin POM 
^^ sin MPO^ 

will be satisfied for every 
point of the line OPy and 
therefore this equation is said to be the equation of the line OP* 
Conversely, if we were asked what locus was represented 
by the equation 

write the equation in the form ^ = wi, and the question is : " To 

find the locus of a point P, such that, if we draw PM^ PN 
parallel to two fixed lines, the ratio PM: PN may be constant." 
Now this locus evidently is a right line OP, passing through 
0, the point of intersection of the two fixed lines, and dividing 
the angle between them in such a manner that 

sin PaV=m sin POi^. 

If the axes be rectangular, sin PO-Ar= cos POJf; therefore, 
ms tan POif, and the equation y^mx represents a right line 
passing through the origin, and making an angle with the 
axis of x^ whose tangent is nu 

19. An equation of the form y = + mx will denote a line 
OP, situated in the angles TOX, Y'OX\ For it appears, 
from the equation y = + 7wa?, that whenever x is positive y 
will be positive, and whenever x is negative y will be negative. 
Points, therefore, represented by this equation must have their 
coordinates either both positive or both negative, and such 
pomtfl we saw (Art. 3) Ue only in the angles YOX^ Y'QX\ 
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On the contrary, in order to satisfy the equation y = -wiar, 
if X be positive y must be negative, and if a? be negative y 
must be positive. Points, therefore, satisfying this equation 
will have their coordinates of different signs; and the line 
represented by the equation, must, therefore (Aii. 3), lie in the 
angles Y'OX, YOX'. 

20. Let us now examine how to represent a right line P<), 
situated in any manner Y 

with regard to the axes. 

Draw OB through 
the origin parallel to PQ^ 
and let the ordinate PAf 
meet OB in B. Now it 
is plain (as in Art. 18), 
that the ratio BM : OM 
will be always constant 
{BM always equal, sup- 
pose, to m.OM)] but the ordinate PM diflfers from BM by 
the constant length PB=^OQj which we shall call b. Hence 
we may write down the equation 

PM=BM+PB, or PM=fn.OM+PB, 

that 18 y » mx + b. 

The equation, therefore, y = mx + J, being satisfied by every 
point of the line PQj is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as OB^ parallel to the right line PQj lies in 
the angle YOXj or Y'OX. And, again^ b will be positive 
or negative according as the point Q^ in which the line meets 
Yy lies ahove or below the origin. 

Conversely, the equation y = mx + b will always denote a 
right line ; for the equation can be put into the form 

— = wi. 

X 

Now, since if we draw the line QT parallel to OMj TM will 
be =J, and PT therefore =y — J, the question becomes: "To 
find the locus of a point, such that, if we draw PT parallel 
to OY to meet the fixed line QT^ PT may be to QT in a 
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constant ratio ;'* and this locus CTidently is the right line FQ 
passing through Q, 

The most general equation of the first degree, Ax-^By-^- C=0, 
can obviously be reduced to the form y^^mx-^bj since it is 
equivalent to ) 

A C t ' ^ 

this equation therefore always represents a right line« 

21. From the last Articles we are able to ascertain the 
geometrical meaning of the constants in the equation of a 
right line. If the right line represented by the equation 
ff^mx + b make an angle =a with the axis of Xj and *^I3 
with the axis of y, then (Art. 18) 

_ sina ^ 
sinp' 

and if the axes be rectangular, m == tana. 

We saw (Art 20) that b is the intercept which the line cuts 
off on the axis of y. 

If the equation be given in the general form Ax+ By -f C=0, 

we can reduce it, as in the last Article, to the form y =- mx + 5, 

and we find that 

A _ sintt 

C 

or if the axes be rectangular =tana; and that — -^ is the 

length of the intercept made by the line on the axis of y. 

Cor. The lines y = nw? + ft, y^m'x + b' will be parallel to 
each other if fn = m', since then they will both make the same 
angle with the axis. Similarly the lines Ax + By-^- C=^Oj 
Ax + ^y + 0' = 0, will be parallel if 

A_j^ 
B"^ B" 

Beside the forms Ax 4 -By + C = and y = wia; + J, there 
are two other forms in which the equation of a right lino 
is frequently used; these we next proceed to lay before the 
reader. 
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22. To eocpress the equation of a line MN in terms of the 
intercepts OM=a^ ON=ib which it cuts off on the axes. 
We caa derive this from the form already considered 

-4x + J^y + C = 0, or -gir+ -gy + l = 0. 

This equation must be satisfied by the coordinates of every 
point on MN^ and there- 
fore by those of Jf, which 
(see Art. 2) are x — a^ 
y = 0. Hence we have 

In like manner, since 
the equation is satisfied 
by the coordinates of N^ 
(a; = 0, y = J), we have 

B_ 1 
Substituting which values in the general form, it becomes 




" + 1 = 
a 



1. 



This equation holds whether the axes be oblique or rect- 
angular. 

It is plain that the position of the line will vary with the 
signs of the quantities a and I For example, the equation 

- + I" = 1 , which cuts oflf positive intercepts on both axes, re- 

presents the line MN on the preceding figure ; f ~ ^> cutting 

off a positive intercept on the axis of x^ and a negative in- 
tercept on the axis of y, represents MN', 

X t/ 
Similarly, ^ f " ^ represents NM' ; 

and f ~ ^ represents M'N\ 

By dividing by the constant term, any equation of the first 
degree can evidently be reduced to some one of these four forms. 
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Ex. 1. Examine the position of the following lines, and find the intercepts thej 
make on the axes : 

aa; + 2y = 6; 4y-6a:=20. 

Ex. 2. The sides of a triangle being taken for axes, form the equation of the line 
joining the points which cut o£E the t»^ part of each, and shew, by Art 21, that it 
is parallel to the base. a* « i 

a b m 

28. To eacfpress the equation of a right line in terms of the 
length of Hie perpendicular on it from the origin^ and of the 
angles which this perpendicular makes toith the axes. 

Let the length of the perpendicular OP^p^ the angle POM 
which it makes with the axis of a; = o^ 
PON^P, OM^a, ON^h. 

We saw (Art. 22) that the equa- ^ 

tion of the right line MNwsiS 

? + 2f = i 
a 

Maltiply this equation by p^ and we 
have 

P 
a 



-«+|y=i>. 




But -s=cosa, K = cos/8; therefore the equation of the line is 

X cosa + y cos/8=]p. 

In rectangular coordinates, which we shall generally use, we 
have /8 = 90*" — a ; and the equation becomes a? cosa 4 y sina =;?. 
This equation will include the four cases of Art. 22, if we 
suppose that a may take any value from to 360^ Thus, for 
the position NM'^ a is between 90"* and 180°, and the coefficient 
of 0? is negative. For the position M'N\ a is between 180° and 
270°, and has both sine and cosine negative. For MN'j a is 
between 270° and 360°, and has a negative sine and positive 
cosine. In the last two cases, however, it is more convenient 
to write the formula a; cosa + y sina==— /?, and consider a to 
denote the angle, ranging between and 180°, made with the 
positive direction of the axis of Xj by the perpendicular pro^ 
duced. In using, then, the formula a; cosa + y sina^j^, we 
suppose 2? to be capable of a double sign, and a to denote the 
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angle, not exceeding ISO"*, made with the axis of x either by 

the perpendicular or its production^ 

The general form -4jj-f 5y + C=0, can easily be reduced 

to the form a; cos a -f y sin a ^p \ for, dividing it by *J[A} + jB"), 

we have 

A B C 

But we may take 

Since the sum of squares of these two quantities b i. 

Hence we leam that .. ., . p, > and , are re- 

spectively the cosine and sine of the angle which the per- 
pendicular from the origin on the line (4a? + i5^+ (7==0) makes 

Q 

with the axis of fl?, and that /(a%, p«\ i* the length of this 
perpendiculaF» 

•24. To reduce the equation Ax^-By^ C=0 [r^erred to 
oblique coordinates) to the form x cosa + y cos I3=s,p, 

Let us suppose that the given equation when multiplied 
by a certain factor B is reduced to the required form, then 
BA ^ cosa^ EB'^ COB fi. But it can easily be proved that, if 9( 
and fi be any two angles whose sum is oi, we shall have 

cos'a + cos*/3 — 2 cosa cos/3 cosoi = sin*a). 
Hence jB* (4" + -B" - 24 5 cos ») = sin* w, 

and the equation reduced to the required form is 

4 sin o> B sin oi 



V(4"+ B' - 845 cos 0)) ^ V(^' + -B" - 24i? cos ») ^ 

C7 sin 01 ^ 

^V(^" + ^-24-Bcos»)" 
And we leam that 

4 sin a> B bixko 

V(4* + -B«-24ficos»)' V(^"+.B"-24i?cosa))' 



* Articles and Ghapteis marked with an astenak may be omitted on a first readings 
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are reapectivelj the cosines of the angles that the perpendicular 
from the origin on the line Ax-tBtf+ 0=^0 makes with the 

axes of X and y i and that „ j^ , rn — ttits r i* ^^^ length 

of this perpendicular. This length may be abo easily cal- 
culated by dividing the double area of the triangle NOMj 
{ON.OMsinw) by the length of JfAT, expressions for which 
are easily found* 

The square root in the denominators is, of course, susceptible 
of a double sigUi since the equation may be reduced to either 
of the forms 

ajco8a+ycos/8-jps»0,»cos(a+180*) -hycos()9 + 180'*)4-;? = 0. 

25. To find the angle between two lines whose equations with 
regard to rectangular axes are given. 

The angle between the lines is manifestly equal to the angle 
between the perpendiculars on the lines from the origin; if 
therefore these perpendiculars make with the axis of x the 
angles a, a', we have (Art. 23) 

cosa =s // A't . iyt\ i BUI a = 



Hence «^(«"«)-v(^- + ^) vC^'^ + ^-jJ 

and therefore tan (a — a ) =* . .. n^ . 

Cor. 1. The two lines are parallel to each other when 

BA^AB^O (Art 21), 
since then the angle between them yanishes. 

Cor. 2. The two lines are perpendicular to each other when 
AA-vBB^Oy since then the tangent of the angle betweea 
them becomes infinite. 
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If the equations of the Hdcb had been given in the form 

since the angle between the lines is the difference of the angles 
thej make with the axis of x^ and since (Art. 21) the tangents 
of these angles are m and fn\ it follows that the tangent of the 

required angle is ; , : that the lines are parallel if m = m' : 

1 + mm ' 

and perpendicular to each other if mm' + 1=0. 

*26. To find ike angle between two lines^ the coordinates being 
oblique. 

We proceed as in the last article, using the expressions of 

Art. 24, 

A sino) 
cos a = 



cosa = 



consequently, 



sma «= 



sina == 



Hence 



V(-4' + ^-2^JBcos«)' 

A sin a> 
V(^'* + 5^-2^'5'co8«)^ 

B-'A co sa» ^ 

V(-4* + ^ - ^A~B cos 0)) ' 

B —A cos a> 

V(-4'« + J?'-2-4'^co8«)' 



. , _ ,, (^il^-^gOsinflu 

^^\^ *J"V(^"+-B'-2^5cosa>) V(^'*+5^-2^'5'cosa>) ' 

,. BB^AA-- [AB + A'B) co8a> 

cos (a a J ^^^, _^^_ 2^^ ^^^ ^j ^^^,. ^^^^ ^^^,^, ^^ ^^ , 

♦.nr« (^^--^^-)sina> 

^*^^*"'*^~^^' + 5^-(^^ + i^^'jco8a>* 

Cob. 1. The lines are parallel if BA = AB. 

Cor. 2. The lines are perpendicular to each other if 

AA' -^ BB :== {AB + BA) cos <o. 

\ J 27. A right line can be found to satisfy any two conditions. 
Each of the forms that we have given of the general equa- 
tion of a right line includes two constants. Thus the forms 
y~mx + i, X cosa + y sina^j?, involve the constants m and &, 
p and a. The only form whidi appears to contain more con- 
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slants is Ax-\-By + C= ; but in this case we are concerned not 

with the absolute magnitudes, but only. with the mutual ratios 

of the quantities A^ -B, G. For if we multiply or divide the 

equation by any constant it will still represent the same line : 

we may divide therefore by (7, when the equation will only 

A B 
contain the two constants p^ -p' Choosing, then, any of these 

forms, such dAy^mx + h^ to represent a line in general, we 
may consider m and h as two unknown quantities to be deter- 
mined. And when any two conditions are given we are able 
to find the values of m and i, corresponding to the particular 
line which satisfies these conditions. This is sufficiently illus- 
trated by the examples in Arts. 28, 29, 32, 33. 

28. To find the equation of a right line parallel to a given 
one J and passing through a given point xy\ 

If the line y = mx + i be parallel to a given one, the con- 
stant m is known (Cor., Art. 21). And if it pass through a 
fixed point, the equation, being true for every point on the line, 
is true for the point xy'j and therefore we have y* ^mx -Vh^ 
which determines b. The required equation then is 

y = mx + y — fnx\ or y — y' = m (a; — a?'). 

If in this equation we consider m as indeterminate, we 
have the general equation of a right line passing through the 
point x'y\ 



29. To find the equation of a right line passing through two 
fixed points x'y\ x*'y". 

We found, in the last article, that the general equation of 
a right line passing through x'y' is one which may be written 
in the form 

x — x ^ 

where m is indeterminate. But since the line must also pass 
through the point x"y"^ this equation must be satisfied when 
the coordinates a;", y", are substituted for x and y ; hence 

X -X 
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Sabfltitating this value of m^ the equation of the line becomeB 



-y «y_zy 

X—X X —X 

In this {brm the equation can be easily remembered, but, 
clearing it of fractions, we obtain it in a form which is some- 
times more convenient, 

(y'-/)x- [x'^x'')y^rxy^J/x''^0. 

The equation may also be written in the form 
_ {x-x'){y-y") = (x-x'){y-y'). 

For this is the equation of a right line, since the terms ory, 
which appear on both sides, destroy each other; and it is 
satisfied either by making x^x\ y^y\ ora?=a?", y^y*'* 
Expanding it, we find the same result as before. 

Cor. The equation of the line joining the point xy' to the 
origin is y'x = x'y, 

Ex. 1. Form the equations of the sides of a triangle, the coordinates of whose 
rertioes are (2, 1), (8,-2), (-4,-1). -im . a? + 7y + 11 = 0, 8y-» = 1, 8« + y = 7. 

Ex. 2. Form the equations of the sides of the triangle formed by (2, 8), (4, — h\ 
(- 8, - 6). Ans. » - 7y = 89, 9a; - 5y = 8, 4b + y = 11. 

Ex. 8. Form the equation of the line joining the points 

»y and ; , -^ -, *- . 

i4w. (y'-y")»-(»'-«")y + «y-y'*" = 0. 
Ex. 4. Form the equation of the line joining 

«y and —"2 — > 2 ' 
An$. (/* -h !/"' - 2i^) X - (x" + a:"'-2xOy + «Y-Sr^«' + «"y-y"V = 0. 

JV Ex. 6. Form the equations of the bisectors of the sides of the triangle described 
in Ex. 2. Atu, 17a; - 8y = 26, 7« + ^ + 17 = 0, to - ^ = 21. 

Ex. 6. Form the equation of the line joining 

^^l^nT* l-m ^ -Tin- »~7^fr * 

i4n#.*{/(in-n)y'+m(n-0y"+«(/-m)y'"}-y{/(TO-n)a:'+m(«-0«^+«('-»»)»n 
= bn (y**" - x'y") + mn (y'V" - xY") + «^ (y"V - ^^1- 

30. To find the condition that three points shall lie on one 
right line. 

We found (in Art. 29) the eqnation of the line joining two 
of them, and we have only to see if the coordinates of the 
third will satisfy this equation. The condition, therefore, is 
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which can be pat Into the more symmetrical form 

31. To find the coordinates of the paint of intersection of two 
right lines whose equations are given. 

Each equation expresses a relation which most be satisfied by 
the coordinates of the point required ; we find its coordinates, 
thereforei by solving for the two unknown quantities x and y^ 
from the two given equations. 

We said (Art. 14) that the position of ^ point was deter- 
mined, being given two equations between its coordinates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci represented by the equations. Even the simplest 
equations to represent a point, viz. a; = a, y = h^ are the equa- 
tions of two parallels to the axes of coordinates, the intersection 
of which is the required point. When the equations are both 
of the first degree they denote but one point ; for each equation 
represents a right line, and two right lines can only intersect In 
one point. In the more general case, the loci represented by 
the equations are carves of higher dimensions, which will inter- 
sect each other in more points than one. 

Ex. 1. To find the ooordinfttes of the vertices of tiie triangle the equations of 
who8e8lde8arez + y=:2; a:-8y = 4j 8cr + 6y + 7 = 0. 

Am. (- -A, - «), (V, - V), (f, - i). 

Ex. 2. To find the coordinates of the intersections of 

Afis. (4, V), (- A, \\\ (- I V). 

Ex. 8. Find the coordinates of the intersections of 

2a; + 3y = 13 J 5a: - y = 7 j x - 4y + 10 = 0. 

Ant, They meet in the point (2, 3). 

Ex. 4. find the coordinates of the Tertices, and the equations of the diagonals, 
^l the quadrilateral the equations of whose sides are 

2y - 8x = 10, 2y+ X = 6, 16a; - lOy = ^^t 12a: + 14y + 29 = 0. 

AnB. (-l,i), (3, f), (^,- J), (-3,i)j 6y^ar=6, 8x + 2y+l = 0. 

* In tbsing this and other similar formulae, which we shall afterwards have occasion 
to emploj, the learner must he careful to take the coordinates 
in a fixed order (see engraving). For instanoei in the second member 
of tha fonniila just given, y, takes the place of yi, dr, of x^ and Xy 
of x^ Then, in the third member, we advance from y, to y„ from 
s^ to »„ and from Xj to a;^ always proceeding in the order just 
Indkated. 
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Ex. 6. Find the interaectioiiB of opposite sides of the same qQadrilateral, and the 
equation of the line joining them. Ans. (83, ^), (- V» W)> 162^ - l^^s = ^^2. 

Ex. 6. find the diagonals of the parallelogram formed bj 

» = a, ar = a', y = *, y = *'. 

Ex. 7. The axes of coordinates being the base of a triangle and the bisector of 
the base, form the equations of the two bisecton of sides, and find the coordinates 
of their intersection. Let the coordinates of the vertex be 0, y', those of the base 

* 

Ex. 8. Two opposite sides of a quadrilateral are taken for axes, and the other 
two are 

2a*2A"'' 2a'^23''"*' 
find the coordinates of the middle points of diagonals, jtns. (a^ V), (a', S), 

Ex. 9. In the same case find the coordinates of the middle point of the line 
joining the intersections of opposite sides. 

^ a'b.a-ab'.a' a'b.b' -ab\b , .• . . ^, ., , ,,^ ^ 

Afu. ' k ' ^ab *~ * 'b-ab' — ' "" result shows (Art. 7) 

tiiat this point divides externally, in the ratio a'b : ab', the line joining the two middle 
points (a, b')y (a', b), 

32. To find the equation to rectangular axes of a right line 
passing through a given pointy and perpendicular to a given line^ 
y = mx + J. 

The condition that two lines should be perpendicular, being 

mm = - 1 (Art. 25), we have at once for the equation of the 

required perpendicular 

1 

It is easy, from the above, to see that the equation of the per- 
pendicular from the point xy on the line Ax + JBy + (7=0 is 

A[y-y')=B[x^x'), 
that is to say, we interchange the coefficients of x and y, and alter 
the sign of one of them. 

Ex. 1. To find the equations of the perpendiculan from each vertex on the 
opposite side of the triangle (2, 1), (3, - 2), (- 4, - 1). 
The equations of the sides are (Art. 29, Ex. 1) 

x + 7y+ll = 0, 3y-«=l, 8a; + y = 7| 
end the equations of the perpendiculars 

7x - y = 18, 8a: + y = 7, 8y - « = 1. 
The triangle is consequently right-angled. 

Ex. 2. To find the equations of the perpendiculars at the middle points of the 
side of the same triangle. The coordinates of the middle points being 

(- i, - f ), (- 1, 0), (3, - i). 
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The perpendiculan are 
7«-y + 2 = 0, 8a; + y + 8 = 0y%-2 + 4=:0, intezeeeting in (- |, - |). 

Ez. 3. Find the eqoations of the perpendicnlara from the vertices of the triangle 
(2, 8), (4, - 6), (- 8, - 6) (see Art 29. Ex. 2). 

Ant. 7a; +y = 17, 6» + 9y + 26 = 0, « - 4y = 21 ; intersecting in (|f, - ^). 

Ex. 4. Find the equations of the perpendicnlazB at the middle points of the sides 
of the same triangle. 

4fw. 7aB + y + 2^0, 59 + 9^ + 16 = 0,0! — 4y = 7; intersecting in (— «^, — fi). 

Ex. 5. Td find in general the equations of the perpendiculars from the Tertioes on 
the opposite sides of a triangle, the coordinates of whose vertices are given. 

An$. (ar" - O « + (y^ - y*^ y + (ar'a:'" + ^y"* ) - (a:**^ +y'y") = 0, 
(a:'"-aj')a:+(y'"-y')y + (ar'V + y Y ) - C*' V" + y'y ") = 0, 
(«• -«")a:+(/ -.y")y+(a;"V'+y'Y')-(aj"V +y'V) = 0. 

Ex. 6w Find the equations of the perpendiculars at the middle points of the sides. 

Afu. (a:" -^"Oar + Cy" - y"*) y = i (ar"« - a:'"') + i (y"« -y'"«), 
(a:"'-x')ar + (y'"-y')y = 4(a:'"«-«^) + i(y'"«-y^), 
(a:' -«")»+(/ -y^)y = |(«^-«"*) + 4(y^ -y"»). 

Ex. 7. Taking for axes the base of a triangle and the perpendicular on it from 
tiie vertex, find the equations of the other two perpendiculars, and the ooordinatea 
of their iiitersection. The oooxdinates of the vertex are now (0, y^, and of the 
hose angles (a:", 0), (- a:"', 0). 

aiif. x«'(ar-aO+y'y = 0, «^(a! + aj^')-y'y = 0, (o, ^'). 

Ex. 8. Using the same axes, find the equations of the porpendionlars at the middle 
points of sides, and the coordinates of their interBection. 

Ant. 2(af'''«+y'y)=y«-V''»,2(a:''a^yy)==*^-y^,2a>--aj''-ar, i^'"^" , ^'^^^ 

Ex. 9. FoTmtheequationoftheperpendicn]arfromaYontheHne«cosa+ysina=:j>| 

and find the coordinates of the intersection of this perpendicular with the given line. 

Ant. {a/ + cosaCp — x'coso — y*Bino), Z + sina Cp — xe'coea — y'sina)}. 

1^ 10. Find the distance between the latter point and xy. 

Ant, ±{p — se^coBa — f^ eana). 




33. To find the equation of a line passing through a given 
point and making a given angle <f)^ toith a given line y = mx + h 
[the axes of coordinates being rectangular). 

Let the equation of the required line be 

y-y't=m'(aj-a;'), 
and the formula of Art. 25^ 



tn — wi 



^ 1 + mm ' 
enables us to determine 

,_ m — tan^ 
^ "" 1 + m tan ^ ' 
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34. To find the length of the perpendicular from any point 
x'y on the line whose equation 19 x co9a+y C08)8 -p = 0. 

We have already indicated (Ex. 9 and 10, Art. 32) pne way 
of solving this quedtion^ and 
we wish now to shew how the 
same result may be obtained 
geometrically. From the givei^ 
point Q draw QR parallel tp 
the given line, and Q8 perpen.- 
dicular. Then OK^x\ and " 
OT will be =«' cos a. Again > 
since SQK^fiif^ni Cif=yV 
BT:= Q8=y' cosfi; 

hence x' cosa +y' cos/8 = OB. 

Subtract OP^ the perpendicular fron) the o^igiiii and 

«' cos a + y' cosjS —p = PB = the perpendicular Q V. 

But if in the figure the point Q had beei^ taken on the side 
of the line next the origin, OB would have been less than OP, 
and we should have obtaiped for the perpeodicular ^e expressioa 
^ — a/ cos a — y cos /8 ; and we see that the perpendicular changes 
sign as we pass from one side of the line to the other. If we 
were only concerned with one perpendicular, ifQ should only 
look to its absolute magnitude, and it would be pnmeaning tp 
prefix any sign. But if we were comparing the perpendiculani 
from two points, such as Q and S^ it is evident (Art. 6) that the 
distances QV^ BV^ being measured ip opposite directions, must 
be taken with opposite signs. We may then at pleasure choose 
for the expression for the length of the perpendicular either 
±(/? — a?' cosa- y co8)8), Jf we choose that form in which the 
jAbsolute term is positive, this is equivalent to saying that the 
perpendiculars which fall on the side of the line next the origin 
^re to be regarded as positive, and those on the other side as 
negative; and vice verad if we choose the other form. . 

K the equation of the line had been given in the form 
^ir + -% + lC/ = 0, we have only (Art. 24) to reduce it to the 
form 

ar cos a + y cos )8 — ^ = 0, 
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and the length of the perpendicular from any point oi%f 
Ax'^By'+O [Ax' 4- By -f G) ain a> 

according as the axes are rectangular or oblique. By comparing 
the expression for the perpendicular from aiy' with that for the 
perpendicular froiQ the origin, we see that x'y* lies on the same 
side of the line as the origii^ when AjI -J- By' + C has the same 
ngn as C^ and vice vera^. 

The condition that any point x'y' should be on the right line 
Ax-k'By'\^ (7s=0, is, of course, that the coordinates x'y' should 
satisfy the given e<}uation, or 

^a?' + -By+ (7=0. 

And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from 
the point xy' on the given line is = 0. 

Ex. 1. Find the length of the peipendicnlar from the origin on the line 

8x + 4y + 20 = 0, 
the axes being rectangular. Am, 4. 

Ex. 2. Find the length of the perpendicular from the point (2, 8) on 2» + y - 4 =: 0. 
An$, Ti , and the giren point is on the side remote from the origin. 

Ex. 8. Find the lengths of the perpendiculars from each Tertex on the opposite 
aide of the trian^ (2, 1), (8, - 2), (-4, - 1). 

Ana, 2 ^(2), ^(10), 2 ^(10), and the origin is within the triangle. 

Ex. 4. Find the length of the perpendicular from (8, - 4) on 4x + 2^ = 7, the 
«BC^ between the axes being 60**. 

An$.\^ and the point is on the side next the origin. 

Ex. 5. Find the length of the perpendicular from the origin on 

a (« - a) + * (y - ft) = 0. Ans, 4{a^ + ft*). 

35. To find iJie equation of a line bisecting the angle hetroeen 
two /tiiea, ojcosa+y sina— jp==0, a: cos )8+y sini8-y = 0. 

We find the equation of this line most simply by expressmg 
algebraically the property that the perpendiculars let fall from 
any point xy of the bisector on the two lines are equal. This 
immediately gives us the equation 

a; cosa + y sina-^ = ± (a; cos)8 + y sin/S-;?'), 

rince each side of this equation denotes the length of one of 
those perpendiculars (Art. 84). 
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If the eqaatioDS had been given in the form Ax + £y + C7= 0, 
A'x + By + (7' = 0, the equation of a bisector would be 

Ax'\-By+ C _ Ax-^By ^C 

It is evident from the double sign that there are two bisectors : 
one such that the perpendicular on what we agree to consider 
the positive side of one line is equal to the perpendicular on 
the negative side of the other; the other such that the equal 
perpendiculars are either both positive or both negative. 

If we choose that sign which will make the two constant 
terms of the same sign, it follows, from Art. 34, that we shall 
have the bisector of that angle in which the origin lies ; and if 
we give the constant terms opposite signs, we shall have the 
equation of the bisector of the supplemental angle. 

Ex. I. Reduce the equations of the bisecton of the angles between two lines to 
the form x oos a + y sin a —p, 

ilw. gcoB{Ha-l-/9)-f90<>}+y8intt(a-f/9)-|-90O) = ^^^"^^^^ ; 
«rcosJ(a + /3)+y8m4(o + /3)= -^ -^ 




2co8j(o — I 

Ex. 2. Find the equations of the bisectors of the angles between 

8a; + 4y- 9 = 0, 12« + 6y-8 = 0. 

Am, 79 - 9y + 34 z 0, »« + 7y = 12. 

36. To find the area of the triangle formed by three points. 
If we multiply the length of the line joining two of the 
points, by the perpendicular on that line from the third point, 
we shall have double the area. Now the length of the perpen- 
dicular from xj/^ on the line joining x^y^^ xjy^ the axes being 
rectangular, is (Arts. 29, 34) 

and the denominator of this fraction is the length of the line 
joining a;,y„ a?^„ hence 

yi(«.-«?.)+y«(^,-«,)+y,(«i-a'.) 

represents double the area formed by the three points. 

If the ases be oblique, it will be found, on repeating the 
investigation with the formul» for oblique axes, that the only 
change that will occur is that the expression just given is to be 
multiplied by sin o>. Strictly speaking, we ought to prefix to 
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these expressions the double sign implicitly Involved in the 
square root used in finding them. If we are concerned with 
a single area we look only to its absolute magnitude without 
regard to sign. But if, for example, we are comparing two 
triangles whose vertices xj/^^ xjf^^ are on opposite sides of the 
line joining the base angles ar,y„ xjj^^ we must give their areas 
different signs ; and the quadrilateral space included by the four 
points is the sum instead of the difference of the two triangles. 

Cos. 1. Double the area of the triangle formed by the lines 
loining the points x^y^^ xjf^ to the origin is y,a?g — y,i»„ as appears 
by making x^^ 0, y^=s 0, in the preceding formula. 

Ck)S. 2. The condition that three points should be on one 
right line, when interpreted geometrically, asserts that the area 
of the triangle formed by the three points becomes = (Art. 30). 

37. To express the area of a polygon in terms of ike co^ 
ordinates of its angular points. 

Take any point xy within the polygon, and connect it with 
all the vertices x^^^ ^JUt'^^nVn 5 ^^^ evidently the area of the 
polygon is the sum of the areas of all the triangles into which 
the figure is thus divided. But by the last Article double these 
areas are respectively 

«(yi -y«)-y(^i -«,)+^,y« -^«yn 
«(y, -y,)-yK -aj,)+a?j^3 -xjy^ 



« (y-, ''yn)-y (^n-i - ^ J + ^-.y. - a^ny^-n 
«(y» -yi)-yK -^jj+aj^, ^x^y^. 

When we add these together, the parts which multiply x and y 
vanish, as they evidently ought to do, since the value of the total 
area must be independent of the manner in which we divide it 
into triangles ; and we have for double the area 

(«j^.-«.y,)+(«sya-*ay.)+(^ay4-^4y»)+-(^«yi-^jj- 

This may be otherwise written, 

«i (y« -yJ +««(y»- yJ +^»(y4- y.) +-^«(yi - y-Ji 

or else 

y,K- a;,) +y, {x,-x;) +y3(«,- ^4) +-y»(*-i -^J- 
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Ex. 1. Find the area of the triangle (2, 1), (8, - 2), (- 4, - 1). Ant. 10. 

£x« 2. Find the area of the triangle (2, 8), (4, - 5), ( - 8, - 6). Ant. 29. 

_ ^Ex. 8. Find the area of the quadrilateral (1, 1), (2, 8), (8, 3), (4, 1). Ant. 4. 

38. To find the condition that three right lines shall meet in 
a point. 

Let their equations be 

Az-^-By+O^Oj A'z + By-^Cr^^O, ^"a?4 JB"y+ C"=0. 
If they intersect, the coordinates of the intersection of two of 
them must satisfy the third equation. But the coordinates of 

the mtersection of the first two are -r-^^ jrn,-i-Tv — :sit*. 

AB — AB^ AE — AB 

Substituting in the third, we get, for the required condition, 
A' {BC - 5' C) + B" ( CA' - C"^) + 0" (AB' - A'B) = 0, 

which may be also written in either of the forms 
A {B'C"-'B"C')-^B(C'A"- C'A') + C{A'B'-- ^"5') =0, 
A [BC" - B'C) + A' (B'C- BC") + A" [BC ^B'C)^ 0. 

♦39. To find the area of the triangle formed hy the three lines 
^aj + 5y+C=0, Ax + By^-C^O^ A"x-{-B'y4- G" ^0. 

By solving for z and y from each pair of equations in turn 
we obtain the coordinates of the vertices, and substituting 
them in the formula of Art. 36 we obtain for the double area 
the expression 

BC-'BC J AC'^C A" ^ A"C--C"A ) 
AB' - BA \ BA" - AB' B'A - A'B) 

BC'^B ' C (A'C- C"A AC- CA ], 
■*■ AB'-BA' {B'A'-^A'B " BA--ABJ 

B'C-BC" {AC'-CA AC"-- C'A"] 



'" - C'A ") 
'"-A'B"\' 




A"B-B'A [BA'-AB' BA' 

But if we reduce to a common denomioator, and observe that 
the numerator of the fraction between the first brackets is 

{A"{BC'-B'C)+A{BC"-B'C')-^A'{B'C- C"B)] 

multiplied bj A", and that the numerators of the fractions 
between the second and third brackets are the same qoantitj 
multiplied respectively by A and A', we get for the double area 
the expression 

[A [B'C" - B'C) + A' (B'G- BC") + A" {BC - BC)]* 
{AB - BA') {A'B' - BA") {A"B - B'A) 
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If the three lines meet in a point, this expression for the 
area Tanishes (Art 38) ; if any two of them are parallel, it 
becomes infinite (Art. 25). 

40. Oiven the equations of two right lines^ to find the equation 
of a third through their point of intersection. 

The method of solving this question, which will first occur 
to the reader, is to obtain the coordinates of the point of inter- 
section by Art 31, and then to substitute these values for x'y' in 
the equation of Art. 28, viz., y — y' = «t (a; — a'). The question, 
however, admits of an easier solution by the help of the following 
important principle : If 8=^0^ S =^O^be the equations of any two 
locij then the locus represented by the equation S + fc8' =^ {where 
k is any constant) passes through every point common to the two 
given loci. For it is plain that any coordinates which satisfy 
the equation iS==0, and also satisfy the equation 8'^Oj must 
likewise satisfy the equation 8 {-kSf^O. 

Thus, then, the equation 

(-4a; + 5y + (7)+ft(2l'a; + J5'y+(7')=0, 

which Is obviously the equation of a right line, denotes one 
passing through the intersection of the right lines 

Ax-^-Byi- (7=0, A'x-^-B'y-^ (7' = 0, 

for if the coordinates of the point common to them both be sub- 
stituted in the equation (Ax + -By + C) + ft {A'x + jffy + (7) = 0, 
they will satisfy it, since they make each member of the 
equation separately = 0. 



I. To find the equation of the line joining to the origin the intenection of 

Ax + Bjf+C-O, A'x-k- B'y 4- C" = 0. 

Vnltiply the fiist by C, the second by C, and subtract, and the equation of the 

leqnixed line is {AC - A'C) x + {BC - CB') y = ; for it passes through the origin 

(Art. 18), and bj the present i^ir^At panes through the intersection of the given lines. 

Ez. 2. To find the equation of the line drawn through the intersection of the same 
fineS) parallel to the azia of a;. Atu. {BA' - AB*) y+CA'-AC- 0. 

Ex. 8. To find the equation of the line joining the intersection of the same lines 
to the point ^y. Writing down by this article the general equation of a line through 
the intersection of the given lines, we determine k from the consideration that it must 
be satiafied by the coordinates xV, and find for the required equation 

{Ax + By'\-C) {A'Tf + JJ'y' + C) = {Ajf ^- B^f ^ C) {A*x ^■WyJfC). 

Ex. 4. Find the equation of the line joining the point (2, 3) to the intersection of 
t* + 8jr + 1 = 0, 3« - 4y = 6. 

Afu. U(2x + 8y+l) + U 82-4y-5) = 0; or 64a; - 28Sy = 69. 
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41. The principle established in the last article gives ns a 
test for three lines intersecting in the same point, often more 
convenient in practice than that given in Art 38. Three right 
lines will pass through tlie same point if their equations being 
multiplied each hy any constant quantity^ and added together^ the 
sum is identically = 'j that is to say, if the following relation 
be true, no matter what x and y are : 

l{Ax-{'By+C)+m{A'x + B'y-\- C) -{- n{A"x + B"y+ C') = 0. 

For then those values of the coordinates which make the first 
two members severally =0 must also make the third = 0. 

Ex. 1. The three bisectors of the sides of a triangle meet in a point. Their 
eijuations are (Ai-t. 29, Ex. 4) 

(y" +y'"^2f/)x- {x" + x'" - 2x' ) y + (x'V -yV ) + (x'Y -y"V) = 0, 

(y'" +!/ - 2/' ) ar - {x'" + x' - 2x" ) y + {x'y - y"'x") + (x'y" - y V ) = 0, 

(y' + y" - 2y'") x-{x' + x" - 2x'") y + {x'y"' - }/x"' ) + {x"y"' - y' V") = 0. 

And since the three equations when added together vanish identically, the lines 

represented by them meet in a point. Its coordinates are found, by solving between 

any two, to be i (x' + x" + x'"), i (/ + y" + y'"). 

Ex. 2. Prove the same things taking for axes two sides of the triangle whose 

lengthaaieaandi. ^.w.^f + » l =o, ? + |-l = 0, 5-? = 0. 

a o ^ a h a b 

Ex. 3. The three perpendiculars of a triangle, and the three perpendicnkiB al 
middle points of sides respectively meet in a point. For the equations of Ex« 5 
and 6, Art. 82, when added together, vanish identically. 

Ex. 4. The three bisectors of the angles of a triangle meet in a point. For their 
equatioDS are 

(xcosa + y sina— p ) — (xco8/3 + y sinjS— p') =0^ 

(x coafi+ y pin/3 —p') — (x cosy + y siny —p") = (K 
(xcosy + y siny - p") — (xco3o + y aina—p ) = 0. 

*42. To find the coordinates of the intersection of the line 
Joining the points xy\ xy'\ with the right line Axi-By-^ {7=0. 

We give this example in order to illustrate a method (which 
"we shall frequently have occasion to employ) of determining the 
point in which the lino joining two given points is met by a 
given locus. We know (Art. 7) that the coordinates of any 
point on the line joiniu!^ the given points must be of the form 

mx" + wx' my" + ny' 



m 
and we take as our unknown quantity — , the ratio, namely, ia 
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ivhicb the line joining the points is cot by the given loons ; and 
-we determine this unknown quantity from the condition, that 
the coordinates just written shall satisfy the equation of the 
locus. Thus, in the present example, we have 

. mx 4- nx — 



m-k-n 






, m_ Ax' + By'-\- C 

and consequently the coordinates of the required point are 
_ [Ax' -f Bj/ -f C) X - [Ax" + By" + C) x ' 

with a similar expression for y. This value for the ratio m : n 
might also have been deduced geometrically from the considera- 
tion that the ratio in which the line joining xy\ x'y" is cut, is 
equal to the ratio of the perpendiculars from these points upon 
the given line ; but (Art. 34) these pei^pendiculars are 

Ax' + By'-^ C . Ax"4-By"-\-G 

V(^" + ^) Vl^' + ^j • 

The negative sign In the preceding value arises from the fact 
that, in the case of internal section to which the positive sign of 
m : n corresponds (Art. 7), the perpendiculars fall on opposite 
sides of the given line, and must, therefore, be understood as 
having different signs (Art. 34). 

If a right line cut the sides of a triangle BCj CA^ AB^ in 
the points LMNj then 

BL.CM.AN _ 
LC.MA.NB" ^* 

Let the coordinates of the vertices be x'y'^ ^V) *"y"> ^^^ 
BL _ Ax"-¥B y"^-C , M 

LC Ax^'^-BfWG 
CM Ax"' + By'" + G 
MA"^ Ax' + By'+O^ 
AN _ Ax' -^By' +G 
NB"" Ax"-\'By"-^G^ 
and the trutb^of the theo- 
rem is manifest. 
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*43. To find the ratio in which tlie line joining ttoo points 
xj/^^ xj/^j is cut by the line joining two other points xjf^j xj/^. 
The equation of this latter line is (Art. 29) 

Therefore, by the last article, 

^ ^ _ (ys-y4^^i ~(^."g^4)y.+^«y4-a?4ys 
« (y8-y4)««-(^8--*^4)y«+«8y4-^4y8' 

It is plain (by Art. 36) that this is the ratio of the two triangles 
whose vertices are a;,y,, xj/^^ xjf^^ and xj/^^ xjf^j xjf^^ as is also 
geometrically evident. 

If the lines connecting any assumed point loith the vertices of 
a triangle meet the opposite sides BCj CA^ AB respectively,^ in 
2>, E^ F^ then 

BD.CE.AF 
DaEA.JbB"^ 

Let the assumed point be ar^^, and the vertices xjf^^ tj/^^ 
jr^„ then 

•O^ «i(y4-y8)+«4(y8-yi)+««(yi-y4)' 

CE ^ xjy^-'y;) +xJy,''y;)-\- x^jy^- y,) 

^ «.(y.-yJ + «'.(y4-yi)+^4(yi~j^.)' 

^i^^ fl;,(y,-y.)4g,(y,-y,)4-a?,(y,-y4) 

^^ «.(y8-y4)+a?8(y4-y8)+a?4(y.-y8)' 

and the truth of the theorem is evident. 



44. To find the polar equation of a right line (see Art. 12). 

Suppose we take, as our fixed axis, OPthe perpendicular on 
the given line, then let OR be 
any radius vector drawn from 
the pole to the given line 

but, plainly, 

OBco30=OF^ 
bonce the equation is 
p costf =p. 
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If the 6xed axis be OA making an angle a with the perpeo- 
dicular, then EOA => 0^ and the equation ia 

p cos {0 - a) s=^. 

This equation may also be obtained by transforming the 
equation w ith regard to rectangular coordinates, 

a; cosa + y sina^p. 

Bectangular coordinates are transformed to polar by writing 
for Xj p C08&, and for y, p sind (see Ait. 12) ; hence the equation 
becomes 

p {coB0 cosa + sin d sina) =p ; 

OFi as we got before, p cos (5 — a) ^p. 

An equation of the form 

p{Acos0'{'Bsiu0)=^O 

can be (as in Art. 23) reduced to the form p coa{0 — a) =J7, by 
dividing by V(-4* 4 -B") ; we shall then have^ 

A . B 



V(^* + JB^'""'*"V(^'' + ^)'-^"V(^" + -BO* 

£];• 1. Beduoe to lectangular coordinates thb eqnatiaii 

Ex. 2. Find the polar coordinates of the intenection of the foUowing lines, and 
■bo the angle between them : /> cos (0 — ^ = %a^ pcio%\d—'^r:a, 

uln«./> = 2a,d = ^, angle = ^. 

Ez. 8. Find the polar equation of the line passing through the points whose 
polar coordinates are />', O' ; ^' , V\ 

Am, /!>" sin (6' - 0^7 + p"p tan (6"- 0) + />/)' sin (0- 00 =<^ 
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CHAPTER Iir. 



EXAMPLES ON THE RIGHT LINE. 



45. Having in the last cliapter laid dow'n principles by 
which we are able to express algebrnically the position of any 
point or right line, we proceed to give some further examples 
of the application of this method to the solution of geometrical 
problems. The learner should diligently exercise himself in 
working out such questions until he has acquired quickness 
and readiness in the use of this method. In working such 
examples our equations may generally be much simplified by a 
judicious choice of axes of coordinates; since, by choosing for 
axes two of the most remarkable lines on the figure, several of 
our expressions will often be much shortened. On the other 
hand, it will sometimes happen that by choosing axes uncon- 
nected with the figure, the equations will gain in symmetry 
more than an equivalent for what they lose in simplicity. 
The reader may compare the two solutions of the same question, 
given Ex. 1 and 2, Art. 41, where, though the first solution 
is the longest, it has the advantage that the equation of one 
bisector being formed, those of the others can be written down 
without further calculation. 

Since expressions containing angles become more complicated 
by the use of oblique coordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera- 
tion of angles is involved. 

46. Loci. — Analytical geometry adapts itself with peculiar 
readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
coordinates of the point whose locus we seek, and then the 
statement of this relation in algebraical language gives us at 
once the eqiiattou of the required locus. 
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Ex. 1. Given base and difference of squares of sides of a triangle, to find the 
locos of vertex. 

Let ns take for axes the base and a perpendicular through its middle point. Let 
the half base = e, and let the coordinates of the vertex 
hex,y. Then 

^C» = y« + (c + x)V 5C«=^y» + (<?-«)•, 

and the equation of the locus is 4iex = m'. The locus 
k therefore a line perpendicular to the base at a dis- 

tanoe from the middle point z = j-. It is easy to see 

that the difference of squares of segments of base =. difference of squares of sides. 

Ex. 2. Find locus of vertex, given base and oot.^ + »» ootB. 
It is evident, from the figure, that 

- : cot5 = , 

y y 




, . AR c+» 



and the required equation isc + «-fm(c~«) =py, the equation of a right line. 

Ex. 8. Given base and sum of sides of a triangle, if the perpendicular be pro- 
duced beyond the vertex until its whole length is equal to one o^ the sides, to find 
the locus of the extremity of the perpendicular. 

Take the same axes, and let us inquire what relation exists between the ooordi« 
nates of the point whose locus we are seeking. The x of this point plainly is MJi^ 
and the y is, by hypothesis, = AC; and if m be the given sum of sides, 

BC=m^y. 
Kow (Budid IL 18) BC = AB» -^ AC* - 2AB,ARi 

«f (« - y)* = 4c* + y» - 4<? (c + »). 

Bedudng this equation we get 

2ffiy — 4cr = m\ 
the equation of a right line. 

Ex. 4. Given two fixed lines, OA and OB, if any line AB be drawn to intersect 
them parallel to a third fixed line OC, to find-the locus of the point P where AB 
la cut in a given ratio ; viz. PA = nAB. 

JjB^ us take the lines OA, OC for axes, and let the 
equation of OB be y = mx. Then since the point B lies 
on the latter line, its ordinate is m times its abscissa ; or 

AB - mOA, Therefore PA = mnOA ; but PA and OA / ^^^ /P 

are the coordinates of the point P, whose locus is there- 
fore a zigbt line through the origin, having for its equation 

y = mnar. O A. 




* This is a particular case of Art. 4, and + a; is the algebraic difference of the 
abadsNe of the points A and C (see remarks at top of p. 4). Beginners often reason 
that since the line AR oonsiRts of the parts AM. — — c, and MR = x, its length is 
— e + X, and hot o-^x, and therefore that AC* = y^ 4. (^ ~ ^)s. It is to be observed 
ihat the sign given to a line depends not on the side of the origin on which it lies, 
but on the direction in which it is measured. We go from ^ to ^ by proceeding 
in the positive direction AM — c, and still further in the same direction MR — x, 
therefore the length AR = <; + a; ; but we may proceed from i^ to £ by first going 
in the negative direction RM = — x, and then in the opposite direction MB s o^ 
heaoe the length RB is e^x. 
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Ex. 6. PA drawn parallel to OC, as beforef meets any number of fixed lines in 
points By B^y B^'f &c., and PA is taken proportional to the som of all the ordinates 
BAf B'A, Ac., find the locos of P. 

Am. If the equations of the lines be 

y = mxy y = m'x + «', y = m"x + n", Ac, 
the equation of the locus is 

Ary = WW + {m'x + n*) + {m."x + n") + Ac. 

Ex. 6. Given bases and sum of areas of any number of triangles having a common 
vertex, to find its locus. 

Let the equations of the bases be 

»oosa + ysina— p = 0, x oosjS + y siujS — p, = 0, 4c, 

and their lengths, a, h, c, Ac ; and let the given sum = m* ; then, since (Art. 84) 
xcosa + y tma — p denotes the perpendicular from the point xy on the first line, 
a(xco8a + ysina— />) will be doable the area of the first triangle, dec, and the 
equation of the locus will be 

a(xcoso+yBino— />)+4(xcos/3+ysinj9 — p,) + c(xoo8y +ysiny — p,) + 4c. = 2m«, 

which, since it contains x and y only in the first degree, will represent a right line. 

Ex. 7. Given vertical angle and sum of sides of a triangle, find the locus of the 
point where the base is cut in a given ratio. li 

The sides of the triangle are taken for axes, N>/^^\I* 

and the ratio PK : PL is given —mm. Then 
by similar triangles, 



m 




XV s 

and the locus is a right line whose equation is — + - = . 

ffi II m + n 

Ex. 8. Find the locus of P, if when perpendiculars PAff PN are let fall on two 
fixed lines, 0M+ 0N\& given. 

Taking the fixed lines for axes, it is evident 
ihat OJ/=« + y COSC0, (7iV = y + x cosw, and 
the locus is X + y = constant. 

Ex. 9. Find the locus if MN be parallel to 
B fixed line. 

Am. y + xcosw = m(x + ycosw). 

Ex. 10. If MN be bisected [or cut in a given 
ratio] by a given line y = mx + n. 

The coordinates of the middle point ex- O Ou M 

pressed in terms of the coordinates of P are ^ (x + y cos w), ^ (y + x coeu) ; and since 
these satisfy the equation of the given line^ the coordinates of P satisfy the equation 

y + xco8c0 = fn(x + y cosco) + 2i». 

Ex. 11. P moves along a given line y^mx + n^ find the locus of the middle point 
of MN, If the coordinates of P be a, /3, and those of the middle point x, y, it hat 
just been proved that 2x = a + /3co8c0, 2y=:/3 + acosw. Whence solving fat a, fi, 

a sin'fti = 2x ~ 2y cosid, /3 sin'oi = 2y ~ 2x cos w. 

But a, /3 are connected by the relation p=ima + nf hence 

2y — 2x oosw = m (2x — 2y cosco) + n ain'M. 
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47. It is castomary to denote by z and y the coordinates of 
a variable point which describes a locus, and the coordinates of 
fixed points by accented letters. Accordingly in the preceding 
examples we have from the first denoted by x and y the 
coordinates of the point whose locus we seek. But frequently in 
finding a locus it is necessary to form the equations of lines 
connected with the figure; and there is danger of confusion 
between the x and y, which are the running coordinates of a 
point on one of these lines, and the z and y of the point whose 
locus we seek. In such cases it is convenient at first to denote 
the coordinates of the latter point by other letters such as a, )9, 
until we have succeeded in obtaining a relation connecting these 
coordinates. Having thus found the equation of the locus, we 
may if we please replace a, /3 by a; and y, so as to write the 
equation in the ordinary form in which the letters x and y are 
used to denote the coordinates of the point which describes 
the locus. 

Ex.' 1. Find the loctu of the vertex of a triangle, giren the base CD, and the 
ZBtio AMiNB of the parts into which the sides 
divide a fixed line AB parallel to the base. Take 
AB and a perpendicular to it through A for axes,, 
and it is neoessaiy to expreas AM, NB in terms 
ef the coordinatee of P. Let these oooidi- 
nates be <^ and let the coordinates of (7, /> be 
^Vf ^y» the y' of both being the same since CI) 
is parsllel to AB. Then the equation of PC joining 
the points a^ af^ is (Art. 29) 

TUs eqoation bcmg satisfied by the a? and y of every point on the line P(7 is satisfied 
\ij the point if, whose ysO and whose z = AM. Making then y = in this 
equation we get 

AM^^^LU^ 

Ihlike manner, AN^^^^f 

and if .IB s 0, the lelation iOr = ifc^A' girea 




^^=»(-¥^- 



Websve now expcessed the conditions of the problem in terms of the oooidinates of 
tliapofait P; and now that there is no further danger of confusion, we may replace 
^ A ^«^ y» when the equation of the locus, deaied of fractions, becomes 

y8'-ay = Ar {i^ (y - yO - (y*" - a/)}- 
Kx. % Two vertices of a triangle ABC move on fixed right lines LM, LN, and 
Ae three sides pass throuj^ three fixed points (?, P, Q which lie on a right line 
iad tM keos of the third vertex. 

Q 
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Take for axis of x the right line OP, containing the three fixed points, and fat 
axis of y the line OL joining the inter- 
Bcction of the two fixed lines to the point 
through which the base passes. Let the 
coordinates of Che a, /9, and let 
OL = b, OM=a, ON=a\ OP-e, Od-e. 
Then obvioualy the equations of LM^ LN 
are 

a b ah 

The equation of CP through a^ and 
P (y = 0, a = c) is 

(o - <j) y - /3af + /3c = 0. 
The coordinates of A^ the intersection of this line with 




a b ' 



are 



afi = 



ah (o — <?) + ac^ 



b{a-e)p 



I {a- c) + afi"*^^~b{a-c)+a(i' 

The coordinates of j8 are found by simply accentuating the letters in the preceding : 

a'b (a - t/) + a' c'P b {a' - e') ft 

*«~ ACa-O + o'/J * ^*-'b{a-e')+a'fi' 

Now the condition that two points Xjt/if x^^ shall lie on a right line passing through 

the origin is (Art. 80) ^* = ^. 

Applying this condition we have 

b{a-c)p _ hja'-tf)^ 
c^ {a - c) -h acfi a'b {a - &) + a'c^fi* 
We have now deriyed from the conditions of the problem a lelatioB winch must be 
satisfied by a/3 the coordinates of C; and if we replace a, /8 by a;, y we have the 
equation of the locus written in its ordinary form. Clearing of fractions, we have 
(a - c) [o'* (x - O + <^'^y] = («' - O [o* («-<?) + aey], 



or 



{ae* — a'c) x 






ee' {a — a') — aa' {c — (f) 
the equation of a right line through the point L. 

Ex. 3. If in the last example the points P, Q lie on a right Une passiDg not 
through but through L, find the locus of vertex. 

We shall first solve the general problem in which the points P, Q have any 
position. We take the fixed lines LM^ LN for axes. Let the coordinates ot 
Pf Of Of C he respectively xy, a:"y", sc"y"» «^» ^^^ *^® condition which we 
want to express is that if we join CP, CQt and then join the points Af B, in which 
these lines meet the axes, the line AB shall pass through 0. The equation of CP 
is (/5- jO a:- (a - jO y = /*»' - ay*. 

And the intercept which it makes on the axis of a; is 

/3x'-ay' 



LA=i 



^-tf 



In like manner the intercept which CQ makes on the axis of y is 

a-x" • 
The equation of >4i? is 



£B = 



LA^ LB 



- 1, or 
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And the condition of the problem is that this equation shall be satttfied by the 
coordinates a^"^". In order then that the point C may fulfil the conditions of the 
problem, its coordinates a/3 must be connected by the relation 

Whoi this equation is cleared of fractions, it in general involves the coordinates 
afi in the second degree. But suppose that the points x^t^, x"y" lie on the same 
line passing through the origin y = mx, so that we have y' = mx\ y" -= ma^'f the 
equation may be written 

«' (^ - om) "** aj" (oro - /3) " 
Clearing of fracfcionB and replacing a, fthj x and y, the locus is a right line, vis. 

ar«" (y-jO -y"V («-«") rrx**" (m«-y). 

48. It is often convenient, instead of expressing the condi- 
tions of the problem directly in terms of the coordinates of the 
point whose locus we are seeking, to express them in the first 
instance in terms of some other lines of the figure; we must 
then obtain as many relations as are necessary in order to 
eliminate the indeterminate quantities thus introduced, so as to 
have remaining a relation between the coordinates of the point 
whose locus is sought. The following Examples will sufficiently 
illustrate this method. 

Ex. 1. To find the locus of the middle points of rectangles inscribed in a given 
triangle. 

Let us take for axes CJi and AB ; let C72 = p, RB = «, AR = «'. The equation/i 
of JCandBCare 

l^-^=land-^+* = l. 

Now if we draw any line F8 parallel to the base 
at a distance FK = A:, we can find the abscissfla of 
the points F and 8^ in which the line F8 meets 
AC and BC, by substituting in the equations of 
AC and BC the value y = Ar. Thus we get from 
the fint equation A K R 

|-? = l5.-.xorJJJr=-^(l-|]j 
end from the second equation 

k X / h\ 

^-+;=l;.-.arori?Zi = ,(l-|j. 

Having the abacisse of F and 8, we have (by Art, 7) the abscissa of the middle 

pdnt of F8y viz. a? = -j- . ^1 --J . This is evidenUy the abscissa of the middle 

point of the rectangle. But its ordinate is y = JAr. Now we want to find a iel«tioii 
which will subsist between this ordinate and abscissa whatever k be. We hftTB 
only then to eliminate k between these equations, by substituting in the 
value of 4; (= 2y), derived from the second, when we have 

2»=(,-0(l-^), 
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at % + -^ = I. 

f — r p 

This 18 ihe equation of the locus which we seek. It obvioiialy repreeents m right line^ 
and if we examine the intercepts which it cats off on the axes, we shall find it to be the 
line joining the middle point of the perpendicular CR to the middle point of the base. 

Ex. 2. A line is drawn parallel to the base of a triangle^ and the points where it 
meets the sides joined to any two fixed points on the base ; to find the locus of the 
point of intersection of the joining lines. 

We shall preserve the same axes, Ac., as in Ex. I, and let the coordinateB of tha 
fixed points T and F, on the base, be for T {m^ 0), and for V (n, 0). 

The equation of /Twill be found to be 



U fl--j-n|y-*a; + *n = 0. 



and that of iSfFtobe 

Now since the point whose locus we ate seeking lies on both the lines FT, 8V, eadi 
of the equations just written expresses a relation which must be satisfied by its co- 
ordinates. Still, since these equations involve Ar, they express relations which aie only 
true for that particular point of the locus which corresponds to the case where the 
parallel F8 is drawn at a height k above the base. If, however, between the equations 
we eliminate the indeterminate k, we shall obtain a relation involving only the 
coordinates and known quantities, and which, since it must be satisfied whatever be 
the position of the parallel FS, will be the required equation of the locus. 
In order, then, to eliminate k between the equations, put them into the form 

FT («' + m)y-* (-y-« + TOJ = 0, 

and BV (s - «) y - * f- y + « - nj = 0| 

and eliminating it we get for the equation of the locus 

But this is the equation of a right line, since x and y are only in the first degree. 

Ex. 8. A line is drawn parallel to the base of a triangle, and its extremities 
joined transversely to those of the base ; to find the locus of the point of intersectioQ 
of the joining lines. 

This is a particular case of the foregoing, but admits of a simple solntion by 
choosing for axes the sides of the triangle AC and CB, Let the lengths of those 
lines be a, 6, and let the lengths of the proportional intercepts made by the parallel 
be ftOf fjf. Then the equations of the transversals will be 

- + 4 = 1 and — + ? = !. 
a iMD fia b 

Subtract one from the other, divide by the constant 1 , and we get for tha 

equation of the locus 



M=<H 



which we have elsewhere fomid (see p. 84) to be the equation of the bisector of tha 
base of the triangle. 

Ex. 4. Given two fixed points A and B, one on each of the axes, if A* and B* be 
taken on the axes so that OA' + OB =:OA+OB: find the locus of the intersoGtion 
•f AB', A'B. 
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Let Oil = a, OB=bf OA* = a + k, then, from the oonditioiui of the problem^ 
OB^ =. 6 — Jb, The eqnadonB of AB'^ A'B are reepectiyely 

or 6x + ay — «i3 + 4; (a — «) = 0, 

69 + ay~ad + A(y-6) = 0. 
Bobtnctfaig, we elimiiiate k, and find for the equation of the locus 

a; + y = a + 6. 

Bz. 6. If on the base of a triangle we take any portion AT^ and on the other side 
of the haae another portion BS^ in a fixed ratio to AT and draw ET and FS parallel 
to B fixed line CR', to find the locos of 0, the point of intersection of EB and FA. 

Take iL8 and (7i? for axes ; UHAT-k^BR^*, 
AJi = /, CB=zp, let the fixed ratio be m, then 
B8 will=ii»Ar ; the coordinates of /9 will be («-mi;, 0), 
andof r {-(•-*), 0}. 

The ordinateB of E and FwiU be found by snb- 
sdtnting these yalues of x in the equations of AC 
uadBC. We get for 

E, »=-(f'-*),y=^, 

and for JF*, « = # - mA, y = -^ . 

Kow form the equations of the transyerae lines, and the equation of EB is 

and the equation of AF is 

To fih'mlnatft k, subtract one equation from the other, and the result, diTided 
by i, will be 

which is the equation of a right line. 

Ex. 6. PP* and QCt are any two parallels to the sides of a parallelogram ; to 
find the locus of the intersection of the lines PQ and P'Ct. 

Let us take two of the sides for our axes, and let the lengths of the sides be a 
nd t, Bjod U^ AQ^ = m, AP z= n. Then the equa- q j^ 

tkm of PQ, joining P (0, n) to Q K *) is ^''^ ^ 

(A — «) « - my + mfli = 0, 
and the equation of P'Q^ joining P* (a, n) to 

Qr(»,o)is 

•MP — (a — si) y — mn = 0. *^ 

There being two indeterminates m and n, we 





duynld at first suppose that it would not be pos- A Q B 

iiUe to eliminate them from two equations. However, if we add the aboye equations, 

it will be found that both yanish together, and we get for our locus 

the equation of the diagonal of the parallelogram. 

Ex. 7. GKyen a point and two fixed lines ; draw any two lines through the fixed 
pointy and join transyersely the points where they meet the fixed lines; to find the 
loooi of intersection of the transyerse lines. 
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Take! the fixed lines for axes, and let the equations of the lines through the fixed 
point be 

| + ? = l.and|, + | = ,. 
in ft tn n 

The conditions that these lines should pass through the fixed point ary glTe us 

-+^=1, and^ + ?C = lj 
or, subtracting, 

Now the equations of the tranverse lines clearly are 

!^+?^=l,«.d -£ + * = !, 
m n' ' m' n ' 

OTi subtracting, 

•£-i?)-J'(il-jr')=''- 

Now from this and the equation just found we can eliminato 

and we have ac^jf + f^z = 0, 

the equation of a right line through the origin. 

Ex. 8. At any point of the baae of a triangle is drawn a line of given lengthy 
parallel to a given one, and so as to be cut in a given ratio by the base ; find the 
locus of the intersection of the lines joining its extremities to those of the base. 

49. The fandamental idea of Analytic Geometry is that 
every geometrical condition to be fulfilled by a point leads to. 
an equation which must be satisfied by its coordinates. )i 
is important that the beginner should quickly make himself 
expert in applying this idea, so as to be able to express by an 
equation any given geometrical condition. We add, therefore| 
for his further exercise, some examples of loci which lead to 
equations of degrees higher than the first. The interpretation 
of such equations will be the subject of future chapters, bat 
the method of arriving at the equations, which is all with which 
we are here concerned, is precisely the same as when the locop 
is a right line. In fact, until the problem has been solved, we 
do not know what will be the degree of the resulting equation. 
The examples that follow are purposely chosen so as to admit 
of treatment similar to that pursued in former examples, 
according to the order of which they are arranged. In eadb of 
the answers given it is supposed that the same axes are chosen, 
and that the letters have the same meaning as in the corre- 
sponding previous example. 
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Ex. 1. iind the locos of vertex of a triangle, given base and sum of squares 
of sides. Am. x« + y« = im« - c». 

Ex. 2. Given base and m squares of one side ± n squares of the other. 

Ans. (i» ± n) («« + y*) + 2 (m ? n) <!a: + (f» ± n) c» =/>•. 

'' Ex. 8. Given base and ratio of sides. 

^ Ex. 4. Given base and product of tangents of base angles. 

In this and the Examples next following, the learner will use the values of the 
tangents of the base angles given Ex. 2, Art. 46. Ans, y* + mhe^ = m'c'. 

V Ex. 5. Given base and vertical angle or, in other words, base and sum of base 
angles. Ant, a? + y* - 2ey oot(7= A 

Ex. 6. Given base and difference of base angles. Ans. a^ — t^-i- 2zy cot 2> = c*. 

Ex. 7. Given base, and that one base angle is doable the other. 

Ant. 8a:* - y» + 2«t = c*. 

Ex. 8. Given base, and tan (7= m tan ^. Ant. m (x> + ^ — c*) = 2<7 (e — x). 

Ex. 9. PA is drawn parallel to OCf as in Ex. 4, p. 89, meeting two fixed lines in 
points ^, ^; and FA* is taken = PB.PR, find the locus of P. 

Ant, mx (m'x + n' ) = y (nw + m'x + n*). 

Ex. 10. PA is taken the harmonic mean between AJB and AB*. 

Ant. 2nuo {m'x + «')=: y {mx + m'x + n*), 

Ex. 11. Given vertical angle of a triangle, find the locus of the point where the 
base is cut in a given ratio, if the area also is given. Ant. xy ■=. constant. 

Ex. 12. If the base is given. 



>*« «*.S^ 2gycoscd _ y 
f»* n* mn (m + n)* 



Ex. 18. If the base pass through a fixed point. . mx n\f 

* " * Ant. -- + -*- = ni + »», 

9 y 

Ex. 14. find the kens of P [Ex. 8, p. 40] if JfAT is constant. 

Ant. a^ + y^ + 2xy oos<» — constant. 

Ex. 15. If JfiV^pasB thzoogfa a fixed point. . af ^ __ - 

'x + ycosid y + aco8«"~ 

Ex. 18* If MN pass through a fixed point, find the locus of the intersection of 

^ y' , 
paianeh to the axes throngfa M and N, Ant. — -\-\'^u 

X y 

Ex. 17. Rnd the locus of P \Ex. 1, p. 41] if the line CD be not parallel to AB. 

Ex. 18. Given base CD of a triangle, find the locus of vertex, if the intercept AB 
OQ a given liae is constant. 

-Am. (a'y-y'*)(y-y")-(x"y-y"«)(y-yO = c(y-yO(y-/0. 



60. Prohlema where it is required to prove that a moveable 
right line passes through a fixed point. 
We have seen (Art. 40) that the line 

or, what b the same thmg, 
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where k Is indeterminate, always passes through a fixed point, 
namely, the intersection of the lines 

-4a; + £y+0=0, and -4'a: + 5'y + (7 = 0. 

Hence, if the equation of a right line contain an indeterminate 
quantity in the first degree^ the right line will alibaya pass through 
a fixed point. 

Ex. 1. Gi^en yertical angle of a triangle and the sam of the reciprocals of the 
ndcB, the base will always pass through a fix^ point. 

Tdke the sidee for axes ; the equation of the base is ~ + f = 1| l^id we are given 
the fon diiion 

1 i_i Qyi_.L_l 

a dm' I m a* 
theiefore, equation of Hme is 

a m a ^ 
where m la constant and a indeterminate, that ia 

a " m ^ 

where - is indeterminate. Hence the base most always pass through the interMOtion 
of the two lines « — ^ = 0, and y = m, 

Ex. 2. Giyen three fixed lines OA, OBf 00, meeting in a point, if the three Tertioes 
of a triangle move one on each of these lines, and two sides of the triangle pass thronj^ 
fixed points, to prove that the remaining side passes through a fixed point. 

TAke for axes the fixed lines OA, OB on which the base angles move^ then the 
line 00 on which the vertex moves will have ' ' 

an equation of the form y = may, and let the ^ ^ ^ 

fixed points be aef^, x"%f\ Now, in any position 
of the vertex, let its coordinates be x = a, and 
consequently y = ma; then the equation of il (7 is / ^ x f ** 

(«'-a)y-(y'-ma)« + a(/-maO = 0. ^^ ^ '•^ 

Similarly, the equation of BC\m 

(««-a)y-(y"-.ma)« + a(y"-m«'0 = O. q 3 

Now the length of the intercept OA is found by making « = in equation AC, or 

g (/ - mar') 




Similarly, OB is found by making y = in BO, or 

tf -ma 
Hence, from these intercepts, equation of AB is 

t^' -ma af — a 

*y"-mx""y7ir^ = «- 
But since a is indeterminate, and only in the first degre«s, this line always passes through 
• fixed point. The particular point is found by arranging the equation in the form 






y"-m*"* ^-mx' 



-''t^'-/i+0='- 



EXAMPLES ON TUB RIGHT LINE. 49 

Henoe the line pasMs thiongh the intersection of the two lines 

Sf" - ma;" * " y' - ma?' y - "' 

Md j,^^ ^, - J ^ . + 1 = 0. 

y" - WM!" y* — iiw' 

Ex. 8. If in the laiit example the line on which the vertex C moyee do not pass 
through 0^ to detennine whether in any case the base will paas through a fixed point. 

We retain the same axes and notation as before, with the only difference that the 
equation of the line on which C moves will be y = mx + n, and the coordinates of the 
vertex in any position will be a, and ma-\-n. Then the equation of AC is 

(a/ — a)y— (y* — »ia — »)a: + a(y' — maT) - no;' = 0, 
The equation of BC is 

QA- ^W-^')-^ , OJB = ^-'^^'"^~^\ 
af — a ' y" - ma — » 

The equation of A£ is therefore 

a if/' - mx") - iu^' ^ a{i/-maf)-'n3/' ' 
Now when this is deaied of fractions, it will in general contain <r in the second degree, 
and therefore the base will in general not pass through a fixed point ; (/) however, 
thepainU xV, a/'y" lie in a right line (j/ = kx) passing through Of we may substitute 
in ibe denominators y'' = kx^\ and y' = b^, and the equation becomes 

«< ^, y -^^= a (*-«)- 11, 

whidi contains a in the first degree only, and therefore denotes a right line pasaing 
tioongh B fixed point. 

Ex. 4. If a line be such that the sum of the perpendiculars let fall on it from 
a Bomber of fixed points, each multiplied by a constant, may = 0, it will pass through 
A fixed point. 

Let the equation of the line be 

X cos a + y sin a ^p = 0| 
then the perpendicnlar on it firom xy ia 

a^coea + yshia — p, 
and the conditions of the problem give ua 
••' (y ooe a + y* sin a — J?) + »" (x" coa o + y" sin o - /?) 

+ m'" (x"' cos o + y"' sin a -p) + <kc. = 0. 
Or, using the abbreviations £ (maf) for the sum* of the mx, that is, 

i»V + »"x" + m'"x"' + Ac, 
and in like manner S {mj^ for 

and £ (m) for the som of the m's or 

in' + m" + »"' + Ac, 



# ^ sum we mean the algebraic som, for any of the quantities m\ m", Ac. maj 
beii«0ativ«i 

H 



50 EXAMPLES ON THE RIGHT LINE. 

we may write the preceding equation 

£ (wmO <50* a + r (m^/) sin a —pZ (m) = 0. 
Sabstituting in the original equation the value of p hence obtained, we get for the 
equation of the moveable line 

xZ (m) cos a + y£ (m) sin a ~- £ {mz') cos a — £ (m^) sin a = 0, 

or a£ (m) - £ {nuf) + {y£ (m) - £ {my')} tan a = 0. 

Now as this equation involves the indeterminate tan a in the fizat degree, the line 
passes through the fixed point determined by the equations 

xL (to) - £ (mscTj = 0, and y£ (to) - £ (to^) = 0, 

or, writing at full length, 

- <»V + m"3^' + m"'a^" -H Ac. _ my + my + ^"Y' + Ac. 
*" to' + to" + to'" + (fee. ' ^~ w' + to" + to"' + Ac. • 

This point has sometimes been called the etntrt ofmtan position of the given points. 



51. If the eqnntion of any line involve the coordinates of 
a certain point x'y in the first degree, thus, 

[Ax'^-By'^- C)a; + (^V + ^y + C)y-^ (^V + ^y + 0") = 0; 

then if the point x'y' move along a right line, the line whose 
equation has just been written will always pass through a fixed 
point. For, suppose the point always to lie on the line 

Lx' + My' + J\r= 0, 

then If, by the help of this relation, we eliminate z' from the 
given equation, the indeterminate y' will remain in it of the first 
degree, therefore the line will pass through a fixed point. 

Or, again, if the coefficients in the equation Ax-{-By+ (7=0 
be connected by the relation aA-jr bB + cC^O {where o, 6, c are 
constant and -4, J5, C may vary)j the line represented by this equa^ 
tion will always pass through a fixed point. 

For by the help of the given relation we can eliminate C, 
and write the equation 

(caj - a) -4 + (cy - J) -B = 0, 
a right line passing through the point faj = -, y = -j . 

52. Polar Coordinates, — It is, in general, convenient to nse 
this method, if the question be to find the locus of the extremities 
of lines drawn through a fixed point according to any given law. 

Ex. 1. A and B are two fixed points ; draw through B any line, and let fall on 
a perpendicular from Ay AP\ produce AP so that the rectangle AP ,AQ may bO 
constant ; to find the locus of the point Q. 
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Take A for the pole, and AB for the fixed axis, then AQ ia our radios vector, 
designated by p, and the angle QAB = d, and oar object 
is to find the relation existing between p and 6. Let ns 
call the constant length AB = e^ and from the right-angled 
triangle -4P-8 we have AP=c coe6, but ilP.ilCi= const. = **i 

therefore 

h 
pccoaO = k*, or^oo8e=-; 

bat we have seen (Art. 44) that this is the equation of a right 

k^ 
line perpendicular to AJBf and at a distance from A = 




Ex. 2. Given the angles of a triangle ; one vertex A ia fixed, another B moves 
along a fixed right line : to find the locus of the third. 

Take the fixed vertex A for pole, and AP perpendicular 
to the fixed line for axis, then AC= p, CAP = 6. Now 
since the angles of ABC are given, ^^B is in a fixed ratio 
to AC{=mAC) and BAP = e- a ;hut AP =: AB CM BAP ; 
therefore, if we call AP, a, we have 

m/) cos (0 — a) = o, 
which (Art. 44) is tbe equation of a right line, making 

angle a witli the given line, and at a distance from 




m 



Ex. 8. Given base and sum of sides of a triangle, if at either extremity of the 
base B a perpendicular be erected to the conterminous side BC; to find the locus 
of P the point where it meets CP the external bisector of vertical angle. 

Let OS take the point B for our pole, then BP will be our radius vector p * and 
let OS take the base produced for our fixed axis, then 
PBD = 0, and our object is to express p in terms of 0. 
Let us designate the sides and opposite angles of the 
triangle a, b, e, A, B, C, then it is easy to see that 
the angle BCP-W*-\Cj and from the triangle 
PCB that a = /> tan ^C, Hence it is evident that if 
we ooald express a and tan ^C in terms of 0, we con ^ ^ 
ei^reu ^ in terms of 0. Now from the triangle ^jBC we have 

62 = o« + c«-2acoosjB, 

bat if the given sum of sides be m, we may substitute f or *, w - a ; and coe jB plainly 
= nn0; hence ' 




and 



2am + a« = o« + c* - 2ac sin 0, 



a = 



2(TO-cBin0)* 



Thus we have expressed a in terms of and constants, and it only lemaina to find 
an expression for tan j| (7. 



How 



bDl 



*^*^= i(l + coeC) ' 

taniC= "^^ 
* m-esinfl" 
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We are now able to express p in terms of 6, for, substitute in the equation 
a = /) tan \C, the yalnes we have found for a and tan |(7, and we get 

2(m-<JBine)"(OT-C8ine)* ^^«*«'- 2c ' 
Hence the locus is a line perpendicular to the base of the triangle at a distanod 

from B = — n — . 

The student may ezerdse himself with the corresponding locus, if CP had been 
the internal bisector, and if the difference of sides had been given. 

Ex. 4. Given n fixed right lines and a fixed point \ if throned this point any 
radius vector be drawn meeting the right lines in the points Tj, r^ r^..jrmt ^"^ ^^ 

this a point R be taken such that -rrr^ = 77— +->< + 77— +••• tvT i to find the 

OR Or I Or^ Or^ Or^ 

locus of R. 

liet the equations of the right lines be 

^oos(0-a)=j»,; ^ 008(0 -/5)=|)» Ac. 

Then it is easy to see that the equation of the locus is 

« _ c oa (6 - g) cos (0-/9) 

P Pi Pi 

the equation of a right line (Art. 44). This theorem is only a particn]ar Oflie of 
a general one, which we shall prove afterwards. 

We add, as in Art. 49, a few examples leading to equations of higher degree. 

Ex. 5. BP is a fixed Une whose equation is p cos = m, and on each radius veotor 
is taken a constant length PQ ; to find the locus of Q [see fig., Ex. 1]. 

AP is by hypothesis = —~a » therefore '^^ = P = Z^q'^^ which, transformed 
to rectangular coordinates, is (x — m)* (x* + y*) = tPsc^, 

Ex. 6. Find the locus of Qyil P describe any locus whose polar eqiution is given, 
p = <f> (0). We are by hypothesis given AP in terms of 0, but AP is the p of the 
locus — d', we have therefore only to substitute in the given equation p — diorp. 

Ant, p-d^fffiB). 

Ex. 7. If ilQ be produced so that AQ may be double AP, then AP is half the 
p of the locus, and we must substitute half p for pin the given equation. 

Ex. 8. If the angle PAB were bisected, and on the bisector a portion AP* be 
taken so that AP^ = mAP, find the locus of P* when P describes the li^ line 

D cos = m. PAB is now twice the of the locus, and therefore AP = xh 1 •od 

the equation of the locus ia p* cos 20 = »'. 
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♦CHAPTER IV. 

APPLICATION OP ABRIDGED NOTATION TO THE EQUATION OP 

THE RIGHT UNE. 

63, We have seen (Art. 40) that the line 

{x cos a + y sin a - 2?) - A (a? cos + i/ sm 13 —p') = 

denotes a line passing through the intersection of the lines 

X cos a + y sin a — p = 0, x cos /8 + y sin )S —p' = 0. 

We shall often find it convenient to use abbreviations for 
these quantities. Let us call 

a; cos a + y sin a - ^, a ; a: cos )8 + y sin ^ — /?', )8. 

Then the theorem just stated may be more briefly expressed ; the 
equation a — A;/3 = denotes a line passing through the intersec- 
tion of the two lines denoted by a = 0, /8 = 0. We shall for 
brevity call these the Tines a, /3, and their point of intersection 
the point o^. We jhall, too, have occasion often to use abbre- 
viations for the equations of lines in the form Ax -f ^y + (7=0. 
We shall in these cases make use of Roman letters, reserving 
the letters of the Greek alphabet to intimate that the equation 

is in the form 

X cosa+y sina-jp = 0. 

54. We proceed to examine the meaning of the coefficient k 
in the equation a-X;/3 = 0. We saw (Art. 34) 
that the quantity a (that is, a? cosa + y sina-j^) 
denotes the length of the perpendicular PA let fall 
firom any point xy on the line OA (which we 
suppose represented by a). Similarly, that /3 is the ^ 
length of the perpendicular PB from the point xy on the line 
OBj represented by fi. Hence the equation a-kfi — O asserts 
tibat if, from any point of the locus represented by it, perpen- 
fioBlarB be let fall on the lines OA^ OB^ the ratio of these per- 
pendiculars (that is^ PA : PB) will be constant and » k. Hence 
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the locus represented by a — A/8 = is a riglit line through 0, and 

,_PA BmPOA 

It follows from the conventions concerning signs (Art. 34) that 

a + ^y8 = denotes a right line dividing externally the angle 

sin PO A 
A OB into parts such that -: — tttttj = ^« It is, of course, assumed 
"^ ainPOB ' ' 

in what we have said that the perpendiculars PA^ PB are those 

which we agree to consider positive ; those on the opponte 

sides of a, being regarded as negative. 

Ex. 1. To express in this notation the proof that the three bisectors of the imgleB 
of a triangle meet in a point. 

The equations of the three bisectors are obvionsly (see Arts. 85, 54) a — /9 = 0, 
/S — y = 0, y~o = 0, which, added together, vanish identically. 

Ex. 2. Any two of the external bisectors of the angles of a triangle meet on the 
third internal bisector. 

Attending to the convention about signs, it is easy to see that the equations of 
two external bisectors area + /9 = 0, a + 7 = 0, and subtracting one from the other 
we get /3 — 7 = 0, the equation of the third internal bisector. 

Ex. 8. The three perpendiculars of a triangle meet in a point. 

Let the angles opi)osite to the sides a, /S, y be ^, J9, C respectively. Then since 
the perpendicular divides any angle of the triangle into parts, which are the com- 
plements of the remaining two angles, therefore (by Art. 64) the equations of the 
perpendiculars are 

acosji — /3co8B = 0, /3cosB — 7 006(7=0, y cosC— a cos^ = 0, 

which obvioilbly meet in a point. 

Ex. 4. The three bisectors of the sides of a triangle meet in a point. 
The ratio of the perpendiculars on the sides from the point where the hiaeotcHr 
meets the base plainly is sin ^ isiaB. Hence the equations of the three bisecton are 
osin-4 — /3 6in^ = 0, /3sin5 — y8inC7=:0, ysinC—asinilrzO. 

Ex. 5. The lengths of the sides of a quadrilateral are a,h,efd] find the eqiiati<m 
of the line joining middle points of diagonals. 

AfiB. aa — bp + cy — dS = 0] for tliis line evid^itly passes through the inter- 
section of aa — bft, and cy — di\ but, by the last example, these are the bisectors 
of the base of two triangles having one diagonal for their common base. In like 
manner aa — ddy 6/3 — cy intersect in the middle point of the other diagonal. 

Ex. 6 To form the equation of a perpendicular to the base of a triangle at its 
extremity. Am, a + y ooe J9 =: 0. 

Ex. 7. If there be two triangles such that the perpendiculars from the verUces of 
one on the sides of the other meet in a point, then, vice versa^ the perpendiculars from 
the vertices of the second on the sides of the first will meet in a point. 

Let the sides be a, /?, 7, a', /9', 7', and let us denote by (a/3) the angle between 
a and /3. Tlien the equation of the per|>endicular 

from a/3 on y' is a cos (/3y') - /3 cos {ay') = 0, 
^ from /3y on a' is /? cos (ya') — y cos {fia) = 0, 

from ya on /?' is y cos (a/i*) - c cos (y/^) = 0. 
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The coodition that these should meet in a point is found by eliminating /3 between 
the first two, and examining whether the resulting equation coincides with the 
third. Itia 

008 (a/30 006 09y') cos (yo') =: cos (o'/3) cos {^y) cos (y'o). 
But the symmetry of this equation shews that this is also the condition that the 
perpendiculars from the yertices of the second triangle on the sides of the first 
should meet in a point. 

55. The lines a — A;^ = 0, and ka — 13 = 0^ are plainly such 
that one makes the same angle with the line a which the other 
makes with the line fiy and are therefore equally inclined to the 
bisector a- fi. 

Ex. If through the yertices of a triangle there be drawn any three lines meeting 
in a point, the three lines drawn through the same angles, equally inclined to the 
bisectors of the angles, will also meet in a point. 

Let the sides of th^ triangle be a, /9, y, and let the equations of the first three ^\ 

lines be 

la — m/9 = 0, TO/9— fiy = 0, ny — /a = 0, 

which, by the principle of Art. 41, are the equations of three lin^ meeting in a 
point, and which obviously pass through the points a/3, /3y, and yo. Now, from 
this Article, the equations of the second three lines will be 

I m m n ' n / ' 

which (by Art. 41) must also meet in a point. 

56. The reader is probably already acquainted with the fol- 
lowing fundamental geometrical theorem: — ^^ If a pencil of four 
right lines meeting in a point he intersected hy any transverse 
right line in the four points A^ P^ P^ B^ then 

AP PB 

the ratio -j-j^i-rrrk w constant, no matter how 
AP.PB ' 

the transverse line be draton" This ratio is 

called the anharmonic ratio of the pencil. In q 

fact, let the perpendicular from on the transverse line =p] then 

p.AP^OA. OP.sin A OP^both being double the area of the triangle 

AOP) ; p.PB^ OP.OB s'mPOB; p.AP^ OA.OP smAOP; 

p.PB = OP. OB. sin POB ; hence 

f.AP.PB^ OA.OP. OP. OB, BinAOP.sin POB-, 

f.AP.PB^ OA.OP.OP.OB.sinAOP.siuPOBi 

AP.P B _ Bin AOP.BinP OB 
AP.PB " BinAOP. BinPOB' 

but the latter is a constant quantity, independent of the positioii. 
of the transverse line. 
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67. If a — A;/8 = 0, a - k'fi =i 0, be the equations of two Hnea, 

then rp will be the anharmonic ratio of the pencil formed by the 

four lines a^ fi^a — kfij a — k'fi^ for (Art. 54) 

mkAOP ,, Bin AOF 



therefore 



sinPO^' sin F OB ^ 

k smAOP.smF OB, 
k'" sin AUF. sin FOB 



bat this is the anharmonic ratio of the pencil. 

k 
The pencil is a Aarmonic pencil when ^^ =- 1, for then the 

angle A OB is divided intemallj and externally into parts whose 
sines are in the same ratio. Hence we have the important 
theorem, two lines whose equations are a— A;/3 = 0, a + A/3 = 0, 
form with (ij fi a harmonic pencil, 

68. In general the anharmonic ratio of four lines a — ^^, 

a - IB. a^mB. a- w^ is , ^ } ,,— ,; . For let the pencil be 

' ' (w — «i)(«-A:) "^ 

cut by any parallel to /3 in the four points f , £, M^ Nj and the 

.. . NL.MK T> . . o 
ratio IS vfTr-r"^* -^ut siucc p 
NM.LK 

has the same value for each of 
these four points, the perpen- 
diculars from these points on a are 
(by virtue of the equations of the 6~" ? 

lines) proportional to 4, Z, m, w; and AKj AL^ AM^ AN bxb 
evidently proportional to these perpendiculars ; hence NL is pro- 
portional to n — Z; ME io m — k\ NMion-m] and ££'toZ— A;. 

69. The theorems of the last two articles are true of lines 
represented in the form P— kP^ P— ZP, &c., where P, P* denote 
ax-k-by^-c^ a'x -^ b'y -h c\ &c For we can bring P to the 
form a? cos a + y sin a -p by dividing by a certain factor. The 
equations therefore P— kF = 0, P— IF ^0^ &c., are equivalent 
to equations of the form a — kpP = 0, a — Ipfi = 0, &c, where p 
is the ratio of the factors by which P and F must be divided 
in order to bring them to the forms a, /3. But the expressions 
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for anharmoDic ratio are unaltered when we substitute for Jcj 7, 
nij n ; kp^ Ip, mpj np. 

It is worthy of remark, that since the expressions for 
anharmonic ratio onlj involve the coefficients ky /, 9it, n^ it follows 
that if we have a system of any number of lines passing through 
a point, P—kP^ P-^IP^ &c. ; and a second system of lines 
passing through another point, Q — kQ^ Q — IQ'j&q,^ the line 
P— kP being said to correspond to the line Q-^kQ^ &c. ; then 
the anharmonic ratio of any four lines of the one system is 
equal to that of the four corresponding lines of the other system. 
We shall hereafter often have occasion to speak of such systems 
of lines, which are called homographic systems. 

60, Given three lines a, 0^ y^ forming a triangle /• the equation 
of any right line^ ox -f &y -f o = 0, can be thrown into the form 

fa + wii8 + n7 = 0. 

Write at full length for a, /S, 7 the quantities which they 
represent, and 2a + mfi + 917 becomes 

(Z cosa + m cos/S + n CO87) a + (Z sina f wi sin^ -f n sin7) y 

— {lp-{- niji + np") = 0. 

This will be identical with the equation of the given line, 
if we have 

Zcosa + m cos/S + n 0037 = a, Zsina + m sin)8 + n sin7 = J, 

Ip + mp* + wp" = — c, 

and we can evidently determine Z, 971, 91, so as to satisfy these 
tiiree equations. 

The following examples will illustrate the principle that it is 
possible to express the equations of all the lines of any figure 
b terms of any three, a = 0, /8 = 0, 7 = 0. 

&. 1. To dednoe analytically tbo harmonio properties of a complete qnadrilatanL 
(|9ee fSgare, next page). 

Lei the equation of AC bea = 0; of AB, fi^O; of BD, 7 = 0; of AD 
Is - «^ = 0; and of BC m/3 - «y = 0. Then we are able to expieaa in tenns of 
theie qnantitiea the equations of all the other lines of the figure. 



• Weiay ** forming a triangle," for if the lines o /3, 7 meet in a point, im-^wtfi-^ 
mmA always denote a line passing tlirough the same point, since any Yaliiea of 
coovdiDAteH which make a, /^ y separately = 0, must make /a + m/3 + iiy = 0. 

L 
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For instance, the equation of CD !■ 
la — m/3 + ny = 0, 
for it is the equation of a right line passing 
through the intersection of la — m/3 and 7, that 
is, the point i), and of a and m/3 — ny, that is, 
the point C, Again, 7a ~ ny = is the equa- 
tion of OEf for it passes through ay or J?, and 
it also passes through the intersection of AD 
and BC^ since it is = (Ax — m/3) + (m/3 ~ ny). -. ^ 

^F joins the point ay to the point A p B 
{la — m/3 + «iy, /3), and its equation will be found to be /a + ny = 0. 

From Art. 67 it appears that the four lines EA, EO, EB, and EF form « 
harmonic pencil, for their equations have been shown to be 

= 0, y = 0, and fa i ny = 0. 

Again, the equation of FOy which joins the points {la + ny, /3) and {la-mfij mft—ny) 
is 

2a - 2ot/3 + ny = 0. 

Hence (Art. 67) the four lines FE, FCf FO, and FBoiqa harmonic pendl, for 
their equations are 

/a - m/3 + i»y = 0, /3 = 0, and /a - m/3 + ny ± m/3 = 0. 

Again, OC, OEy OD, OFaie a harmonic pencil, for their equations are 

2a - m/3 = 0, m/3 — ny = 0, and la-mfi± (m/3 - ny) = 0. 

Ex. 2. To discuss the properties of the system of lines formed by drawing thiongk 
the angles of a triangle three lines meeting in a point. 

Let the equation of ^B be y = 0; of AC, /3 = 0; of BC, a = ; and let the 
OAf OBf OC, meeting in a point, 1^ 

be m/3 — ny, ny — la, /a - m/3 (see 
Art. 66). 

Now we can form the equa- J^ 

tions of all the other lines in the 
figure. 

For example, the equation of 
EFia 

m/3 + ny — 2a = 0, 
since it passes through the points 
(/3, ny - la) or E, and (y, m/3 - la) N 
or F, • t . ■ 

In like maimer, the equation of D/* is ->' . 

yprr" 2a - m/3 + ny = 0, "* I 

and of 2>j5 / 2a + m/3 - ny = 0. ■ . ' 

Now w^hd&i inove that the thzee points L, M, A" are all in one right Um, yfcaii^ 
equation ji 

■' 2a + m/3 + fty = 0, *•"-- 

for this Une passes through the points (2a + m/3 — ny, y) or JV; {la — ^'^Wf^fi) 
or M'f and (m/3 + ny — 2a, a) or L. 

The equation of CN is . 

2a + m/3 = 0, 

for this is eridently a line through (a, /3) or C, and it also passes thr(N||(h j^ lEnc 
^|totfa + m/3 + ny)-ny. " - 
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Hence BN is cat hannonically, for the equations of the four lines CN^ CA' 
CF, CBtae 

a = 0, /9 = 0, ia — m/3 = 0, ?a + m/9 = 0. 

The equations of this example can be applied to many particular cases of frequent 
occurrence. Thus (see Ex. 8, p. 54) the equation of the line joining the feet 
of two perpendiculars of a triangle is a oos^ + /9coe£ — y C06C7= 0; while 
a oobA + /3 006^ + y cos C passes through the intersections with the opposite sides 
of the triangle, of the lines joining the feet of the peipendiculara. In like manner 
a snA + fi sinB — 7 sin (7 represents the line joining the middle points of two 
sides, ^ 

Ex. 8. Two triangles are said to be homologous,: •when, the intersections of the 
corresponding sides lie on the same right line called the axis of homology; prove 
that the lines joining the corresponding yertices meet in a point [called the centre 
of komt^ogy]. 

Let the sides of the first triangle be a, /3, y ; and let the line on which the corre- 
sponding sides meet be 2a + m^ + <iy; then the equation of a line through the 
intersection of this with a must be of the form ^a + m/3 -f ny = 0, and similarly those 
of the other two sides of the second triangle are 

la + i»'/3 + ny = 0, la + mfi + »'y = 0. 

But subtracting successively each of the last three equations from another, we 
get for the equations of the lines joining corresponding vertices 

{l^r)a = {m-m')fi, (m - mO /3 = (n - n*) y, (n- fi*) y = (Z-f) a, 

which obviously meet in a point. 

61. To find the condition that two lines h, + mfi + tiy, 
Ta + fn'/8 + n'7 may he mutually perpendicular. 

Write the equations at full length as in Art. 60, and applj 
the criterion of Art. 25, Cor. 2 [A A' + B5' = 0), when we find 

It + mm! + nn* + [mn* + m'n) cos (/8 — 7) + [nV + ril) cos (7 — a) 

+ (Zm' + rm) cos(a-i8) = 0. 

Now since /3 and 7 are the angles made with the axis of x by 
the perpendiculars on the lines /3, 7, /3 — 7 is the angle between 
those perpendiculars, which again is equal or supplemental to 
the angle between the lines themselves. Tf wa ay ppose the 
origin to be within the t rian^le^ and A^ By C to be the angles 
of the triangle, /3 — 7 is the supplement of A. The condition 
for perpendicularity therefore is 

ZT-HwJw'+nn'- {mn'-^m'n) cosA - (nf+w'?) cosB- {Imi-Hm) cos (7=0. 

As a particular case of the above, the condition that la + m/3 + ny 
may be perpendicular to 7 is 

n = »i cos ^ 4 Z cos B. 

In like manner we find the length of the perpendicular from x'y 

r 
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on 2a + m^ + n*^* Write the equation at full length and apply the 
tbimula of Art. 34, when, if we write x* cos a + y' sin a - j? = a', 
&c., the result is 

la + mff 4- ny 

V(f -k-ni^ -^rC ^ 2mn cos A — 2nl cos fi— 2/m cos G) * 

Ex. 1. To find the equation of a perpendicnlar to y throngfa its extremity. The 
equation la of the form 7a + ny = 0. And the condition of this article gives 
ft = / cos B, as in Ex. 6, p. 54. 

Ex. 2. To find the eqnation of a perpendicnlar to y through its middle point. 
The middle point being the Intersection of y with a sin ^ — /3 sin B, the equation 
of any line through it is of the form asin^ — /38inB + nY = 0, and the oonditioa 
of this article gives n = sin (-4 — £),, 

Ex. 8. The three perpendiculars at middle points of sides meet in a point. For 
eliminating a, /3, y in turn between 

a8in4-/3sinB + y 8in(i4-^ = 0, /9sinB-y sin C+o 8in(B- C) = 0, 

we get for the lines joining to the three vertices the interaeotion of two perpen- 

a B y 

dicnlars 4 ~ 00a B ~ co« T * "^^ *^® symmetry of the equations i^oves that the 

third perpendicular passes through the same point. The equations of the perpen* 
diculars vanish when multiplied by sln*C7, sin*^ sin^B, and added together. 

Ex. 4. Findy by Art. 25, expressions for the sine^ cosine, and tangent of the angle 
between la + m/3 + ny, /'o + m'fi + n*y. 

Ex. 5. Prove that a oobA + ficoaB + y cosCia perpendicular to 
asin^coSi4 an{B ^ C) +fianBooB£tm {C — A) -h y an C oob CiuilA — B), 

Ex. 6. Find the equation of a line through the point a'/S'y' perpendicnlar to the 
liney. Ans, a {fi' -h Y 00a A) - ^ {a' -k- y" oob B) + y {fi" 00a B - a' cob A). 

62. We have seen that we can express the equation of any 
right line in the form la + mff + 927 » 0, and so solve any problem 
by a set of equations expressed in terms of a, /3, 7, without any 
direct mention of x and y. This suggests a new way of looking 
at the principle laid down in Art. 60. Instead of regarding a 
as a mere abbreviation for the quantity x cosa -f-y sin a — p, we 
may look upon it as simply denoting the length of the perpen-* 
diQuIar from a point on the line a. We may imagine a system 
of trilinear coordinates in which the position of a point is defined 
by its distances from three fixed lines, and in which the 
position of any right line is defined by a homogeneous equation 
between these distances, of the form 

Id -f mP + W7 = 0. 

The advantage of trilinear coordinates is, that whereas in 
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Cartesian (or x and y] coordinates the utmost simplification we 
can introduce is by choosing two of the most remarkable lines in 
the figure for axes of coordinates, we can in trilinear coordi- 
nates obtain still more simple expressions by choosing three of 
the most remarkable lines for the lines of reference a, )9, 7. The 
reader will compare the brevity of the expressions in Art. 54 
with those corresponding in Chap. 11. 

63. The perpendiculars from any point on a, fij 7 are 
connected by the relation aa + 6/8 + 07 = M^ where a, 6, c, are 
the sides, and M double the area, of the triangle of reference. 
For evidently aa, 6/8, cy are respectively double the areas of 
the triangles OBG^ OCA^ OAB. The reader may suppose 
that this is only true if the point be taken within the triangle ; 
but .lie is to remember that if the point were on the other 
side of any of the lines of reference (a), we must give a negative 
sign to that perpendicular, and the quantity aa + 6/8 + C7 would 
then be double OCA'\- OAB- OBCy that is, still = double the 
area of the triangle. Since sin^ is proportional to a, it is plain 
that a sin A -f /8 sin£ + 7 sin (7 is also constant, a theorem which 
may otherwise be proved by writing a, /8, 7 at full length, as in 
Art 60, multiplying by 8in(/8 — 7), sin (7 -a), sin(a — /8), 
reflectively, and adding, when the coefficients of x and y vanish, 
and the sum is therefore constant. 

The theorem of this article enables us always to use homo^ 
gmeous equations in a, /8, 7, for if we are given such an equation 
as a>B 3| we can throw it into the homogeneous form 

2/'a = 3(aa + 6/8+C7). 

64. To express in trilinear coordinates the equation of the 
parallel to a given line la + m/3 + ny. 

In Cartesian coordinates two lines Ax -\-By-\-C^ Ax + -By -f C", 
•re parallel if theur equations differ only by a constant. It 
ftDgws then that 

la + m/S + n7 + Aj (a sin ^ + /8 sin -B+ 7 sin C) = 

denotea a line parallel to 2a -f mp + 717, since the two equations 
di£Eer only by a quantity which has been just proved to be 
domtuit* 



■\ 
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In the same case Ax + By-^- (7+ (^ar + Py+ C) denotes a 
line also parallel to the two given lines and half-way between 
them; hence if two equations P = Oj P'sOareso connected 
that P- P* = constant, then P+ P* denotes a parallel to P and 
P' half-way between them. 

Ex. 1. To find the equation of a parallel to the base of a triangle drawn through 
the vertex. Ans, amnAi-fitanB = 0, 

For this, obviously, is a line through a/9 ; and writing the equation in the fbrm 

7 sin C- (a sin^ + /3sinB + y Bin(7) = 0, 
it appears that it differs only by a constant from 7 = 0. 

We see, also, that the parallel a mnA + fianB, and the bisector of the base 
a sin 4 — /3 sin J9| form a harmonic pencil with a, fi^ (Art. 57). 

Ex. 2. The line joining the middle points of sides of a triangle is paaHel to the 
base. Its equation (see Ex. 2, p. 68) is 

a EonA +/3sinB-7Bin(7=0, or 27 sin C= aemA + fimnB + ymnC, 

Ex. 8. The line aa- bfi + cy — di (see Ex. 5, Art. 64) passes through the middle 
point of the line joining ay, fid. For {<ia + ey) + {bfi + dd) is constant, being twice the 
area of the quadrilateral ; hence tia + ey, bfi + di an parallel, and (aa-^cy) — {bfi + dd) 
is also parallel and half-way between them. It therefore bLsects the line joinmg (07), 
which is a point on the first line, to {fid) which is a point on the second. 

65. To write in the form, la, + ml3 -^ny^O the equation of the 
line joining two given points Qi!y\ x"y'\ 

Let OLj as before, denote the quantity a?' cos a + y' sin a— 17. 
Then the condition that the coordinates z'y* shall satisfy the 
equation la + mfi 4 ny = may be written 

Za' +wi)8' +117' =0. 

Similarly we have W + m^' + ny" = 0. 

I fn 
Solving for - , - , from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 
the two points 

a [Pi' - in + P (7'a" - 7V) + 7 ipiP' - o!'P) « 0. 

It is to be observed that the equations in trilinear coordi- 
nates being homogeneous, we are not concerned with the actual 
lengths of the perpendiculars from any point on the lines of 
reference, but only with their mutual ratios. Thus the preceding 
equation is not altered if we write pa', p^, p7', for a', ^, 7'. 
Accordingly, if a point be given as the intersection of the lines 

-T = - = - I we may take Z, 972, n as the trilinear coordinates 
I m n^ ' ' ' 
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of that point. For let p be the common value of these fractions, 
and the actual lengths of the perpendiculars on a, P^ y are 
Ipj mpj npj where p is given by the equation alp + bmp -f cnp == Mj 
but, as has been just proved, we do not need to determine p. 
Thus, in applying the equation of this article, we may take for 
the coordinates of intersection of bisectors of sides, sinJ3 sin C, 
sinCsin^, sin^ sin£; of intersection of perpendiculars, 
cobB cos C, cos C cobA^ cos A cosB] of centre of inscribed circle 
1, 1, 1 ; of centre of circumscribing circle cos^, cosJ3, cos(7, &c. 

Ex. 1. Fizid the equation of the Ime joining intersections of petpendicolan, and 
of bisectozB of aides (see Art. 61, Ex. 5). 
Ant,aasiAooBAtan{B^ C)+fifanBcoBBfan{C-A)-k-yi&nCcoBCeiii{A-B)-0, 

Ex. 2^ Find equation of line joining centres of inscribed and drcomscribing circles. 
Am, a (oosB — cos C) + /3 (cos (7 — cos -4) + y (cos ^ — cos 5) = 0. 

66. It is proved, as in Art. 7, that the length of the per- 
pendicular on a from the point which divides in the ratio I : m 
the line joining two points whose perpendiculars are a', a" is 

la' 4- ma." 

—J . Consequently the coordinates of the point dividing 

in the ratio l:m the line joining a'ffy\ a"/8'V' are la -f ma", 
Iff -*• mff\ ly + my". It is otherwise evident that this point 
lies on the line joining the given points, for if a'/Sy, a"^'V' 
both satisfy the equation of a line Aa-hBfi-^ Oy = 0, so will 
also 2a' + ma"| &c. It follows hence, without difficulty, that 
la -ma" J &c., is the fourth harmonic to 7a' + ma", a', a"; that 
the anharmonic ratio of a' - ka"^ a' — ?a", a' - «ia", a' - na" is 

J ^Y77 — L\ J *^^ *^ thsitj given two systems of points on 

two right lines a'-fex", a'- ?a", &c., a'"-Aa"", a'"- Za"", &c.; 
these systems are homographic, the anharmonic ratio of any four 
points on one line being equal to that of the four corresponding 
points on the other. 

Ex. The intersection of perpendiculars, of bisectors of sides, and the centvt of 
drnimscribing circle lie on a right line. For the coordinates of these points •!• 
cos B cos C, Ac, sin B sin (7, Ac, and coei4, Ac Bnt the hut set of coordinates 
be written sinJS sin C— oosB cos C7, Ac 

The point whose coordinates are cob{B- C), cos (C - il), cos (ii - B) 
Kes on the same right line and is a fourth harmonic to the three preoedbigi 
be found hereafter that this is the centre of the cirde through the 
of tbesideib 
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67. To examine what line is denoted by the equation 

a sin ^ + i8 sin B + 7 sin C = 0. 

This equation is included in the general form of an equation 

of a ri^^ht line, but we have seen (Art. 63) that the left-hand 

member is constant, and never = 0. Let us return, however, 

to the general equation of the right line Ax + By 4- (7=0. We 

C C 
saw that the intercepts cut oflF on the axes are — -^ » "" "o 5 

consequently, the smaller A and B become the greater will be 
the intercepts on the axes, an4 therefore the more remote the 
line represented. Let A and B be both = 0, then the intercepts 
become infinite, and the line is altogether situated at an infinite 
distance from the origin. Now it was proved (Art. 63) that the 
equation under consideration is equivalent to Oj; + Oy + (7=0, and 
though it cannot be satisfied by any finite values of the coordi- 
nates, it may by infinite values, since the product of nothing by 
infinity may be finite. It appears then that a sin^4/3 sin/3+7 sin G 
denotes a right line sittmted altogether at an infinite distance from 
the origin; and that the equation of an infinitely distant right 
line, in Cartesian coordinates, rs0.aj40.y+(7=0. We shall, 
for shortness, commonly cite the latter equation in the less 
accurate form (7=0. 

68. We saw (Art. 64) that a line parallel to the line a » 
has an equation of the form a+ (7 = 0. Now the last Article 
shows that this is only an additional illustration of the principle 
of Art. 40. For a parallel to a may be considered as intersecting 
it at an infinite distance, but (Art. 40) an equation of the form 
a+ (7=0 represents a line through the intersection of thelines 
asO, (7 = 0, or (Art. 67) through the intersection of the line % 
with the line at infinity. 

69. We have to add that Cartesian coordinates are only a 
particular case of trilinear. There appears, at first sight, to be 
an essential difi'ercnce between them, since trilinear equations 
are always homogeneous, while we are accustomed to speak of 
Cartesian equations as containing an absolute term, terms of the 
first degree, terms of the second degree, &c. A little reflection, 
however, will show that this difierence is only apparent, and 
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that Cartesian eqaations mast be equally bomogeneoos in reality, 
tbougb not in form. The equation x = Sj for example, roust 
mean that the line x is equal to three feet or three inches, or, in 
short, to three times some linear unit ; the equation a?y => 9 must 
mean that the rectangle xif is equal to nine square feet or square 
inches, or to nine squares of some linear unit ; and so on. 

If we wish to baye our equations homogeneous in form as well 
as in reality, we may denote our linear unit by z^ and write the 
equation of the right line 

Comparing this with the equation 

and remembering (Art 67) that when a line is at an infinite dis* 
tanoe its equation takes the . form « » 0, we learn that equations 
in Cartesian coordinates are only the particular form assumed 
by trilinear equations tohen two of the lines of reference are 
whai are colled the coordinate axes^ while the third is at an 
infinite distance. 

70. We wish in conclusion to give a brief account of what is 
meant by systems of tangential coordinates^ in which the position 
of a right line is expressed by coordinates, and that of a point by 
an equation. In this volume we limit ourselves to what is not 
BO mncb a new system of coordinates as a new way of speaking 
of the equations already in use. If the equation (Cartesian or 
trilinear) of any line be \x-\-fAy + vz^Oy then evidently, if 
X, /i| y be known, the position of the line is known ; and we 
may call these three quantities (or rather their mutual ratios 
with which only we are concerned) the coordinates of the right 
line. If the line pass through a fixed point xy'z\ the relation 
most be fulfilled x*\ -f yV + «V = ; if therefore we are given 
any eqoation connecting the coordinates of a line, of the form 
aX + &/* + cvs0, this denotes that the line passes through the 
fixed point (a, &, c), (see Art. 51), and the given equation may 
be called the equation of that point. Further, we may use 
abbreviations for the equations of points, and may denote by 
Oi fi the quantities o^'X + y'/i + ^V, x"\ + y"iJi»-\- z"v] then it is 
evident that la + mfi = is the equation of a point dividing in 

K 
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a given ratio the line joining the points a, /3; that ?a = tn/3, 
mP = n7, n7 = la are the equations of three points which lie on 
a right line ; that a + k^y a — k^ denote two points harmonically 
conjugate with regard to a, ^, &c. We content ourselves here 
with indicating analogies which we shall hereafter develope 
more fully ; for we shall have occasion to show that theorems 
concerning points are so connected with theorems concerning 
lines, that when either is known the other can be inferred| and 
often that the same equations differently interpreted will prove 
either theorem. Theorems so connected are called reciprocal 
theorems. 

Ex. Interpret in tangential coordinates the equations nsed in Art. 60, Ex. 2. 

Let a, /3, 7 denote the points Af B, C\ mfi — ny, ny — Icl^ la — mfiy the points 
Lf Mf JVj then m/S + ny - /a, ny + la — 1»/3, la + mfi — ny denote the yertioes of the 
triangle formed by LA^ MB, NC; and la-hmfi-^ny denotes a point m which 
meet the lines joining the vertices of this new triangle to the corresponding Tertioes 
of the original : mfi-^nyf ny + la^ la + mj3 denote />, E^ F, It is easy henoe to see 
the points in the figure, which are harmonically oonjagatei 
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CHAPTER V. 

EQUATIONS ABOYB THE FIRST DEGBEE BEPBESENTIKG 

BIGHT LINES. 

71. Befobe proceeding to speak of the curves represented 
by equations above the first degree, we shall examine some cases 
where these equations represent right lines. 

If we take any number of equations Z = 0, Jf = 0, N= 0, &c., 
and multiply them together, the compound equation LMN&c == 
will represent the aggregate of all the lines represented by its 
factors ; for it will be satisfied by the values of the coordinates 
which make any of its factors s 0. Conversely, if an equation of 
any degree can he resolved into others of lower degrees^ it will reprer 
sent the aggregate of all the loci represented by its different factors. 
If, then, an equation of the n^ degree can be resolved into n 
factors of the first degree, it will represent n right lines. 

72. A homogeneous equation of the n^ degree in x and y 
denotes n right lines passing through the origin. 

Let the equation be 

a?" —poT^y + 2a;*^y* - &c .,.+ /y* = 0. 
IKvide by y*, and we get 

Let a, ft, c, &c., be the n roots of this equation, then it is 
resolvable into the factors 



%-')%-W'>-'' 



and the original equation is therefore resolvable into the factors 

(oj — ay) (a? — hy) (a? — cy) &c. = 0. 

It accordingly represents the n right lines a;- ay = 0, &c., all of 
which pass through the origin. Thus, then, in particular, the 
homogeneous equation 
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represents the two right lines a? — ay = 0, a — 5y = 0, where a and 
b are th^ two roots of the quadratic 



(p)'-(^-»- 



It is proved, in like manner, that the equation 
denotes n right lines passing through the point (a, b). 

Ex. 1. What locus is repreeented by the equation xy^O? 

Am, The two axes ; since the equation is satisfied by either of the Bnppoeitioiii 
a; = 0, y = 0. 

Ex. 2. What locus Is represented by «• — ^ = ? 

Ant, The bisectors of the angles between the axes, « ± y = (see Art. 85). 

Ex. 8. What locus is represented by 2* — 6xy + 6y' = ? Ant, «~^y=0, a^-^ysQ. 

Ex. 4. What loQos is repreeented by a^ -^ 2xy sec 9 + y* = ? 

Ant. « = ytMi(i5®±|6). 

Ex. 5. What lines aze reptesented by a* - 2xy tan — y* = ? 

Ex. 6. What lines are represented by x* ^ 63^ + llxy* - Gy* = Of 

73. Let ns examine more minutely the three cases of the 
solution of the equation a? ^pxy -¥ qy^^O^ according as its roots 
are real and unequal, real and equal, or both imaginary. 

The first case presents no difficulty : a and b are the tangents 
of the angles which the lines make with the axis of y (the axes 
being supposed rectangular), p is therefore the sum of those 
tangents, and q their product. 

In the second case, when a = 5, it was once usual among 
geometers to say that the equation represented but one right 
line [x-^aif^ 0). We shall find, however, many advantage^ in 
making the language of geometry correspond exactly to that of 
algebra, and as we do not say that the equation above has only 
one root, but that it has two equal roots, so we shall not say 
that it represents only one line, but that it represents two coincidetU 
right lines. 

Thirdly, let the roots be both imaginary. In this case no real 
coordinates can be found to satisfy the equation, except the 
coordinates of the origin a? = 0, y » ; hence it was usual to say 
that in this case the equation did not represent right lines, but 
was the equation of the origin. Now this language appears to 
us very objectionable, for we saw (Art. 14) that two equations 
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are required to determine any point, hence we are unwilling 
to acknowledge any single equation as the equation of a point. 
Moreover, we have been hitherto accustomed to find that two 
different equations always had different geometrical significations, 
but here we should have innumerable equations, all purporting to 
be the equation of the same point ; for it is obviously immaterial 
what the values of p and q are, provided only that they give 
imaginary values for the roots, that is to say, provided that p^ be 
less than 4{. We think it, therefore, much preferable to make 
our language correspond exactly to the language of algebra ; and 
as we do not say that the equation above has no roots when j?" 
is less than 4;, but that it has two imaginary roots, so we shall 
not say that, in this case, it represents no right lines, but that 
it represents two imaginary right lines. In short, the equation 
X — pxy + gy* = being always reducible to the form 
[x-^ay) (x — by) » 0, we shall always say that it represents two 
right lines drawn through the origin ; but when a and b are real, 
we shall say that these lines are real ; when a and b are equal, 
that the lines coincide ; and when a and b are imaginary, that the 
lines are imaginary. It may seem to the student a matter of 
bdifference which mode of speaking we adopt ; we shall find, how- 
ever, as we proceed, that we should lose sight of many important 
analogies by refusing to adopt the language here recommended. 
Similar remarks apply to the equation 

which can be reduced to the form a? —pooy + ^ = 0, by dividing 
by the coefficient of o^. This equation will always represent 
two right lines through the origin ; these lines will be real if 
jff*— 4^(7 be positive, as at once appears from solving the 
equation ; they will coincide if B*- AAC^O] and they will be 
imaginary if B^-^^C be negative. So, again, the same 
language is used if we meet with equal or imaginary roots in the 
solution of the general homogeneous equation of the n^ degree. 

74. To find the angle contained by the lines represented by the 
equation a? —pxy + qy^ = 0. 

Let this equation be equivalent to [x - ay) [x - by) = 0, then 
the tangent of the angle between the lines is (Art. 25) , 
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bat the product of the roots of the given equation = q^ and their 
difference = VCp* — ^l)» Hence 

^ 1 + 2 
If the equation had been given in the form 

it would have been found that 



^ A+0 



Cor. The lines will cut at right angles, or tan ^ will become 
infinite, if q = —l in the first case, orIf^+C=:Oin the second. 

Ex. Find the angle between the lines 

««-2«y8ece + ^ = 0. Asu.^.kJ^ 

*If the axes be oblique we find, in like manner. 



fo«A Bina>V(g-4^g) 
tan = — 3 — 7, — 55 ' • 



75. To find the equation which will represent the lines hisecting 
the angles between the lines represented hy the equation 

Aa? + Bxg+ Cg* = 0. 

Let these lines be aj — ay = 0, a: — Jy = ; let the equation of 
the bisector be a: — /tty = 0, and we seek to determine fi. Now 
(Art. 18) /Ei is the-tangent of the angle made by this bisector with 
the axis of y, and it is plain that this angle is half the sum of the 
angles made with this axis by the lines themselves. Equating, 
therefore, tangent of twice this angle to tangent of sum, we get 

2/ti _ a+b 

but, from the theory of equations. 



therefore 



o+ J = - 


B 

A' 


ab: 



~ A' 


2/» 


= — 


B 

A- 


0' 



A— C 
or /i*- 2 —g— /Li-1«0. 
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This gives us a quadratic to determine fi^ one of whose roots 
will be the tangent of the angle made with .the axis of y bj the 
internal bisector of the angle between the lines, and the other 
the tangent of the angle made bj the external bisector. We 
can find the combined equation of both lines bj substituting in 

the last quadratic for fi its value = - , and we get 

and the form of this equation shows that the bisectors cut each 
other at right angles (Art. 74). 

The student may also obtain this equation by forming 
(Art. 35) the equations of the internal and external bisectors 
of the angle between the lines x^ay = 0^ x — by^^O^ and 
^>A- multiplying them toge ther^ when he will have 

(x " ay f _ [x - b y)* 
l+a""" 1+6* ' 

and then clearing of fractions, and substituting for a + 6, and ab 
their values in terms of A^ B^ C^ the equation already found is 
obtained* 

76. We have seen that an equation of the second degree 
may represent two right lines ; but such an equation in general 
cannot be resolved into the product of two factors of the first 
degree, unless its coefficients fulfil a certain relation, which can 
be most easily found as follows. Let the general equation of 
the second degree be written 

aaj*+ 2Aay + Jy"+ 25rx + 2/y + c = 0,t 
or aaj"+2(Ay+^)aj + Jy" + 2/y + c = 0. 

* It k remaikable that the zoots of this last equation will always be real, even u.- 
the roots of the equation Aa^ + Bxy + Cy* = be imaginary, which leads to the 
cuzioiis result, that a pair of imaginazy lines has a pair of real lines bisecting 
the angle between them. It is the existence of such relations between real and 
imaginary lines which makes the consideration of the latter profitable. 

t It might seem more natural to write this equation 

ax* + hxy + <?y»+ <fe + ey +/= 0, 

Imt as it is desirable that the equation should be written with the same letters all 
ffaiongh the book, I have decided on using, from the first, the form which will 
hereafter be found most conyenient and symmetrical. It will appear hereafter 
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Solving this equation for x we get 

In order that this may be capable of being reduced to the 
form a; = fny + n, it is necessary that the quantity under the 
radical should be a perfect square, in which case the equation 
would denote two right lines according to the different signs 
we give the radical. But the condition that the radical should 
be a perfect square is 

Expanding, and dividing by a, we obtain the required condition, 
viz. aJc + 2^A-a/*-J/-cA' = 0.» 

1. Verify that the following eqoAtton represents right lines, and find the Uneix 

«!»-6a^ + 4y» + « + 2y-2 = 0. 
Ant, Solving for te as in the text, the lines are found to be 

«;-y-l = 0, »-4y + 2 = 0. 
Ex. 2. Verify that the following equation represents right lines t 

(a« + ^y-r«)« = (a« + /3«-r«)(a:« + y«-r*). 
Ex. 8. What lines are represented by the equation 

«*-ay + ^-a:-y+l = 0? 

Ant. The imaginary lines x + Oy + $* = 0, «+0V + ^ = O» where 6 is one of the 
fmaginaiy cube roots of 1. 

Ex. i. Determine A, so that the following equation may represent right lines : 

«» + 2hxy -»- y* - Sac - 7y 4- 6 =- 0. 

Ant. Substituting these values of the coefficients in the general oonditloo, we get 
for & the quadratic 12A< - 86A + 25 = 0, whose rooU are f and f. 

*77. The method used in the preceding Article, though the 
most simple in the case of the equation of the second degree^ is 
not applicable to equations of higher degrees ; we therefore g^ve 
another solution of the same problem. It is required to ascertain 

that this equation is intimately connected with the homogeneons equation In thxee 
variables, which may be most symmetricaUy written 

<u^'^bif*-\' «« + 2/y« + 2gzx + 2Jbry = 0. 

The form in the text is derived from this by making « = 1. The ooefBdent 2 Is aflUzed 
to certain terms, because formuls connected with the equation, which we shall bav» 
occasion to use, thus become simpler and more easy to be remembered. 

* If the coefficients^*, g, h in the equation had been written without «««**r;f>a| 
multipliers, this condition would have been 

iabe +/gh - a/« - Jy« - cA« = 0, 



tt. 
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wbether'the given equation of the second degree can be Identical 
with the product of the equations of two right lines 

(aaj + iSy- 1) (a'a: -fi^y- 1) =0. 

Multiply out this product, and equate the coefficient of each 
term to the corresponding coefficient in the general equation of 
the second degree, having previously divided the latter by c, 
so as to mak^ the absolute term in each equation = 1. We thus 
obtain five equations, viz. 

firom which eliminating the four unknown quantities a, a\ /3j P^ 
we obtain the required condition. The first four of the equa- 
tions at once give us two quadratics for determining a, a' ; i8, /3' ; 
which Indeed might have been also obtained firom the considera- 
tion that these quantities are the reciprocals of the intercepts 
made by the lines on the axes ; and that the intercepts made by 
the locus on the axes are found (by making alternately a; == 0, 
y a 0| in the general equation) from the equations 

00^ + 2^05 + = 0, Jy' + 2/^ + c = 0. 

We can now complete the elimination by solving the quadratics, 
substituting in the fifth equation and clearing of radicals; or 
we may proceed more simply as follows : Since nothing shews 
whether the root a of the first quadratic is to be combined with 

the root fi or ff ot the second, it is plain that — may have 

c 

either of the values tiff + dfi or aP + aP. This is also evident 

geometrically, since if the locus meet the axes In the points 

X, Ti ; MjM'i it is plain that if it represent right lines at aU, 

these must be eithej^JiiP pair Z3f, L'M'^ or else Xif', L'M^ 

whose equations ar^^ 

(0KB + j8y-l) (a'aj + i^y-l) = 0, or (ax + fl'y- 1) (a'a:+/9y- 1) = 0. 

The sum then of the two quantities o^' + a'fij afi + a'/^ 

-(a + a')(/3 + /8') = */?, 
and thdr product 

h 
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Hence - is given by the quadratic 
c 

V fg 2h . arAlg*'al c_^ 

?" d" ' c '^ c» ~"* 

which, cleared of fractions, is the condition already obtained. 

Ex. To determine h bo that x* + 2hxy + ^ — 60 — 7^ + 6 = may represent zight 
lines (see Ex 4, p. 72). 

The intercepts on the axes are given by the equations 

a« - 6x + 6 = 0, y« - 7y + 6 = 0, 

whose roots arex = 2, x = S; y=l, y = 6. Forming, then, the equation of the lines 
joining the points so found, we see that if the equation represent right Hnes, it nmsl 
be of one or other of the forms 

(x + 2y-2) (2x + y-6) = 0, (« + 8y-8) (8« + y-6) = Q, 

whence, multiplying out, h is determined. 

*78. To find how many conditions must he satisfied in order 
that the general equation of the n^ degree may represent right lines. 

We proceed as in the last Article ; we compare the general 
equation, having first by division made the absolute term b 1, 
with the product of the n right lines . 

Let the number of terms in the general equation be N^ then 
from a comparison of coefficients we obtain ^—1 equations 
(the absolute term being already the same in both) ; 2n of these 
equations are employed in determining the 2n unknown quan- 
tities a, a', &c., whose values being substituted in the remaining 
equations afford N— 1 — 2n conditions. Now if we write the 

general equation 

A 

+ Bx-\- Cy 

+ 2>x' + Exy + Ff 

+ Ox^-\-Hx*y + Kxy^-vLn^ 

+ &c. = 0, 

it is plain that the number of terms is the sum of the arithmetio 
series 

hence N-l^ i o > ^-l~2n= \ . ^ , 
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CHAPTER VL 

THE CIBCLB. 

79. Before proceeding to the discaasion of the general equa 
tion of the second degree, it seems desirable that we should 
shew, in the simple case of the circle, how all the properties of a 
curve may be deduced from its equation, without assuming any 
previous acquaintance with the geometrical theory. 

The equation, to rectangular axes, of the circle whose centre 
is the point {afi) and radius is r, has already (Art. 17) been 
found to be 

Two particular eases of this equation deserve attention, as 
occurring frequently in practice. Let the centre be the origin, 
then d=^Oj fi=^Oj and the equation is 

Let the axis of a; be a diameter, and the axis of ^ a per- 
pendicular at its extremity, then a = r, /8 = 0, and the equation 
becomes 

80. It will be observed that the equation of the circle, to 
rectangular axes, does not contain the term xi/, and that the 
coefficients of :£^ and ^ are equal. The general equation thereforo 

aa? + 2hxy + i/ + 2gx + 2/y + c = 
cannot represent a circle, unless we have ^ = and a = S. Any 
equation of the second degree which fulfils these two conditions 
may be reduced to the form {x — a)* + (y - 13)* = r", by a process 
corresponding to that used in the solution of quadratic equations. 
If the common coefficient of x* and t/* be not already unity, by 
division make it so ; then having put the terms containing x and 
y on the left-hand side of the equation, and the constant term 
on the right, complete the squares by adding to both sides the 
sum of the squares of half the coefficients of x and y. 
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Ex. Bednce to thefonn (« - a)« + (y - /3)» = r« the eqnationi 

Ant. (x-l)« + (y-2)«-25; (x- ^)« + (y -i)« = f| ; and the ooordinates of the 
ecnire and the radius are (l? 2)> <^d 6 in the fiist caae; (|, |) and I 4ifi2) intheaeooiid. 

If we treat In like manner the equation 

then the coordinates of the centre are — • — • and the radios 

a ^ a ^ 

If ^" +/* - ^<5 J* negative, the radius of the circle is imaginaiji 
and the equation being equivalent to (a?- a)"+ (y- i8)*-ff^=sO 
cannot be satisfied by any real values of x and y. 

If j7*+/*» acj the radius is nothing, and the equation being 
equivalent to (a; — a)* + (y — ^8)* = 0, can be satisfied by no 
coordinates save those of the point (o^). In this case then the 
equation used to be called the equation of that point, but for the 
reason stated (Art 73) we prefer to call it the equation of an 
infinitely email circle having that point for centre. We have 
seen (Art. 73) that it may also be considered as the equation of 
the two imaginary lines (j? — a) ± (y — fi) V(— 1) passing through 
the point (a)3). So in like manner the equation ^ 4 y" » may 
be regarded as the equation of an infinitely small circle having 
the origin for centre, or else of the two imaginary lines:r±yV(- !}• 

81. The equation of the circle to oblique axes is not often 
used. It is found by expressing (Art. 5) that the 'distance of 
any point from the centre is equal to the radius, and is 

(aj-a)' + 2(a;-a) (y-iS) cos« + (y-i8)*«f'. 

If we compare this with the general equation, we see that 
the latter cannot represent a circle unless a = i and A » a cos •• 
When these conditions are fulfilled we find by comparison of 
coe£Scients that the coordinates of the centre and the radius are 
given by the equations 

a+i8oos«i«-^, i8 + acos« = -'^, a" + i8' + 2a^cos»-f'«-. 
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Since 0, i9 are determined from the first two equations, which 
do not contain Cj we learn that tioo circles will be concentric if 
their equations differ only in the constant term. 

Again, if c = 0, the origin is on the curve. For then the 
equation is satisfied by the coordinates of the origin x^Oj y = 0. 
The same argument proves that if an equation of any degree want 
the ahsohUe term^ the curve represented passes through the origin. 

82. To find the coordinates of the points in which a given 
r^htUnexcosa+jf sina^p meets a given circle a^-^-jf ^r^. 

Equating to each other the values of y found from the two 
equations we get, for determining Xj the equation 

or, reducing a? — 2pa5 cosa+j?" — r^ 8in*a = 0; 

hence, ap=s^ cosa±sinaV(r^— P*)) 

and| in like manner, 

y asp sin a T cos a V(»'' —!>*)• 

(The reader may satisfy himself, by substituting these values 
in the given equations, that the - in the value of y corresponds 
to the -f in the value of a;, and vice versd). 

Since we obtained a quadratic to determine a;, and since every 
quadratic has two roots, real or imaginary, we must, in order to 
make our language conform to the language of algebra, assert 
that every line meets a circle in two points, real or imaginary. 
Thus, when J? is gpreater than r, that is to say, when the distance 
of die line from the centre is greater than the radius, the line, 
geometrically considered, does not meet the circle ; yet we have 
■een that analysis furnishes definite imaginary values for the 
coordinates of intersection. Instead then of saying that the 
line meets the circle in no points, we shall say that it meets It in 
two imaginary points, just as we do not say that the corre- 
iponding quadratic has no roots, but that it has two imaginary 
root!. By an imaginary point we mean nothing more than a 
point| (me or both of whose coordinates are imaginary. It is a 
purely analytical conception, which we do not attempt to repre- 
sent geometrically ; just as when we find imaginary values for 
roots ai an equatioui we do not try to attach an arithmetical 
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meaning to our result. Bat attention to these imaginary 
points is necessary to preserve generality In oar reasonings, for 
ive shall presently meet with many cases in which the line 
joining two imaginary points is real, and enjoys all the geome- 
trical properties of the corresponding line in the case where the 
points are real. 

83. When p = r it ib evident, geometrically, that the line 
touches the circle, and our analysis points to the same conclu- 
sion, since the two values of x in this case become equalj as do 
likewise the two values of y. Consequently the points answer- 
ing to these two values, which are in general different, will in 
this case coincide. We shall, therefore, not say that the tangent 
meets the circle in only one point, but rather that it meets it in 
two coincident points; just as we do not say that the corre- 
sponding quadratic has only one root, but rather that it has two 
equal roots. And in general we define the tangent to any curve 
as the line joining two indefinitely near points on that curve. 

We can In like manner find a quadratic to determine the 
points where the line Ax + By-\- C meets a circle given by the 
general equation. When this quadratic has equal roots the line 
is a tangent. 

Ex. 1. Find the coordinates of the interaectioiui of ob^ + y' = 65 ; 8« + y = 26. 

Afu, (7, 4) and (S, 1) 

Ex. 2. Find intersections of (»-«)* + (y - 2e)* = 25<?« j 4x + 8y = B6c. 

Am. The line touches at the point {6e, 6e). 

Ex. 8. When will y = ma? + 6 touch ac* + y« = r«? Ans. When ft» = r« (1 + ««). 
Ex. 4. When will a line through the origin, y = mx, touch 

o (x» + 2xy oos« + y«) + 2^x + 2/y + c = 0? 
The points of meeting are given by the equation 

a (I + 2»i cos « + »') a* + 2 (y +/i») X + ff = 0, 
which wiU have equal roots when 

(ff +/!»)• = 00 (1 + 2m cos « + m*). 
We have thus a quadratic for determining m. 

Ex. 6. Find the tangents from the origin tox' + y* — 62 — 2y4*8 = 0. 

Ans, » - y = 0, a + 7y r= 0. 

84. When seeking to determine the position of a circle 
represented by a given equation, it is often as convenient to do so 
by finding the intercepts which it makes on the axes, as hj 
finding its centre and radius. For a circle is known whto 
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three points on it are known; the determination, therefore, of 
the fonr points where the circle meets the axes serves completely 
to fix its position. Bjr making alternately y = 0, a; = in the 
general equation of the circle, we find that the points in which 
it meets the axes are determined bj the quadratics 

The axis of x will be a tangent when the first quadratic has 
equal roots, that is, when ^ == ac^ and the axis of y when f^^^ac. 
Converselji if it be required to find the equation of a circle 
making intercepts X, X' on the axis of a;, we may take a = 1, and 
we must have 2^s.(X + X'), c = XX'. If it make intercepts 
/i, /i' on the axis of y, we must have 2/= — (/li 4-^)9 c=^/a/a\ 
Thus we see that we must have XX's=/i/Ei' (Euc. iii. 36). 

Bz. 1. Find the pdntB where the az6B are cut by 2* + y* — 5a; — 7y + 6 = 0. 

Ana. 07 = 8, x = 2; ^ = 6,^ = 1. 

Bx. S. What la the equation of the circle which touches the axes at distances from 
the origin = a? Am, ai« + y» - 2aa; - 2ay + o« = 0. 

Ex. 8. Find the equation of a dide, the axes being a tangent and any line through 
the point of contact. Here we hare \, X', /ia all = ; and it ia easy to see from the 
figure that fi^ = ^ t&am, the equation therefore ia 

afl + 2xjf cos « + ^ — 2rff sin « = 0. 

85* To find the equation of the tangent at the point x'y* to a 
given circle* 

The tangent having been defined (Art. 83) as the line joining 
two indefinitely near points on the curve, its equation will be 
found by first forming the equation of the line joining any two 
points {x'y'^ x"y'*) on the curve, and then making x' = x" and 
y' a^y in that equation. 

To apply this to the circle : first, let the centre be the origin, 
and, thereforei the equation of the circle a;" + y* = r^. 

The equation of the line joining any two points {x'y') and 
IxY) is (Art. 29) 

y-y ^^zif . 

X — X X — fiC ' 

now if we were to make in this equation y* ^y* and x' ^x*\ the 
right-hand member would become Indeterminate. The cause 
of this is, that we have not yet introduced the condition that 
the two points (a;y, a^'V) are on t^ circle. By the help of this 
condition we shall be able to write the equation in a form which 
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will not become indeterminate when the two points are made to 
coincide. For, since 

r^ = a?" + y'* = »"» + y"", we have x'* - a?"* =y"* - y'", 

f/ — v" x' + a?" 

and therefore —, — ^ = -, tt • 

x-x y +y 

Hence the equation of the chord becomes 

aj-aj' y' + y 
And if we r^oto make a;' = x" and y' =y"| we find for the equation 
of the tangent 

y-y.. ^ 

aj-a? y ' 

or, reducing, and remembering that a;'* + y'*«r^, we get finally 

a»'+yy'=^' 

Otherwise thus:* The equation of the chord joining two 
points on a circle may be written 

(a:-a:') (a:-aj") + (y-y') (y-y")«a:^ + y»-i'. 

For this is the equation of a right line, since the terms 
2^ + y* on each side destroy each other ; and if we make x s a;', 
y=y'y the left-hand side vanishes identically, and the right-hand 
side vanishes, since the point x'y' is on the circle. In like 
manner the equation is satisfied by the coordinates a?'y. This 
then is the equation of a chord ; and the equation of the tangent 
got by making x' = x'\ y'='y^'j is 

which reduced, gives, as before, sex' + yy' « t'. 

If we were now to transform the equations to a new origiui 
so that the coordinates of the centre should become a, fi^ we 
must substitute (Art. 8) x - a, a:' - a, y - i8, y' - ^8, for aj, x\ y, y', 
respectively ; the equation of the circle would become 

(a:-a)'+(y-^)- = r«, 

and that of the tangent 

(x-a)(x'-a) + (y-i8)(y'-i8)«r«; 

a form easily remembered firom its similarity to the equation of 
the circle. 

* This method is due to llr. Burnside. 
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Coil The tangent is perpendicular to the radias, for the 
equation of the radiaSi the centre being origin^ is easily seen to be 
x'y — f/x^O] but this (Art. 32) is perpendicular to xx' + yt/'^r\ 

86. The method used in the last article may be applied to 
the general equation* 

005* + 2 Aary + Jy" + 2gx + 2/^ + c = . 
The equation of the chord joining two points on the curve may 
be written 

a(a;-.x')(a;-0+2*(a:-a:')(y-y') + 5(y-y)(y-y") 

= aaj"+ 2Ady + J/ + 2^0? + 2^ + C. 
For the equation represents a right line, the terms above the 
first degree destroying each other ; and, as before, it is evidently 
satisfied by the two points on the curve xy'j x"y\ Putting 
oT^x'^ j/'^^j we get the equation of the tangent 

a(a?-aj')"+2A(x-aj')(y-y')+ b (y-y7=aj;'+ 2Axy + b^-i- 2gx^2fy\c ; 

or, expanding, 

""laxx + 2A {x'y^-j/x) + iby'y •^2gx-\-2fy -^-c^ ax'"+ 2hxy' + by\ 

Add to both sides 2gx' + 2fy' + c, and the right«>hand side will 
▼anish, because x'y* satisfies the equation of the curve. Thus the 
equation of the tangent becomes 

ojix-^-h [x'y-k-y'x) + byy +5^ (a; + x') ^f[y + y') + c = 0. 

This equation will be more easily remembered if we compare 
it with the equation of the curve, when we see that it is derived 
fipom it by writing x'x and y'y for a? and y", xy-^-y'x for 2xy^ 
and sd '\-x^tf -{-yior^x and 2y. 

Bz. 1. Kad the equitioiis of the tangents to the duree ay = ^ and ^^px. 

Am, afy + ^x=z 2c» and 2^ =^ (» + a^. 

Bs.S. Kiidthetangentatthepoint(6,4)to(e-2)s + (y-8)s=10. 

Am. 8x + y = 19. 

Ez. 8. What is the equation of the chord joining the points a//, x'y on the 
eirele«> + / = r*? Am, (ar' + «")« + (y' + y") y = r* + a:**" + y'y". 

Ex. 4. Find the condition that Ax-^- By + C-O should touch 

(»-a)« + Cy-/3)« = r«. 

Am + BB + C 
Am, j,j^ 4. gn ' ~ ^ » ""^^ ^® perpendicular on the line from afi is equal to r. 

* Of ooone when Uiis equation represents a circle we must have &=a, hzza cosm; 
Imt since the piooen is the same, whether or not 6 or A have these particular values^ 
w# prefer in this and one or two similar cases to obtain at once formulss which m*iU 
afttrMraidi be leqnired in our discussion of the general equation of the second degreib 

H 
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87. To draw a t^nyent to the circle af +y*s=r* /rom any 
point xy. Let the point of contact be xy\ then since, by hypo- 
thesis, the coordinates xy' satisfy the equation of the tangent at 
xy\ we have the condition xx + y'y' = r\ 

And since oi'y" is on the circle, we have also 

Tliese two conditions are sufficient to detemiiue the coordinates 
x\ y\ Solving the equations we get 

Hence, from every point may be drawn two tangents to a circle. 
These tangents will be real when x^ + y** is > r", or the point 
outside the circle ; they will be imaginary when oP-^-y'* is < r^, 
or the point inside the circle; and they will coincide when 
sc''' + y'^ = r", or the point on the circle. 

88. We have seen that the coordinates of the points of 
contact are found by solving for x and y from the equations 

xx'-\-yy' = r^] x*-\'y''^r\ 

Now the geometrical meaning of these equations evidently is, 
that these points are the intersections of the circle a:^+y*sf^ 
with the right line xx* 4 yy' = f^» This, last, then is the equation 
of the right line joining the points of contact of tangents from 
the point x'y' ; as may also be verified by forming the eqaation 
of the line joining the two points whose coordinates were found 
in the last article.* 

We see, then, that whether the tangents from x'y' be real or 
imaginary, the line joining their points of contact will be the real 
line ara;' + yy ' = ?•*, which we shall call the polar of x'^ with 
regard to the circle. This line Is evidently perpendicular to the 

* In general the equation of the tangent to any cmre expresses a relatioii ooa- 
necting the coordinates of any point on the tangent, with the coordinates of the 
point of contact. If we are given a point on the tangent and required to find the 
point of contact, we have only to accentuate the coordinates of the point which is 
supposed to be known, and remove the accents from those of the point of contact^ 
when we have the equation of a curve on which that point must lie, and whose 
intersection with the given curve determines the point of contact. Thus, if the 
equation of the tangent to a curve at any point xy be xx** + yy^ = r*, the ptAntm 
of contact of tangents drawn from any point xY must lie on the curve a'a'+yy = r*. 
It is only in the case of curves of the second degitie that thb equation which 
ines the points of contact is similar in form to the equation of the tangent. 



i 
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line (ar'y — y'a5 = 0), which joins a^y to the centre; and its dis- 

tance from the centre (Art. 23) is -77-7- — j-r . Hence, the polar of 

^ ' V(« +y') * ^ 

any point P is constructed geometrically by joining it to the 
centre C^ taking on the joining line a point 1/, such that 
CM.CP^i^^ and erecting a perpendicular to CP at M. We 
gee, also, that the equation of the polar is similar in form to that 
of the tangent, only that in the former case the point oiy* is not 
supposed to be necessarily on the circle ; if, however, v!}f be on 
the circle, then its polar is the tangent at that point. 

89. To find the equation of t?te polar of xy* toith regard to the 
curve ax* + 2hxtf + Jy* + 2gx 4 2fy -f c = 0. 

We have seen (Art. 86) that the equation of the tangent is 
aafx-i-h (x'y+y'x) + by'y-\-g{x + x') -\^f{y + y') 4 c = 0. 
This expresses a relation between the coordinates ocy of any 
point on the tangent, and those of the point of contact x'y'. 
We indicate that the former coordinates are known and the 
latter unknown, by accentuating the former, and removing the 
accents from the latter coordinates. But the equation, being sym- 
metrical mth respect to the coordinates xyj x'y\ is unchanged 
by this operation. The equation then written above (which 
when x'j/ is a point on the curve, represents the tangent at that 
point), when x'y' is not on the curve, represents a line on which 
lie the points of contact of tangents real or imaginary from x'y'. 

If we substitute x'l/ for ocy in the equation of the polar we 
get the same result as if we made the same substitution in the 
equation of the curve. This result then vanishes when xy' is on 
the curve* Hence the polar of a point passes through that point 
only when the point b on the curve, in which case the polar is 
the tangent. 

Cob. ThQ^hr of the origin is gX'^-Jy + C'^^ 0. 

1. Ifnd the polar of (4, 4) with regard to (a>-l)M-(y-2)*=18. An$. 8a>f 2y=20. 

2. Find tho polar of (4, 6) with regard to x^-y*-3a;- 4y=8. Atu, 6aH-6y=48. 
Xx. 8. find the pole of ilx + JSy + C = with regard to x^ + ^ = r'. 

- -TT 9 — -^ J , IB appears from oomparing the giyen eqnation with 

asaj' + yy' = r*. 

4. Jfittfi the pole of 80 + 4y = 7 with regard to x* + y' = 14. Ans, (6, 8). 

5. Kndthepoleof 2aj + 8y = 6withregardto(«-l)' + (y-2)«=:12. 

Ant. (r 11. - 1«> 
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90. To find the length of the tangent dravmfrom any point to 
the circle [x-ay -{- {y - I3y -- f^ ==0. 

The square of the distance of any point from the centre 

and since this square exceeds the square of the tangent by the 
square of the radius, the square of the tangent from any point is 
found by substituting the coordinates of that point for x and y 
in the first member of the equation of the circle 

Smce the general equation to rectangular coordinates 

«(^'+»*) + 2^^+2/^ + = 0, 

when divided by a, is (Art. 80} equivalent to one of the form 

(a:-a)-+(y-/3)'-r« = 0, 

we learn that the square of the tangent to a circle whose eqaa« 
tion is given in its most general form is foood by dividing by 
the coefficient of a:*, and then substituting in the equation the 
coordinates of the given point. 

The square of the tangent from the origin is found by 
making x and y = 0, and is, therefore, s the absolute term in the 
equation of the circle, divided by a. 

The same reasoning is applicable if the axes be oblique. 

*91. To find the ratio in which the line joining two given 
points x*y\ aj"y", is cut by a given circle. 

We proceed precisely as in Art. 42. The coordinates of any 
point on the line must (Art. 7) be of the form 

Ix" + mx' hf + my' 
Substituting these values in the equation of the circle 

«^+y-^=o, 

and arranging, we have, to determine the ratio 7: fit, the quadralio 
P(x""+y""-0 + 2Zm(a:V'+yy'^f') + wi«(aj''+y'"^r')«a- 

The values of 7:m being determined from this equatioui we have 
at once the coordinates of the points where the right line meets 
the circle. The symmetry of the equation makes this method 
sometimes more convenient than that used (Art. 82}« 
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If x'}i* lie on the polar of ay', we Lave a; V + /y" — i^ = 
(Art. 88), and the factors of the preceding equation must be of 
the form 1 4 ^m, l^ fim ; the line joining xy'^ x"y" is therefore cut 
internally and externally in the same ratio, and we deduce the 
well-known theorem, any line drawn through a point is cut har-^ 
monicaUy by the pointy the circle^ and the polar of the point, 

♦92. To find the equation of the tanyenta from a given point 
to a given circle. 

We have already (Art. 87) found the coordinates of the 
points of contact ; substituting, therefore, these values in the equa- 
tion xx" +yy" — *^ = 0, we have for the equation of one tangent 

r(aw' + yy'-»'"-y'') + (a:y-yaj') V(a?'" + y'"- = 0, 

and for tha^ of the other 

r(a»' + »y'-»'"-y")-(ay-yaj')V(«'' + y'"-O=0. 

These two equations multiplied together give the equation of the 
pair of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a still more 
simple form. For the equation which determines / : m will have 
equal roots if the line joining x'y'j x"y" touch the given circle ; 
if then x"y" be any point on either of the tangents through x'y', 
its coordinates must satisfy the condition 

(a.'«4.y'«-./)(a:«4.y»-r*) = (araj' + yy-0*- 
This, therefore, is the equation of the pair of tangents through 
the point x'y\ It is not difficult to prove that this equation is 
identical with that obtained by the method first indicated. 

The process used in this and the preceding article is equally 
applicable to the general equation. We find in precisely the 
same way that Z : m is determined from the quadratic 

P{aar-^ 2hxY + fy" + ^ff^" + ¥f + c) 

+ 2lfn [oaf of' + h [xY + xy) + hy'y" +^ (x' 4 x") +f{y'+y") + c] 

+ m* (ax'" + 2hxy 4 iy " + 2gx' 4 2^' + c) = ; 

from which we infer, as before, that when x"y" lies on the polar 
of x'y' the line joining these points is cut harmonically ; and also 
that the equation of the pair of tangents from x'y' is 

(iia:'"+2*x'y'4Jy''4 2yx'4-2;^'4c)(ax'42Axy4-iy"4-2^+2/^+c) 

» (ox'x + h {x'y 4 xy') 4- byy' +y (x 4 x') 4/(y 4-y) + cj*: j| 
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93. To find the equation of a circle passing through three 
given points. 

We have only to write down the general equation -- 

a'+y + 2gx + 2/t/ + c=:0j 

and then substituting in it, successivelj, the coordinates of each 
of the given points, we have three equations to determine the 
three unknown quantities g^ /, c. We might also obtain the 
equation by determining the coordinates of the centre and the 
radius, as in Ex. 5, p. 4. 

Ex. 1. Find the dzde thzough (2, 8), (4, 5), (6, 1). 

Ana, («-V)'+(y-*)' = V(Beep.4). 

Ex. 2. Find the cirde through the origin and through (2, 8) and (3, 4). 

Here c = 0, and we have lB+4g + 6f=0, 25 + 6^ + 8/'=0, whence 2^ = - 23, 2/=n. 

Ex. 3. Taking the same axes as in Art. 48, Ex. 1, find the equation of the circle 
through the origin and through the middle points of sides; and shew that it also 
|>as8es through the middle point of base. 

Ans, 2/> (a* + j^-/> (#-#')«-(;>« + M')jr = 0. 

*94. To express the equation of the circle through three points 
fl *y\ x"y\ x"y" in terms of the coordinates of those points. 
We have to substitute in 

the values of ^,/, c derived from 

(a:'" +y'') + 2(7x' H-2/y' +c = 0, 

{x'"' + y "«) + 2ga!'' + 2fy'" + c = 0. 

The result of thus eliminating g^ f c between these four equa- 
tions will be found to be* 

-[X-* + y'' ) {x" (y- - y ) + a:"'(y -f) + x (y" -/')} 

+ (x"'+y'«){x"'(y -y')+x (jf' -/')+'»' (y"'-y )} 

-(a;'"* +/"){« (y' -/) + «' (y"-y ) + x"{7, -y')}=0, 

as may be seen by multiplying each of the four equations by 
the quantities which multiply (x*+y*)&c. in the last written 
equation, and adding them together, when the quantities multl* 
plying (7,/, c will be found to vanish identically. 




* The reader who is acquainted with the determinant notation will at onoe see hov 
[nation of the circle may be written in the form of a determinant. 
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If it were required to find the condition that four points 
should lie on a circle, we have only to write x^^ y^ for x and y 
in the last equation. It is easy to see that the following is the 
geometrical interpretation of the resulting condition. If Aj By 
Cj D be any four points on a circle, and any fifth point taken 
arbitrarily, and if we denote by BCD the area of the triangle 
JBCZ>, &c., then 

OA\BCD + 0(P.ABD^OB\ACD+OB'.ABG. 

95. We shall conclude this chapter by showing how to find 
th^ polar equation of a circle. 

We may either obtain it by substituting for x, p cosd, and 
for yj p fAnff (Art. 12), in either of the equations of the circle 
already given, 

«(«^ + y) + 2^«+2/;v + c = 0, or (a;-a)*+(y-/3)" = r", 

or else we may find it independently, from the definition of the 
circle, as follows : 

Let be the pole, C the centre of the circle, and OC the 
fixed axis; let the distance OC=dj 
and let OF be any radius vector, and, 
therefore, s p, and the angle POC=0j 
then we have 

PCr^OP^ 0C*-20P.0C cosPOC, 

that is, f^ ^ p* + (P - 2pd coB0^ 

or p*-2d/» cos5 + d"-i^ = 0. 

This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with OC, but made with it 
any angle a, the equation would be, as in Art. 44, 

p*-2dp cos(tf-a) + d"-r* = 0. 

If we suppose the pole on the circle, the equation will take a 
ampler form, for then r = (f, and the equation will be reduced to 

p = 2r costf, 

a result which we might have also obtained at once geometrically 
from the property that the angle in a semicircle is right ; or else 
by substituting for x and y their polar values in the equation 
(Art. 79) a?" + y* = 2ra?. ^J 
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THEOREMS AND EXAMPLES ON THE aRCLB. 

96. Haying in the last chapter shown how to form the 
equations of the circle, and of the most remarkable lines related 
to It, we proceed in this chapter to Illustrate these equations by 
examples, and to apply them to the establishment of some of 
the principal properties of the circle. We recommend the 
reader first to refer to the answers to the examples of Art. 49, 
to examine in each case whether the equation represents a circle, 
and if so to determine its position either (Art. 80) by finding 
the coordinates of the centre and the radius, or (Art. 84) by 
finding the points where the circle meets the axes. We add a 
few more examples of circular loci. 

Ex. 1. GlTen base and vertical angle, find the loctia of vertex, the axes haying 
any position. 

Let the cooxdinatefl of the extremitieB of base be t!^^ af'if\ Let the equation 
of one Bide be 

y — y* = i» (« - a/), 
then the eqnation of the other side, making with this the angle C, will be (Art. 88) 

(l + mtanC)(y-y") = (i»-tanC) (»-a^). 
Eliminating m, the eqnation of the locns is 

tanC{(y-jO(y-y") + (a?- aO («'-«")} + «(y'-y")-y(«' -a'') + «'/'-y'«~ = o. 

If C be a right angle, the equations of the sides are 

y-y' = m (a:-aO J m (y-y") + («-aO =0, 
and that of the locus 

(y-yO(y-y") + (a?-aO(«-«") = 0. 

Ex. 2. Giren base and vertical angle, find the locus of the intemctioii of pefpen- 
dicnlaiB of the triangle. 

The equations of the perpendiculars to the sides axe 

w (y-y") + (»-«") = 0, (i»-tanC)(y-y') + (l + mtanC7)(ap-«0 = O. 
Eliminating m, the equation of the locus is 

tanC{(y-yO(y-y") + («-«')<«-«")} = *(y'-y")-y(«'-0 + «'y"-y'*^i 

an equation which only differs from that of the last article by the sign of taaC, and 
whidi is therefore the locus we should have found for the vertex had we been given 
the same base and a vertical angle equal to the supplement of the given one. 

Ex. 8. Given any number of points, to find locns of a point such that m' times 
■qnare of its distance from the first + m'* times square of its distance from the second 
4- Ac. = a constant ; or (adopting the notation used in Ex. 4, p. 49) such that £ (mH) 
be constant. 
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The B^piiie of the distaaoe of any point xy from dcy is (x — xTjl* + (y - yO** 
Mvltiplj this by m'f and add it to the oorreeponding terms found by eiq^reasing.the 
iHfftfr"f^ of the point a^ from the other points x'*i/% Ac If we adopt the notation 
of p. 49, we may write for the equation of the locos 

r (») a^ +£(«•) y» - 2£ (m«0 » - 2£ {mi^ y + £ (maf*) + £ (my^ = C. 
Heooe the loooa will be a dide, the coordinates of whose centre will be 

£(m«0 £(my) 

that is to say, the centre will be the point which, in p. 60, was called the centre of 
mean position of the given points. 

If we investigate the ralue of the radius of this circle we shall find 

where £ (mr>) = (7= sum of m times square of distance of each of the giyen points 
fram any point on the dide, and £ (m/t>*) = sum of m times square of distance of 
each point from the centre of mean position. 

Ex. 4. Find the locos of a point 0, suoh that if parallels be drawn through it 
to the three sides of a triangle, meeting them in points B^ C} C\ A'} A*\ B"; the 
■am may be giren of the three rectangles 

BO.OC + CO.OA'-^A^'O.OB". 

Tydng two sides for axes, the equation of the locus is 

or «» + y» + 2apyco6C-ax-*y + m* = 0. 

lUs igpro e cnts a drcle, which, as is easQy seen, is concentric with the circumscribing 
olrcle^ the coordinates of the centre in both cases being given by the equations 
S (« -f /9 ocmC) = 0) S O + a cosC) = b. These last two equations enable us to solve 
the problem to find the locus of the centre of droumscribing circle, when two sides 
of a triang^ are given in position, and any relation connecting their lengths is given. 

Ss. 6. Find the locus of a point 0, if the line joining it to a fixed point makes the 
nme intereept on the axis of s as is made on the axis of y by a perpendicular through 
to the joining line. 

Ex. 6. Find the locos of a point such that if it be joined to the vertices of a 
tilan^e^ and perpendicolan to the joining lines erected at the vertices, these perpen- 
dioakB meet in a pdnt. 

97. We shall next give one or two examples involving the 
problem of Art. 82, to find the coordinates of the points where 
a given line meets a given circle. 

Xx. L To find the locus of the middle points of chords of a given circle drawn 
panUel to a given line. 

Lit the equation of any of the parallel chords be 

tf cosa + y sina — p = 0, 

where « Is, by hypothesis, given, and p is indeterminate ; the ahedwae of the pdnti 
where this line meets the circle are (Art. 82) found from the equation 

afi — 2px cosa +/>* — r» sin'o = 0. 

Voir, If the roots of this equation be a^ and «", the x of the middle point af lilt 

H 
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chord will (Art. 7) be | (x' + x"), or, from the theory of equations, will=jiooBa. 
In like manner, the y of the middle point will equal pfona. Hence the eqnatloa 
of the locoB \By—x tan a, that is, a right line drawn through the centre perpendicaUr 
to the eystem of parallel chords, since a is the angle made with the axis of « faj 
a perpendicular to any of the chords. 

Ex. 2. To find the condition that the intercept made by the circle on the line 

xcofia + y Bina=j> 

should subtend a right angle at the point af^. 

We found (Art. 96, Ex. 1) the condition that the lines joining the points t^'fff 
af"^" to xy should be at right angles to each other ; yIz. 

(«-aO(«-«'") + (y-y")(y-y") = o. 

Let af'if*, 9f**if" be the points where the line meets the circle, then, by the 
last example, 

«^ + «"' = 2p cosa, a''ar=i>«-r«sin«o, y" + y^' = 2i> sine, y'y''=>«-r*oo*^ 

Putting in these values, the required condition is 

a^ + y^ - 2p3ct cos a - 2/^ sina + 2p« - r» = 0. 

Ex. 8. To find the locus of the middle point of a chord which subtends a xi|^ 
angle at a given point. 

If X and y be the coordinates of the middle point, we have, by Ex. 1, 

/>C06a = a;, pBina = y, />* = «* + y*, 
and, substituting these values, the condition found in the last example become* 

(ar-aO»+(y-yO' + «* + ^ = **« 

Ex. 4. Given a line and a circle, to find a point such that if any chord be drawn 
through it, and perpendiculars let fall from its extremities on the given line^ the 
lectangle under these perpendiculars may be constant. 

Take the given line for axis of x, and let the axis of y be the perpendicular on 
it from the c^itre of the given circle, whose equation will then be 

x* + (y-/5)* = r«. 

Let the coordinates of the sought point be x'y', then the equation of any line 
through it will be y — i^ = m {x — acT). Eliminate x between these two eqaatkne 
and we get a quadratic for y, the product of whose roots will be found to be 

(y* - map* + m« (/y - r«) 

This win not be independent of m unless the numerator be divisible by 1 + m\ and 
it will be found that this cannot be the case unless x' = 0, y^ sr /S* — r>. 

Ex. 6. To find the condition that the intercept made on dcoosa + y sina— ji 
by the drole 

a* + y* + 2^« + 2/y + c = 

may subtend a right angle at the origin. The equation of the pair of lines jdning 
the extremities of the choi-d to the origin may be written down at onee. For if we 
multiply the terms of the second degree in the equation of the circle by p*, those of 
the first degree by /) (x cosa + v sina), and the absolute term by (x cos a + y lin a)', 
we get an equation homogeneous in x and y, which therefore represents right lines 
drawn through the origin ; and it is satisfied by those points on Uie circle for which 
cos a + y sin a =/>. The equation expanded and arranged is 

(p* + ^p cos a + c cos* a) x* + 2 (y^ sin o -{-/p cos a + c sin a cos a) a?y 

+ iP'^ + 2/p sin o + ^ Bin* a) y« = 0. 
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ThflBO two lineB cat at right angles (An. 74) if 

2p* + 2p (^ cofla +/8ina) + c = 0. 

Ex. 6. To find the locna of the foot of the perpendicular from the origin on a 
chord which Bubtenda a right angle at the origin. The polar coordinates of the locus 
are p and a in the equation last found ; and the equation of the locus is therefore 

2 (jc* + y*) + 2^x + 2/y + c = 0. 

It win be found on examination that this is the same circle as in Ex. 8. 

Ex. 7. If any chord be drawn through a fixed point on a diameter of a circle and 
its extremities joined to either end of the diameter, the joining lines cut oS. on the 
tangent at the other end portions whose nsci.dJigle is constant. 

Find, as in Ex. 6, the equation of the lines joining to the origin the intersections 

of a^ + jf* ~ 2rs with the chord y = m (» — a:^ which passes through the fixed point 

(x', 0). The intercepts on the tangent are found bj putting x = 2r m this equation 

nA. seeking the corresponding values of y. The product of these yalnes will be 

a* — 2r 
lound to be independent of m, viz. 4r* — -. — • 

98. We shall next obtain from the equations (Art. 88) a few 
of the properties of poles and polars. 

If a point A lie on the polar of B^ then B lies on the polar of A, 
For the condition that x'j/ should lie on the polar of x''y'' is 
flcV' + yy^r*; but this is also the condition that the point 
T^'j/' should lie on the polar of afj/. It is equally true if we 
use the general equation (Art. 89) that the result of substituting 
the coordinates o/'y" in the equation of the polar of o/y' is the 
same as that of substituting the coordinates of afr/ in the polar 
of a^y. This theorem then, and those which follow, are true 
of all curves of the second degree. It may be otherwise stated 
thus : if the polar of B pass through a fixed point A^ the locus of 
B 18 the polar of A. 

99. Given a circle and a triangle ABCj if we take the polars 
with respect to the circle of Ay B^ (7, we form a new triangle 
AWC called the conjugate triangle. A' being the pole of BC^ 
B^ of CAy and C of AB. In the particular case where the polars 
d Aj Bj O respectively are BCj CAj AB^ the second triangle 
coincides with the first, and the triangle is called a edf-conjugaiB 
triangle. 

Tli^e lines AA^ BB\ GC\ joining the corresponding 
a triangle and of its conjugate^ meet in a point. 

The equation of the line joining the point x'jf to 
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section of the two lines osj/'+y/'— r^ = and osaT'+yy' — 1^«0 

is (Art. 40, Ex. 3) 

In like manner 

-(xV + yy"-O(aa^ + y3^-O=0 
and CC, (xV + yy"-0(a^+yy'-0 

-(a:V" + y'y'"-O(»c"H'yy''-O«0; 

and by Art. 41 these lines must pass through the same point. 

The following is a particular case of the theorem just proved : 
If a circle be inscribed in a triangle^ and each vertex of the <n- 
angle Joined to the point of contact of the circle with the opposite 
side^ the three joining lines will meet in a point 

The proof just given applies equally if we use the general 
equation. If we write for shortness P, = for the equation of 
the polar oix'^j (aa/x+&c.a=0); and in like manner P,, P, for 
the polars o(x if\ a/'V; and if we write [1, 2] for the residt of 
substituting the coordinates x'Y '^^ ^^^ polar o{x'y\ ((m/x''+&c.]| 
then the equations are easily seen to be 

AA^ [1,8]P,=[1,2]P^ 

BB' [1,2JP.-[2,8]P„ 

CC [2,8]P. = [1,3]P„ 

which denote three lines meeting in a point. It follows (Art* 60^ 
Ex. 3) that the intersections of corresponding sides of a triangle 
and its conjugate lie in one right line. 

100. Cfiven any point Oj and any two lines through it; jovk 
"both directly and transversely Ae points in which these lines meet 
a circle; then^ if the direct lines intersect each other w P and As 
transverse in Q^ the line PQ will he the polar of the point with 
regard to the circle. 

Take the two fixed lines for axes, and let the intercepts made 
on them by the circle be X and X'^ fk and ik\ Then 

\ Ik ' X /* 
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win be the equations of the direct lines ; and 

the eqaations of the transverse lines. Now, the equation of the 
line PQ wiU be 

for (see Art 40) this line passes through the intersection of 

and aUK> of ^ + iy- 1, ^, + ^ - 1. 

If the equation of the curve be 

X and X' are detennined from the equation aa?* + 2^ + c = 
(Art 84), thereforOi 

11 2a , 1 1 2/ 

XX ' MM ^ 

Hencei equation of FQ is 

but we saw (Art. 89) that this was the equation of the polar of 
the origin 0. Hence it cqppears that if the point were given, 
and the two lines through it were not fixed, the loctis of the 
points P and Q would be the polar of the point 0. 

101. Oiven any two points A and By and their polara ynth 
respect to a circle whose centre is ; let fall a perpendicular AP 
from A on the polar o/Bj and a perpendicular BQfrom B on the 

The equation of the polar of A {x'jf) is xaf + y^— r* « ; and 
BQf the perpendicular on this line from B{pif'if% is (Art. 34} 

afuf' + ^f- i* 

Henoe, since i/{x^+tD = OA, we find 

OA.BQ~af«^'+^^'-i'i 
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and, for the same reason, 

OA OB 



Hence 



AF" BQ' 




102. In working out questions on the circle It is often con* 
venient, instead of denoting the position of a point on the curve 
hy its two coordinates x'y\ to express both these in terms of a 
single independent variable. Thus, let 0^ be the angle which 
the radius to afi/ makes with the axis of a?, then a^=!r cos ^, 
y^ = r sin O'j and on substituting these values our formulsB will 
generally become simplified. 

The equation of the tangent at the point af^ will by this sub- 
stitution become 

X cos^ + y rin^ = r; 

and the equation of the chord joining xYj ^'y, which (Art. 86, 
Ex. 3} is 

will, by a similar substitution, become 

X cosi {a + O + y sin J [a + ^') = »• cosi (^- ^'), 

6^ and d'^ being the angles which radii drawn to the extremities 
of the chord make with the axis of x. 

This equation might also have been obtained directly from 
the general equation of a right line (Art. 23) x cosa + y sina^p^ 
for the angle which the perpendicular on the chord makes with 
the axis is plainly half the sum of the angles made with the axis 
by radii to its extremities, and the perpendicular on the chord 

= rco8i(^-^'). 

Ex. 1 . To find the coordinates of the intersection of tangents at two given pointi 
on the circle The tangents being 

« COS (f + y sin 6* = r, a cos 6" + y sin 6^ = r, 
the coordinates of their intersection are 

cosn<^' + _ mnjfjenjn 

*~ *" cosi (»' - 6") ' ^ - ** cosi (tf - ti") • 
Ex. 2. To find the locus of the intersection of tangents at the extremities of 
a chord whose length is constant. 

Making the substitution of this article in 

(«* - a:")« + (y* - y")^ = constant, 
it nducea to cos (e* - 6") = constant, or ©'- 6" = constant. If the given length of 
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tiie cbnrd be 2r sind, then O'- O'' = 2d. The oooidlxiAtes therefoie fbwid in the last 
eiample fulfil the condition 

(a« + y«) cos«i = r«. 

Sz. 8. What 18 the locos of a point where a chord of a constant length is cut 
in a giren ratio? 

Writing down (Art. 7) the oooidinates of the point where the chord is cut in a 
given xadoi it will be found that they satisfy the condition x* + ^ = constant. 

103. We have seen that the tangent to any circle aj'+y*= r^ 
has an equation of the form 

X coB0 + y 8in^ = r; 

and it can be proved, in like manner, that the equation of the 
tangent to (a? — a)* + (y — fi)* = ^ may be written 

(a:-a) cosd-f (y — fi) sin^ = r. 

Conversely, then, if the equation of any right line contain an 
indeterminate in the form 

(a; -a) costf + (y.— /8) 8in5 = r, 

that line will touch the circle {x — a)' + (y - fi)* = r*. 

Ez. 1. If a chord of a constant length be inscribed in a drcle, it will always touch 
another circle. Fbr, in the equation of the chord 

«coei(e' + e") + y8ini(^ + »^ = rcosi(e'-e"); 

ly the last article^ O' — 6" is known, and O' + 6" indeterminate } the chord, therefore^ 
alwiqra toudies the circle 

ss + ^zr^oos'^. 

Bz. 2. GiTen any number of points, if a right line be such that m' times ther 
perpe&cBcuIar on it from the first point + m" times the perpendicular from the seoond 
•f Ac. be constant, the line will always touch a circle. 

This only difEers from Ex. 4, p. 49, in that the sum, in place of being = 0, is con« 
skant. Adopting then the notation of that Article, instead of the equation there f oun^ 

{xL (m) - £ (fn«')} cosa + {y£ (m) - £ (my')) aina = 0, 

we have only to write 

{xZm — £ {nufj] cos a + {y£ (m) — £ (my^} sin a = constant. 

Hcnoe thia line must always touch the circle 

whoee centre is the centre of mean position of the given points, 

104. We shall conclude this chapter with some examples of 
the use of polar coordinates. 

Ex. 1. If through a fixed point any chord of a circle be drawn, the rectangle 
under its segments wHl be constant {Euclid ill. 85, 86). 

Take the fixed point for the pole, and the polar equation ia (Art. 95) 

p« - 2/i>d ooae + cJ» - r* = J 




96 THEOfiEMS AND EXAMPLES ON THE CIRGLE. 

the roots of which equation in p are evidently OP, OP*, the Talnee of the rnSim 
▼ector answering to any given value of 6 or POC, 

Kow, by the theory of equations, OP . OP*, the prodnct of these roots will 
= d* — r*! 8 quantity independent of 6, and therefore constant, whatever be the 
direction in which the line OP is drawn. If the point be outside the circle, it 
Is plain that <P — r* most be = the square of the tangent. 

Ex. 2. If through a fixed point any chord of a circle be dnwn, and OQ taken 
an arithmetic mean between the segments OP, OP*, to find the locus of Q. 

We have OP + OP*, or the sum of the roots of the quadratic in the last «T«nip^ 
= 2<2 0060; but OP + OP' = 200, therefore 

OQ = dco&e, ^ ^P^ 

Hence the polar equation of the locus !f '^ 

/» = <f cos9. 

Now it appears from the final equation (Art. 95) 
that this is the equation of a circle described on 
the line OC as diameter. 

The question in this example might have been otherwise stated: *'To find the 
locus of the middle points of chords which all pass through a fixed point." 

Ex. 8. If the line OQ had been taken a harvMrnio mean between OP and OP^ 
to find the locus of Q. 

20P OP' 
That is to say, OQ = -^j^^p, but OP.OP' = «P-r«, and OP + OP' sSiTcoef; 

therefore the polar equation of the locus is 

'^ dcosO' '^ d 

This is the equation of a right line (Art 44) peipendicular to 00, and aft a 

distance from — d—-^, and, therefore, at a distance from 0= j • Hence (Art. 88) 

the locus is the polar of the point 0. 

We can, in like manner, solve this and similar questions when the equation is 
given in the form 

o («• + y^ + ^« + 2/V + c = 0, 

for, transforming to polar coordinates, the equation becomes 



p« + 2r|cos8+^sin0)p + ^=rO, 




and, proceeding predsely as in this example, we find, for the loons of harmonio mean^ 

_ £ 

^^ ^coea+/Bin0' 

and, returning to rectangular coordinates, the equation of the locus !f 

ffx + fy + c = Oj 
the same as the equation of the polar obtained already (Art 89). 

Ex. 4. Given a point and a right line or circle; if on OP the radius Tector to the 
Une or circle a part OQ be taken inveraely as OP, find the locus of Q, 

Ex. 6. Given vertex and vertical angle of a triangle and rectangle under 8ide% 
if one extremity of the base describe a right line or a drcle^ find the locos described 
by the other extremity. 

Take the vertex for pole ; let the lengths of the sides be p and p', and the anglea 
make with the axis and 9^, then we have pp' = £■ and 9 0* = O, 
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The stndent most write down the polar eqaation of the locus which one ba.se angle 
U said to describe ; this will gire him a relation between p and 6 ; then, writing for p, 

—7, and for 6, C+ d^, he will find a relation between p* and O', which will be the 

polar eqaation of the locns described by the other base angle. 

This example might be solved in like manner, if the ratio of the sides, instead 
of their rectangle, had been given. 

Ex. 6. Throngh the intersection of two circles a right line is drawn; find the 
locoa of the middle point of the portion intercepted between the circles. 
The eqnationa of the drdee will be of the form 

p = 2rooa(6-o)j p = 2?^ cos (0 - a*) ; 

and the equation of the locus will be 

p = rcoe(6 — o) + r* cos (0 — a*) | 

whidi also represents a cirde. 

Ex. 7. If through any point 0, on the drcmnference of a circle, any three chorda 
be drawn, and on each, as diameter, a circle be described, these three circles (which, 
of course, all para through C) will intersect in three other points, which lie in one 
li^t line (See Cambridge Mathematical Journal, vol. I. p. 169). 

Take the fixed point for pole, then if d be the diameter of the original circle^ 
Iti polar equation will be (Art 95) 

psidooBd, 

In like manner, if the diameter of one of the other circles make an angle a with tht 
fixed axis, its length will be = d cos a, and the equation of this circle will be 

p = J cos a cos (0 — a). 

The eqaation of another circle will, in like manner, be 

p=.rfcos/3oos(0-^. 

To find the polar coordinates of the poiQt of intersection of these two, we should 
•eek what value of would render 

oosa COS (0 — a) = cos/3 cos (0 - /3), 

md it is easy to find that must = a + /9, and the corresponding value of 
p = JooBacoe/3. 

Similarly, the polar coordinates of the intersection of the first and third circles are 

0=:a + Y» and p = doosaoosY. 

Now, to find the polar equation of the line joining these two points, take the 
equation of a right line, pcoB{k — d)=p (Art. 44), and substitute in it sue- 
lively these values of and p, and we shall get two equations to determine p 
and At. We shall get 

psdoMa ooe/3 cos {ife - (o + /3)} = rf cos a cos y cos {* — (a + y)}. 

Henoe jt; = a + /3 + yi and p=:cfcosaco9/3cosy. 

The synunefcry of these values shows that it is the same right line which join 
the intersections of the first and second, and of the second and third dzcles, and^ 
Iherelore^ that the three points are in a right line. 
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CHAPTER VIII. 

PROPERriES OP A SYSTEM OP TWO OB MOEE CIRCLES. 

105. To find the equation of the chord of intersection of two 
circles. 

If 5 = 0, 5' = bo the equations of two circles, then any 
equation of the form 5+ kS' = will be the equation of a figure 
passing through their points of intersection (Art. 40). 

Let us write down the equations 

and it is evident that the equation Si-kS^^O will in general 
represent a circle, since the coefficient of xy^O^ and that of 
aj*= that of y". There is one case, however, where it will re- 
present a right line, namely, when ft = — 1. The terms of the 
second degree then vanish, and the equation becomes 

This is, therefore, the equation of the right line passing through 
the points of intersection of the two circles. 

What has been proved in this article may be stated as in 
Art. 60. If the equation of a circle be of the form iS+ft5' = 
mvolving an indeterminate k in the first degree, the circle passes 
through two fi^ced points, namely, the two points common to the 
circles 8 and 8\ 

106. The points common to the circles 8 and 8^ are found 
by seeking, as in Art. 82, the points in which the line 8^8^ 
meets either of the given circles. These points will be real, co- 
incident, or imaginary, according to the nature of the roots of 
the resulting equation ; but it is remarkable that, whether the 
circles meet in real or imaginary points, the equation of the 
chord of intersection, 5— 5^ = 0, always represents a real line, 
having important geometrical properties in relation to the two 
circles. This is in conformity with our assertion (Art. 82), that 



'J 
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the line joining two points may preserve its existence and its 
properties when these points have become imaginary. 

In order to avoid the harshness of calling the line 8— S\ the 
chord of intersection in the case where the circles do not 
geometrically appear to intersect, it has been called* the radical 
axis of the two circles. 

107. We saw (Art. 90) that if the coordinates of any point 
xy be substituted in 8^ it represents the square of the tangent 
drawn to the circle 8 from the point xy. So also 8' is the 
square of the tangent drawn to the circle 8' ; hence the equation 
8— S^^^O asserts, that if from any point on the radical axia 
tangents be drawn to the two circles^ these tangents mil be equal. 

The line {8— 8') possesses this property whether the circles 
meet in real points or not. When the circles do not meet in 
real points, the position of the radical axis is determined geome- 
trically by cutting the line joining their centres, so that the 
difference of the squares of the parts may s the difference of the 
squares of the radii, and erecting a perpendicular at this point ; 
as is evident, since the tangents from this point must be equal 
to each other. 

If it were required to find the locus of a point whence tan- 
gents to two circles have a given ratioj it appears, from Art. 90, 
that the equation of the locus will be fl^-A*5'=0, which (Art. 105) 
represents a circle passing through the real or imaginary points 
of intersection of 8 and 8\ When the circles 8 and 8' do not 
intersect in real points, we may express the relation which they 
bear to the circle 8-k^8\ by saying that the three circles have 
a common radical axis. 

Ex. Find the ooordinates of the centre, and the radios of kS + IS'. 

. Am. CooidinaAes are -Arrf • k+l ' ^^^ ^ ^ '^^^ '^ ^® joining the centres 
oiSfS'iB diTided in the ratio k : L Radios is given by the eqoation 

(* 4- l)^r"^ = (A? 4- /) (*^' + ^ - *'^» 
what D is the distance between the centres of 8 and 8'. 

108. Oiven any three circles^ if we take the radical axis of 
each pair of circles j these three lines toill meet in a pointy which 
«# called the radical centre of the three circles. 
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For the equations of the three radical axes are 
S'S' = 0, ig'-iS'' = 0, ig"-i8=0, 
which, by Art. 41, meet in a point. 

From this theorem we immediately derive the following : 

If several circles ptxss through two fixed points^ their chords of 
interse^ction with afi>xed circle will pass through a fixed point 

For, imagine one circle through the two given points to be 
fixed, then its chord of intersection with the given circle will be 
fixed; and its chord of intersection with any variable circle 
drawn through the given points will plainly be the fixed line join- 
ing the two given points. These two Unes determine by their 
intersection a fixed point through which the chord of intersection 
of the variable circle with the first given circle must pass. 

Ex. 1. Find the radical axis of 

Ans. 1Q«4-1% = 16» 
Ex. 2. Find the radical centre of 

(«-!)«+ (y2)« = 7; (»-8)* + »« = 6; (» + 4)« + (y + 1)* = ». 

*109. A system of circles having a common radical axis 
possesses many remarkable properties, which are more eamly 
investigated by taking the radical axis for the axis of y, and the 
line joining the centres for the axis of x. Then the equation of 
any circle will be 

where 8* is the same for all the circles of the system, and the 
equations of the difierent circles are obtained by ^ving different 
values to k. For it is evident (Art. 80) that the centre is on 
the axis of x, at the variable distance k ; and if we make a: « 
in the equation, we see that no matter what the value of k may 
be, the circle passes through the fixed points on the axis of y, 
y*±S* = 0. These points are imaginary when we give 8* the 
sign +, and real when we give it the sign — . 

*110. Thepolars of a given pointy with regard to a system of 
circles having a common radical axis^ always pass through a 
fixed point 

The equation of the polar of aj'y' with regard to 

a;' + y'-2A^ + 8'=0, 
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18 (Art 89) »»'+yy'-A;(a? + a?') + S' = 0; 

therefore, rince this involves the indeterminate k In the first 
degree, the line will always pass through the intersection of 
aM^+^+8* = 0, and aj+a/ = 0. 

•111. There can always he found two points^ hoioever^ such 
thai their polarSj with regard to any of the circles^ will not only 
pass through a fixed pointy hut will he altogether fixed. 

This will happen when aa^+yy + S" = and x + aj' = re- 
present the same right line, for this right line will then be the 
polar whatever the valae of k. But that this should be the case 
we must have 

y'ssO and a/"=8*, or a/ = ±S. 

The two points whose coordinates have been just found have 
many remarkable properties in the theory of these circles, and 
are such that the polar of either of them, with regard to any of 
the circles, is a line drawn through the other, perpendicular to 
the line of centres. These points are real when the circles of 
the q^stem have common two imaginary points, and imaginary 
when they have real points common. 

The equation of the circle may be written m the form 

which evidently cannot represent a real circle if 1^ be less than 
S*; and li Jf^^^ then the equation (Art. 80) will represent a 
circle of infinitely small radius, the coordinates of whose centre 
are y » 0, a; = ± S. Hence the points just found may themselves 
be considered as circles of the system, and have, accordingly, 
been termed by Poncelet* the limiting points of the system of 



*112. If firom any point on the radical axis we draw tan* 
gents to all these circles, the locus of the point of contact must 
be a circle, since we proved (Art. 107) that all these tangents 
were equal. It is evident, also, that this circle cuts any of the 
given system at right angles, since its radii are tangents to the 
given system. The equation of this circle can be readily found. 



* TraUi de$ PropriiUi Projtctwetf p. 41. 
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The square of the tangent from any point [x^O^ y^'A) to the 
circle 

aj*+y*-2&» + S* = 0, 
being found by substituting these coordinates in this equation 
is A* + 8* ; and the circle whose centre is the point (a? = 0, y = A), 
and whose radius squared = A* -f 8*, must have for its equation 

a:^ + (y-Ar = A-+S«, 
or ai" + y*-2Ay = 8". 

Hence, whatever be the point t^ken on the radical axis (tie. 
whatever the value of h may be), still this circle will always pass 
through the fixed points (^=0, x=±S) found in the last Article. 
And we infer that all circles which cut the given system at right 
angles pass through the limiting points of the system. 

Ex. 1. Find the condition that two circles 

Bhonid cat at right angles. Expressing that the square of the distance between the 
centres is equal to the sum of the squares of the radii, we have 

or, reducing, igg' + 2ff* = tf + c*. 

Ex. 2. Find the circle cutting three circles orthogonally. We have three eqaationt 
of the first degree to determine the three unknown quantities g, ftC\ and the problem 
is solved as in Art. 94. Or the problem may be solved otherwise, since it is evident 
from this article that the centre of the required circle is the radical centre of the three 
circles, and the length of its radius equal to that of the tangent from the radical 
centre to any of the circles. 

Ex. 3. Find the circle cutting orthogonally the three circles, Art 108, Ex. 2. 

Ans, (x + T»8)« + (y + «)«=VW. 

Ex. 4. If a circle cut orthogonally three circles 8^, S", 8"', it cats orthogonally 
any circle kS' 4- IS*' + tnS'" — 0. Writing down the condition 

we see that the coefficients ofk^lffn vanish separately by hypothesis. 

Similarly, a circle cutting S*, i^' orthogonally, also cuts orthogonally kS^ + IS^» 

Ex. 5. A system of circles which cuts orthogonally two given drdes ff, ST' has 
a common radical axis. This, which has been proved in Art. 112, may be proved 
otherwise as follows : The two conditions 

^gg' + V/'^c + ^y 2i7^' + 2j5^" = c + d", 
enable us to determine g and / linearly in terms of c. Substituting the values so 
found in 

x" + »» + 2^ar + 2/y + <? = 0, 

the equation retains a single indeterminate e in the first degree, and therefore 
(Art. 105) denotes a system having a common radical axis. 

Ex. 6. If ^S be a diameter of a circle, the polar of A with respect to any circlt 
which cnts the first orthogonally will pass through B, 
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Ex. 7. The aqnare of the tangent from any point of one circle to another is 
proportional to the perpendicular from that point npon their radical azia. 

Ex. 8. To find the angle (a) at which two circles intersect. 

Let the radii of the circles be B, r, and let D be the distance between their 

centreSi thai 

/>» = iP + f* - 2Rr cos a, 

since the angle at which the circles intersect is equal to that between the radii to 
the point of intersection. 

When the circles are given by the general equations, this expression becomes 

2i;r ooea = 2Gg + 2F/-C-C, 

If j8 = be the equation of the circle whose radius is r, the coordinates of the 
centre of the other drde must fulfil the condition /P — 2Rr cos a = iS, as is evident 
from Art. 90, since D* — r* is the square of the tangent to 3 from the centre of the 
other circle. 

Ex. 9. If we are given the angles a, /9 at which a circle cats two fixed circles S^ S', 

the circle is not determined, since we have only two oonditious ; but we can determine 

the angle at which it cuts any circle of the system k3 + 18^» For we have 

i2* - 2i2r cos a = i9, iP - 2i?r' cos /9 = 5*, 

t B. on*rcoso + /r'cos/9 kS + IS' 

whence JP-2i2 5-^ ^=— irrT-» 

k+l k+l ' 

which is the condition that the moveable circle should cut kS + IS* at the constant 
angle y; where (Ar + i)r"cosy = ifcr coao + /r'cos/S, r" being the radius of the 
circle k8 + IS^. 

Ex. 10. A circle which cuts two fixed circles at constant angles will also touch 
two fixed drdes. For we can determine the ratio ib : /, so that y Bhall=0, or oosy =1. 
We have (Art. 107, Ex.) 

(* + i)« r"« = (* + /)(*»•* + '»^ - *">•» 
Sabstitiidng this value for r^ in the equation of the last example, we get a quadratio 
to determine At : I. 



113. To draw a common tangent to two circles. 
Let their equations be 

and (a-a7+(y-/8')« = /» (S"). 

We saw (Art* 85) that the equation of a tangent to {8) was 

(aj-a)(aJ'-a) + (y-i8)(y'-.ie) = r^; 

or, as In Art. 102, writing 

=cos^, ^ =8in^, 

T r 

(a — a) co85+(y-i8) 8in5 = r. 
In like manner, any tangent to {8') is 

(aj-flt') cos^+(y-)8') sin^ = /. 
Now if we seek the conditions necessary that these two 
equations should represent the same right line ; first, from com- 
paring the ratio of the coefficients of x and y, wc get tan 9= tan 0"^ 
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whence ff either = tf, or = 180" 4 B. If either of these conditions 
be fulfilled, we must equate the absolute terms, and we find, in 
the first case, 

(a-a') cos ^ + (iS - i^) 8in5 + r-/ = 0, 

and in the second case, 

(a-of') cos5+ (^-iSO sin5 + r + / = 0. 

Either of these equations would give us a quadratic to deter- 
mine Q. The two roots of the first equation would correspond 




to the direct or exterior common tangents, Aa^ Ac! ; the roots 
of the second equation would correspond to the transverse or 
interior tangents, Eb^ Rb\ 

If we wished to find the coordinates of the point of contact 
of the common tangent with the circle [8)^ we must substitute, 



x'- a 



in the equation just found, for cos^, its value, , and for 

Bin ^, ylz^ , and we find 

(a-flt')(a/-a) + (/9-/S')(/-i8) + r(r-/)=0; 
or else, (a- a') [x'^a) + [P-ff) [j/ - P)'\'r{r-\- /) =0. 

The first of these equations, combined with the equation [8) 
of the circle, will give a quadratic, whose roots will be the 
coordinates of the points A and A\ in which the direct common 
tangents touch the circle {8) ; and it will appear, as in Art. 88, 

that 

(a'-a)(a;-a)+()8'-/S)(y-i8)=r(r-/) 

is the equation of AA\ the chord of contact of direct common 
tangents. So, likewise, 

K..a)(x-a) + (/8'-)8)(y-)8)=r(r + /) 
is the equation of the chord of contact of transverse common 
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tangents. If the origin be the centre of the circle {8)^ then a and 
>3 s ; and we find, for the equations of the chords of contact, 

Bx. Find the oommon tangents to the drdee 

a!« + y«-4»-2y + 4 = 0, «• +y* + 4a5 + 2y-4=:0. 
The chorda of contact of oommon tangents with the first circle are 

28 + 9 = 6, 2x + y = 8. 
The first chord meets the dxde in the points (2, 2), (y, |), the tangents at which are 

f = 2, 4aj-8y = 10, 
and the second chord meets the circle in the points (1, 1), (^, {), the tangents at 
which axe 

114. The points and ff^ in which the direct or transverse 
tangents intersect| are (for a reason explained in the next 
Article) called the centres of stmilttude of the two circles. 

Their coordinates are easily found, for is the pole, with 
regard to circle {8)^ of the chord AA\ whose equation is 

Comparing this equation with the equation of the polar of the 
point x']f\ 

{af^a) (a5-a) + (y'-/9) (y- /9) =r^, 
--«^ V - («'^«)^ ,_ gV-g/ 



jf^pjl^^ory' 



r-^r 
So, likewise, the coordinates of (7 are found to be 

aV + ar' , ffr + fir' 

«« ,- , and y= ,- . 

r-i-r' * ^ r + r' 

These values of the coordinates indicate (see Art. 7) that the 
centres of similitude are the points where the line joining the 
centres is cat externally and internally in the ratio of the radii. 

Ss. Find the oommon tangents to the circles 

Tlmvpatiaaoi the pair of tangents through xy to 

to found (Alt. 92) to be q 

V-«)'+y-ft»-»^{(«-a)»+(y-/5)«-r«) = {(«-a)(*'-a) + (f-«(/-ffl-rnf 

P 
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Now the oooidinatefl of the exterior centre of aiiiiilitude are found to be (— 8^ >-l) 
and hence the pair of tangents through it is 

26(a:*+y«-6a-8y)=r(5a; + 6y-10)«; or apy + a! + 2y + 2 = 0; or (aj + 2) (y+1) = 0^ 
As the giTen circles intersect in real points, the other two common tangents 
become imaginary ; but their equation is found, by calculating the pair of tangents 
through the other centre of similitude (Vi V)» ^ ^ 

40a:« + ay + 40y« - 199a; - 278y + 722 = 0. 

115. Every right line draum through the intersection of com" 
mon tangents is cut similarly by the two circles. 

It is evident that if on the radius vector to any point P there 
be taken a point Q, such that OP=^m times OQj then the x and 
y of the point P will be respectively m times the x and y of the 
point Q ; and that, therefore, if P describe any curve, the locus 
of Q is found by substituting mz^ my for x and y in the equation 
of the curve described by P. 

Now, if the common tangents be taken for axes, and if we 
denote Oa by a, OA by a', the equations of the two circles are 
(Art. 84, Ex. 2) 

a?* + y* + 2a^ cosai — 2a a? — 2ay + a* =0, 
35* + ^* + 2a:y coso) — 2ax - 2ay + a'" = 0. 

But the second equation is what we should have found if we 

ax oil 
had substituted —» ^ -i for a?, y in the first equation; and it 

therefore represents the locus formed by producing each radius 
vector to the first circle in the ratio a : a'. 

Cor. Since the rectangle Op. Op is constant (see fig. next 
page), and since we have proved OB to be in a constant ratio to 
0/9, it follows that the rectangle OR.Op ^ OK, Op is constant, 
however the line be drawn through 0. 

116. If through a centre of similitude we draw any two lines 
meeting the first circle in the points -B, R^ 8^ 8\ and the second in 
the points p, p'y <r, <r', then the chords liSj pa-; -B'fl^', p'a' ttnll be 
parallel^ and the chords liSj pa / E'8'j pa will meet an the 
radical axis of the two circles^ 

Take ORj 08 for axes, then we saw (Art. 115) that 
0S = 7n0pj 08^m0a^ and that if the equation of the circle 
papa be 

a (a:* + 2xy cosw +y*) + 2^0? + 2fy + c = 0, 
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tbat of the other will be 

o (ai" -f 2ay cos ctf + y*) 

+ 2m igx-hfy) + w"c = 0, 

and, therefore, the equation of the 
radical axis will be (Art. 105) 

Now let the equations of pa and 
of pV be 

then the equations of B8 and 
ITS' must be 

-^ + -^=1 
ma mb ' 

It is evident, from the form of the equations, that B8 is 
parallel to pa ; and BS and pa must intersect on the line 




ma mb' 



= 1. 



Ki-^^O-'Ks-*-?) 



i+«i, 



or, as in Art. 100, on 

2(5aj+>y) + (m+l)c = 0, 

the radical axis of the two circles. 

A* particular case of this theorem is, that the tangents at B 
and p are parallel, and that those at B and p' meet on the 
radical axis. 

117. Given three circles 8^ 5', 8" ; the line Joining a centre 
of similitude of 8 and 8' to a centre of similitude of 8 and 8" 
mil pass through a centre of similitude of 8* and 8". 

Form the equation of the line joining the first two of the points 

fra'^a/ r£^\ / ra"^ar" rl3"-l3r'\ /r'aWV r'l3"-r"ff \ 
\r^r' ' r-f^y^U-r" » r-^r" ) '\r'^r" ' r'-^r" J^ 

(Art. 114), and we get (see Ex. 6, p. 24), 

.{r(/3'-/8") + r'(i8"-ie) + r"(/S-./9')}a^ 

• ^{r{a! - a") + r'(a" - a) + r"(a - a')]y 

= r OS'a" - /8' V) + r' {ff'a ~ /8a") + r" (/8a' - I3^a). 
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---'•^ y 



--- / 



Now the symmetry of this equation safficiently shows, that the 
line it represents must pass through the third centre of similitude. 
This line is called an axis of similxiude of the three circles. 

Since for each pair of 
circles there are two cen- 
tres of similitude, there ( '«;;^ j — '>'^( / ] •:::=^ S* 

will be in all six for the 
three circles, and these 
will be distributed along 
four axes of similitude, 
as represented in the 
figure. The equations 
of the other three will 
be found by changing 
the signs of either r, or 
r', or r", in the equation 
just given. 

Cor. If a circle (S) touch iv)0 others {8 and 5% the linejoin^ 
tng the points of contact will pass through a centre of similitude of 
8 and 8\ For when two circles touch, one of their centres of 
similitude will coincide with the point of contact. 

If 2 touch 8 and 8'j either both externally or both intemallyi 
the line joining the points of contact will pass through the extern 
nal centre of similitude of 8 and 8*. If S touch one externally 
and the other internally, the line joining the points of contact 
will pass through the internal centre of similitude. 

*118. To find the locus of the centre of a circle cutting three 
given circles at equal angles. 

If a circle whose radius is £, cut at an angle a the three 
circles 8^ 8\ 8'\ then (Art. 112, Ex. 8) the coordinates of its 
centre fulfil the three conditions 

iS=5«-2ifc'cosa, ig' = fi«-.25r'cosa, iS" = 5* - 25r" coso. 

From these conditions we can at once eliminate B^ and 
J? cos a. Thus, by subtraction, 

8-8'=^2li (/ - r) cosa, 5- iS" = 25 (r" - r) cosa, 
whence (S- 8') (r - r") = (S- 8") (r - /), 

the equation of a line on which the centre must lie. ' It obviously 
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passes through the radical centre (Art. 108) ; and if we write 
for 5- 8\ 8- /S", their values (Art. 105), the coefficient of a? in 
the equation is found to be 

-2{a(r'-.r") + a'(r"-r) + a"(r-r')}, 

while that of y is 

-2{i9(r'-0+/8'(r"-r)4./9"(r-r')}. 

Now if we compare these values with the coefficients in the 
equation of the axis of similitude (Art. 117), we infer (Art. 32), 
that the locus is a perpendicular let fall from the radical centre 
on an axis of similitude* 

It is of course optional w}iich of two supplemental angles we 
consider to be the angle at which two circles intersect. The 
formula (Art. 112) which we have used assumes that the angle 
at which two drcles cut is* measured by the angle which the 
distance between their centres subtends at the point of meeting ; 
and with this convention, the locus under consideration is a per- 
pendicular on the external axis of similitude. If this limitation 
be removed, the formula we have used becomes S^R'±2lir cosa ; 
or, in other words, we may change the sign of either r, r , or r" 
io the preceding formuliB, and therefore (Art. 117) the locus is a 
jierpendicular on any of the four axes of similitude.* 

When two circles touch internally, their angle of intersec- 
tion vanishes, since the radii to the point of meeting coincide. 
Bat if they touch externally, their angle of intersection accord- 
ing to the preceding convention is 180", one radius to the point 
of meeting being a continuation of the other. It follows, from 



* In iatib, aU circles oatting three circles at eqnal angles have one of the axes 
of simOitade for a common radical axis. Let £, £', Z" be three circles, all catting 
tbe given dides at the same angles a, /3, y respectively. Then the coordinates of the 
oentare of each of the drdes S, 8', 8^' must fulfil the conditions 

Z = r«-2rJJco8o, 2:' = r*-2riif cos/3, £" = r« - 2riJ" cos y ; 

wbenoe («008a-ir cosy) (L-i:') = (^co3«-^«>b/^ (l-i:"). 

TUs which appears to be the equation of a right line is satisfied by the coordinates 
of ths centre of S, €i 8*, and of /S", three points which are not supposed to be on a 
rifl^ Uob, Now lbs only way in which what seems an equation of the first degree, 
moll 10 ofl^-f' ^ + = a'x + &'y + ^ can be satisfied by the coordinates of three points 
wfaidi aie not on a rlg^t line, is if the equation is in truth an identical one, a = a\ 
h^¥, c = 0^. The equation, therefore, written above denotes an identical relation of 
Hm farm £ =i(£'+ /£", shewing that the three cirdos have a common radical aziai 
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what has been just proved, that the perpendicular on the external 
axis of similitude contains the centre of a circle touching three 
given circles, either all externally, or all intemallj. If we 
change the sign of r, the equation of the locus which we found 
denotes a perpendicular on ono of. the other axes of similitude 
which will contain the centre of the circle touching 8 extemallyi 
and the other two internally, or vice versd. Eight circles In all 
can be drawn to touch three given circles, and their centres Ue, 
a pair on each of the perpendiculars let fall from the radical 
centre on the four axes of similitude. 

•119. To describe a circle touching three given circles. We 
have found one lacus on which the centre must lie, and we could 
find another by eliminating B between the two conditions 

The result, however, would not represent a circle, and the solu- 
tion will therefore be more elementary, if instead of seeking 
the coordinates of the centre of the touching circle, we look for 
those of its point of contact with one of the g^ven circles. We 
have already one relation connecting these coordinates, since 
the point lies on a given circle, therefore another relation be- 
tween them will suffice completely to determine the point* 

Let us for simplicity take for origin the centre of the circloi 
the point of contact with which we are seeking, that is to say, 
let us take a = 0, ^3 = 0, then if A and B be the coordinates of 
the centre of 2, the sought circle, we have seen that they fulfil 
the relations 

iS-.iff' = 25(r-r'), 5-5" = 25(r-r"). 

But if X and y be the coordinates of the point of contact of 2 
with S^ we have from similar triangles 

r ' r * 

Now if in the equation of any right line we substitute mx, my for 
X and y, the result will evidently be the same as if we multiply 
the whole equation by m^ and subtract (m - 1) times the absolute 
term. Hence, remembering that the absolute term in 8-- S' is 

* This BolatioQ is by M. G«rgoime| Annaks des Jtfathdmatiques, toL Til. p. 289. 
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(Art. 105) r"- r^ — a**- ^8^, the result of making the above sub- 
stitutions {or A mi Bin [8" 8') = 25 (r - r') is 

or (i? + r)(5-5')=B{{r-/)--a'"-i8^}. 

Similarly (5 + r) (S- 8") = B{{r^ rj - a"" - /B""]. 

Eliminating Bj the point of contact is determined as one of 
the Intersections of the circle 8 with the right line 

S'-S ' 8^8" 

120. To complete the geometrical solution of the problem, it 
is necessary to show how to construct the line whose equation has 
been just found. It obviously passes through the radical centre 
of the circles; and a second point on it is found as follows: 
Write at fall length for 8—8' (Art. 105), and the equation is 

2a'a?-f2iyy^-r^-r*~a^'->/y* 2a"a; + 2/3 ^ 4 /"'- r*~ a"^ - fi"* 
oT + /^'^ - (r - r')« " a'"* + ff'* - (r - r")' 

Add 1 to both sides of the equation, and we have 

a'x + ff^ 'h(r'-r)r _ a"x 4 ff'y + (r" --r)r 
a'«4^''*-(r-r7 - «"* 4 i8"* - (r - r")' ' 

showing that the above line passes through the intersection of 

a'a54)8'y+(r'-r)r = 0, a"a;4i8"y 4(r"-r)r = 0. 

Bat the first of these lines (Art. 113) is the chord of common 
tangents of the circles 8 and 8' ; or, in other words (Art. 114), is 
the polar with regard to 8 of the centre of similitude of these 
drdes. And, in like manner, the second line is the polar of the 
centre of simlUtude of 8 and 8" ; therefore (since the intersection 
of any two lines is the pole of the line joining their poles) the 
intersection of the lines 

a'a?4/9'y4(r'-r)r = 0, a"«4i8"y4(r"-r)r = 

18 the pole of the axis of similitude of the three circles, with 
regard to the circle 8. 

Hence we obtain the following construction : 

Drawing any of the four axes of similitude of the three 
drcles, take its pole with respect to each circle, and join the 
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points 80 found (P, P*, P"') 
with the radical centre ; then, Si. 
if the joining lines meet the 
circles in the points 

(a, J ; a', i' ; a", i"), • 

the circle through a, a', a" will S _ 
be one of the touching circles, 
and that through ft, b\ b" will ^ 
be another. Repeating this 
process with the other three 
axes of similitude, we can de- 
termine the other six touching 
circles. 



121. It is useful to show how the preceding results may be 
derived without algebraicial calculations. 

(1) By Cor., Art. 117, the lines ai, a!h\ a"b" meet in a point, 
viz., the centre of similitude of the circles aa'a"j bVV\ 

(2) In like manner aV, Vb" intersect in 8^ the centre of 
similitude of C, C". 

(3) Hence (Art. 116} the tjransverse lines Q!h\ a!'b" intersect 
on the radical axis of C\ C". So again a"i", ab intersect on 
the radical axis of (7", C Therefore the point B (the centre of 
similitude of €ui'a!'j bb'b") must be the radical centre of the 
circles 0, 0', C'\ 

(4) In. like manner, since qb\ a"b" pass through a centre of 
similitude of aaV, M'i"; therefore (Art. 116) aa\ b'b" meet on 
the radical axis of these two circles. So again the points 8' and 
8" roust He on the same radical axis ; therefore 88'8'\ the axis 
of similitude of the circles C, C", C", is the radical axis of the 
circles add\ bb'b". . 

(5) Since a!'b" passes through the centre of similitude of 
€idd\ bb'b'\ therefore (Art. 116) the tangents to these circles 
where it meets them intersect on the radical axis 88' 8". But 
this point of intersection must plainly be the pole of a"b" with 
regard to the circle C". Now since the pole of a"b" lies on 
88' 8" J therefore (Art. 98) the pole of 88' 8" with regard to 0" 
lies on a"b". Hence d'b" is constructed by joining the radical 
centre to the pole of 88' 8" with reg.ird to C". 
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(6) Since the centre of similitude of two circles is on the line 
joining theif centres, and the radical axis is perpendicular to that 
line, we learn (as in Art. 118) that the line joining the centres of 
aa'c!\ Wb" passes through B^ and is perpendicular to 88'8'\ 

121 (a).* Dr. Casey has g^ven a solution of the problem 
we are considering, depending on the following principle due 
to him : If four circles be all touched by the same fifth circle, 
the lengths of their common tangents are connected by the 

following relation, 12.34 ±14.23 ±73.24 =* 0, where l2 denotes 
the leng^ of a common tangent to the first and second circles, 
&C. This may be proved by expressing each common tangent 
in terms of the length of the line joining the points where the 
drdes touch the common touching circle. 
Let B be the radius of the latter circle 
whose centre is 0, r and r* of the circles 
whose centres are A and j?, then, from the 
isosceles triangle aOh^ we have 

db:i^2BAn\aOb. 
But firom the triangle AOB, whose base 
is 2>, and sides jB — r, £ — r, we have 

/>■ - (r - /)* 
rin'^Q&g ^^^^ ^^ . Now the numerator of this frac- 
tion u the square of the common tangent 12, hence 

B.12 




o&» 



j\ * 



^(B-r)[B^r') 

But since the four points of contact form a quadrilateral in- 
•eribed in a circle, its sides and diagonals are connected by the 
relation abxd-^ ad.be ^ac.bd. Substitute in this equation the 
expression just g^ven for each chord in terms of the corre- 
sponding common tangent, and suppress the numerator B' and 
the denominator ^{B -r){B- r') (B - r") {B - r"') which are 
common to every term, and there remains the relation which 
we are required to prove. 

121 (&)• Let now the fourth circle reduce itself to a point, 
this will be a point on the circle touching the other three, and 

* In order to aroid cmf asion in the references, I retain the numbering of the aitidei 
in tiM fourth edition, and maik eeparately those articles which hare been since addad. 
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41, 42, 43 will denote the leof^hs of the tangents from that 
point to these three circles. But the lengths of these tangents 
are (Art. 90) the square roots of the resnlts of substituting the 
coordinates of that point in the equations of the circles. We 
see then that the coordinates of any point on the circle which 
touches three others must fulfil the relation 

23 ^{8) ± 31 V(5') ± 12 V(/8") = 0. 

If this equation be cleared of radicals it will be found to be <Hie 

of the fourth degree, and when 23, 31, 12 are the direct common 
tangents, it will be the product of the equations of the two 
circles (see fig., p. 112) which touch either all externally or 
all internally. 

121 (c). The principle just used may also be established 
without assuming the relation connecting the sides and dii^ 
gonals of an inscribed quadrilateral. If on each radius vector 
OP to a curve ^we take, as in Ex. 4, p. 96, a part OQ in- 
Tersely proportional to OP, the locus of Q is a curre which 
is called the inverse of the given curve. It is found with- 
out difficulty that the equation of the inverse of the circle 
»'+/ + 2^a;+ 2^ -h c is 

«fa5' + y') + 25Pa;+2^ + l = 0, 
which denotes a circle, except when c = (that is to say, when 
the point is on the circle), in which case the inverse is a right 
line. Conversely, the inverse of a right line is a circle passing 
through the point O. Now Dr. Casey has noticed that if we 
are given a pair of circles, and form the inverse pair with 
regard to any point, then the ratio of the square of a common 
tangent to the product of the radii is the same for each pair 
of circles.* For if in g* +/" - c, which (Art. 80) is r*, we 

substitute for 5^,/, c; -, -, - , we find that the radius of the 

c c c 

inverse circle is r divided by e; and if we make a similar 

substitution in e + e' ''2gg' -2ff\ which (Ex. 1, p. 102) is 

i>* — r* - r**, we get the same quantity divided by cc\ Hence 

the ratio of 2>* — r'* — r** to rr' is the same for a pair of circles 

* This is equivalent (see Ex. 8, p. 108) to saying that the angle of intexsectkm ia 
the aame for each pair, as may easily be proved geometrically. 
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and for the Inverse pair ; and, therefore, bo is also the ratio to 
rr' of 2>*-.(r±r7. 

Consider now four circles touching the same right line in 
four points. Now the mutual distances of four points on a right 

line are connected bj the relation 12.34 + 14.32 = 13.2:4; as 
may easily be proved by the identical equation 

(J«a) (ci- c) + (rf-a) (c-6) = (c-a) (rf- J), 

where a^ b^ c^ d denote the distances of the points from any 

origin on the line. Thus then the common tangents of four 

circles which touch the same right line are connected by the 

relation which is to be proved. But if we take the inverse 

of the system with regard to any point, we get four circles 

touched by the same circle, and the relation subsists still ; for 

if the equation be divided by the square root of the products 

12 34 

of all the radii, it consists of members -j-, — tx i n ># mv % &c., 

V (»'^ ) V (^ ^ ) 

wluch are unchanged by the process of inversion. 

The relation between the common tangents being proved in 
this way,* we have only to suppose the four circles to become 
four points, when we deduce as a particular case the relation 
connecting the sides and diagonals of an inscribed quadrilateral. 
This method also shews that, in the case of two circles which 
touch the same side of the enveloping circle, we are to use the 
direct common tangent; but the transverse common tangent 
when one touches the concavity, and the other the convexity 
of that circle. Thus then we get the equation of the four pairs 
of circles which touch three g^ven circles, 

23 V(5) ±31 V(5') ± 12 V(5") = 0. 

When 12, 23, 31 denote the lengths of the direct common tan- 
gents, this equation represents the pair of circles having the 

given circles either all inside or all outside. If 23 denotes a 

direct common tangent, and 3J, 12 transverse, we get a pair 
of circles each having the fii*st circle on one side, and the other 
two on the other. And, similarly, we get the other pairs of 

drdes by taking in turn 31, 12 as direct common tangents, and 
the other common tangents transverse. 

• Another proof will be giyen in the appendix to the next chapter. 
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♦CHAPTER IX. 

APPLICATIOH OF ABRIDGED NOTATION TO THE EQUATION 

OF TK6 ClfiOLB. 

122. If we have an equation of the second degree ezpresBed 
in the abridged notation explained in Chap. IV., and if we deabre 
to know whether it represents a circle, we have only to transform 
to X and y coordinates, by substituting for each abbreviation (a) 
its equivalent {x cosa+y sina-^) ; and then to examine whether 
the coefficient of ay in the transformed equation vanishes, and 
whether the coefficients o(a^ and of y* are equaL Thb is soffit 
ciently illustrated in the examples which follow. 

When toill the locus of a point he a circle if the product of 
perpendiculars from it on two opposite sides of a quadrilateral he 
in a given ratio to the product of perpendiculars from it on the 
other tuH) sides f 

Let a, )8, 7, 8 be the four sides of the quadrilateral, then the 
equation of the locus is at once written down ay^k/SS^ which 
represents a curve of the second degree passing through the 
angles of the quadrilateral, since it is satisfied by any of the 
four suppositions, 

a = 0,)8 = 0; = 0,8 = 0; /8 = 0,7=0; 7 = 0,8«0. 

Now, in order to ascertain whether this equation represents a 
circle, write it at full length 

{x cosa + y sina -^ ) (a: COS7 4 y sin7 — jp'* ) 

^k{x CO8/8 +y sin)8 - p') {x cos8 +y sinS - p'")^ 

Multiplying out, equating the coefficient of a? to that of y, and 
putting that of oiy = 0, we obtain the conditions 

co8(a + 7) = fc co8(/3+S); sin(a + 7) =fe sin()8 + 8). 

Squaring these equations, and adding them, we find A; = 1 1 ; and 
if this condition be fulfilled, we must have 

a + 7 = )8 + S, or else =180** + )8 + Sj 
whence ct-i8 = 8-7, or 180 + S-7- 
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BecollectiDg (Art. 61) that a-fi is the supplement of that 
angle between a and /3, in which the origin lies, we see that this 
condition will be fulfilled if the quadrilateral formed by 0/878 be 
inscribable in a circle (Euc. ill. 22). And it will be seen on 
examination that when the origin is within the quadrilateral we 
are to take A; = — 1, and that the angle (in which the origin lies) 
between a and fi is supplemental to that between 7 and 8 ; but 
that we are to take A; = 4 1, when the origin is without the quad- 
rilateral, and that the opposite angles are equal. 

123. When mil the loais of a point be a circle^ if the square 
of its distance /rom the base of a triangle be in a constant ratio to 
the product of its distances from the sides t 

Let the sides of the triangle be a, ^3, 7, and the equation of 
the locos is al3 = h/. If now we look for the points where the 
line a meets this locus, by making in it a = 0, we obtain the 
perfect square 7* sO. Hence a meets the locus in two coincident 
points, that is to say (Art. 83), it touches the locus at the point 
ay: Similarly, fi touches the locus at the point fiy. Hence a 
and /3 are both tangents, and 7 their chord of contact. Now, 
to ascertain whether the locus is a circle, writing at full length 
as in the last article, and applying the tests of Art. 80, we obtain 
die conditions 

cos(a + )8)sA; COS27; Bin[a + l3)^kBw2y] 

whence (as in the last article) we get A;=:l,a — 7^7 — )8, or the 
triangle b isosceles. Hence we may infer that if from any point 
of a circle perpendiculars be let fall on any two tangents and on 
their chord of contact^ the square of the last will be equal to the 
rectangle under the other two. 

Ex. When will the locos of % point be % circle if the snm of the squares of th# 
ptTUfndimlani from it on the sides of any triangle be constant ? 

The locos is a* + /9* + y'=:^; and the conditions that this shonld xepresent 
ft dicle am 

COsSa-f 0082^ + cos 2y = 0; 8in2a + Bin2/3 + 8in2y = 0. 

OOs2« = -2oosO + y)coB(/3-y);sln2o = -28in03+y)co8(/3-y), 

Sqoaiiii^ and addinig; 

l=:400i<i(^-.y); ^-y = 60«. 

• And ao, in Hks maimer, each of the other two angles of the triangle is prored ta 
\m M^t cr the triangle most be eqnilateral. 
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124. To obtain die equation of the circle circumscribing the 
triangle formed by the lines a « 0, /8 = 0, 7 = 0. 

Any equation of tbe form 

Z^7 + 1117a 4 naP = 
denotes a eurve of ibe second degree circamscribing the giyen 
triangle, since it is satisfied bj any of tbe suppositions 

a = 0, /8 = 0; ^ = 0,7 = 0; 7 = 0,a = 0. 

Tbe conditions tbat it sbould represent a circle are found, by tbe 
same process as in Art. 122, to be 

I cos [P 4 7) + m cos (7 + a) f n cos (a + /8) = 0, 

I sin ()8 + 7) + w sin (7 + a) + w sin (a 4 )8) = 0. 

Now we bave seen (Art. 65) tbat when we are given a pair 
of equations of tbe form 

iz'4ni)8'4w7' = 0, fa" 4 wi)8" 4 W7" = 0, 

Z, m, n must be respectively proportional to )8'7"— /9"7', 7'a"— 7V, 
a'fi"^a"fi'. In the present case then 2, m, n must be pro- 
portional to sin(/3 — 7), sin (7— a), sin(a — ^8), or (Art. 61) to 
sin^, sinJS, sin 67. Hence tbe equation of tbe circle circum- 
scribing a triangle is 

^87 sin^ 4 7a sin J34 a/8 sin (7b 0. 

125. The geometrical interpretation of the equation just 
found deserves attention. If from any point we let fall per- 
pendiculars OPj OQy on the lines a, /8, then (Art. 54) a, /3 are 
tbe lengths of these perpendiculars; and since the angle be- 
tween them is the supplement of C, the 
quantity a/3 sin C is double tbe area of tbe 
triangle OPQ. In like manner, 7a sinJ? 
and ^7sin^ are double the triangles 
OPBj OQR. Hence the quantity 

^87 sin-4 4 7a sin JS4 a/8 sin (7 

is double the area of tbe triangle PQE^ 

and the equation found in the last article 

asserts that if the point be taken on the circumference of 

the circumscribing circle, the area PQR will vanish, that is 

to say (Art. 36, Cor. 2), the three points P, Q, B will lie on 

one right line. 
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If it were required to find the locus of a point from which^ 
if we let fall perpendiculars on the sides of a triangle, and join 
their feet, the triangle PQB so formed should have a constant 
magnitude, the equation of the locus would be 

^87 sin^ + 7a sin J3 + o^ sin C =s constant, 

and, since this only differs from the equation of the circum- 
scribing circle in the constant part, it is (Art. 81) the equation 
of a circle concentric with the circumscribing circle.* 

126. The following inferences maj be drawn from the equa- 
tion Iffy + mya 4 naji = 0, whether or not 2, m, n hare the values 
sin^, sin J?, sin (7, and therefore lead to theorems true not only 
of the circle but of any curve of the second degree circum- 
scribing the triangle. Write the equation in the form 

7(Z/8 + ina) + tMti8 = 0; 

and we saw in Art. 124 that 7 meets the curve in the two points 
where it meets the lines a and fi ; since if we make 7 = in the 
equation, it reduces to a^=0. Now, for the same reason, the 
two points in which Z/3 4- ma meets the curve are the two points 
where it meets the lines a and /3. But these two points coincide^ 
since Ifi + ma passes through the point a^S. Hence the line 
IJlS + mo, which meets the curve in two coincident points, is 
(Art. 83) the tangent at the point aff. 

In the case of the circle the tangent is a suuS+iS sin^. 
Now we saw (Art. 64) that asin^ + /3sinJ? denotes a parallel 
to the base 7 drawn through the vertex. Hence (Art. 55) the 
tangent makes the same angle with one side that the base makes 
the other (Euc iii. 32). 



* Cooflider % quadrilateral izucribed in a circle of which a, /3, y, d are sides and « 
ft diagonal ; theo the equation of the circle may be written in either of the forms 

■inii . sing . 8inJg _^ sinC sinD tmE_ 
a p € ' y e t ' 

when A is the angle in the segment subtended hj a, do., and we have written t with 
ft negatiTe side in the second equation, because opposite sides of the line are considered 
in the two triangles. Hence, every point on the circle satisfies also the equatioo 
tbiA , tAnB . tanC . BinD _^ 

• P y * 

This equation when cleared of fractions is of the third degpne, and representa, 
ti^getber with the drde, the Une joining the inteiaections of ay, /3d. In the aamo 
■saner, if we have an inscribed polygon of any number of sides. Dr. Caaey hai dMm 
that sn equation of similar form will be satisfied for any point ol tha drds. 
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Writing the equations of the tangents at the three Tertices 
in the form 

m n ^ n I 'I m ' 

we see that the three points in which each intersects the opposite 
•side are in one right line, whose equation is 

^ + ^+'3^=0. 
I m n 

Subtracting, one from another, the equations of the three 
tangents, we get the equations of the lines joining the vertices 
of the originid triangle to the corresponding vertices of the 
triangle formed by the three tangents, viz., 

i^l^O l^^^O 5-^ = 
m n ^ n I ^ I m ' 

three lines which meet in a point (Art. 40).* 

127. If a'/S'y'j a"fi"y" be the coordinates of any two points 
on the curve, the equation of the line joining them is 

la fn0 ny 

for if we substitute in this equation a'/3^y' for 0)87, the equation 

is satisfied, since a"ff'y" satisfy the equation of the curve| which 

may be written 

I m n ^ 

a fi y 

In like manner the equation is satisfied by the coordinates 
fi'ff*y'. It follows that the equation of the tangent at any 
point a'^7' may be written 

la. . mfi ny ^ 

and conversely, that if Xa + /a)8 + V7 = is the equation of a 
tangent, the coordinates of the point of contact (ifiy are given 
by the equations 

^ The theorems of this article are by H. Bobillier {Annalei d€$ Mathematiqmtt 
vol. XYiii. p. 820). The first equation of the next article is by M. Qermea. 
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Solving for a*) ff^ y* from these equations) and substituting in 
the equation of the curve, which must be satisfied by the point 
a'^7', we get 

V(?x) + V(^m) + V('iv) = 0. 



h 



This is the condition that the line Xa + fiff + vy may touch 
y + mya + nafi ; or it may be called (see Art. 70) the tangential 
equation of the curve. The tangential equation might also 
be obtained by eliminating 7 between the equation of the 
line and that of the curve, and forming the condition that the 
resulting equation in a : /3 may have equal roots. 

128. To find the conditions that the general equation of the 
second degree iVi'a, )8, y, 

ao" + JiS* + 07* + 2fi3y + 2gya + 2 Aay9 = 0, 

may represent a circle, [Dublin Exam. Papers, Jan. 1857]. 

It is convenient to avail ourselves of the result of Art. 124. 
Since the terms of the second degree, x* 4 y*, are the same in 
the equations of all circles, the equations of two circles can only 
differ in the linear part ; and if 8 represent a circle, an equation 
of the form 8-\- Zaj + wiy + n = may represent any circle what- 
ever. In like manner, in trilinear coordinates, if we have found 
one equation which represents a circle, we have only to add to 
it terms la + mj3 + ny (which in order that the equation may be 
homogeneous we multiply by the constant a sin-4+y8sin5+78in C), 
and we shall have an equation which may represent any circle 
whatever. Thus then (Art. 124) the equation of any circle may 
be thrown into the form 

{la-^mfi-j-ny) (a 8in-4 + J3 sinB+ 7 sin (7) 

+ k(^y sin A + 7a sin5+ a^ sin C) = 0. 

If now we compare the coefficients of a', )8', 7* in this form 
with those in the general equation, we see that, if the latter 
represent a circle, it must be reducible to the form 

I- — . a-f -r— D^ + -r^7) (asin-4 + /9sin5+ 7sinC} 
\sin^ niuB Bin C J 

+ k {fiy sin -4 -f 7a sinjB+ afi si 
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and a comparison of the remaining coefficients gives 

2/ sin jS sin C=c sin'-B+ b sin*C+ A sin A sinfsin C7, 
2g sin Csin A = a sin'C-f c sin*-4 + kBmAnnJB sin C7, 
2h sin A sin J9 = J sinM -t a 8in*J3+ Asin A sin fsin (7, 
whence eliminating A:, we have the required conditions, viz. 
b 8in*C+ c 8in*JS— 2/'8in58in C= o sinM h- a sin*(7— 2gBinCBinA 

= a sin"JS + bsin*A — 2A sin -4 sin B. 
If we have the equations of two circles written in the form 
{la + mfi + ny) (a sin -4 + /8 sin 5 + 7 sin C) 

+ A (^7 sin A-\-ya sinB + afi sin C) = 0, 
(Ta + n?'/8 -f n'y) (a sin 4 + /8 sin JS+ 7 sin C) 

+ k {/3y sin ^ + 7a sm £ 4- ojS sin C] = Oy 
it is evident that their radical axis is 

/a + w/8 + W7 - {Fa + m'0 + n'7), 

and that la 4 9/2)8 + ^27 is the radical axis of the first with the 
circumscribing circle. 

Ex. 1. Verify that a/3 - y« represents a circle ii A = B (Art. 128). 
The equation may be written 

afi anC+ fiy Bin A + ya sin^ — y (a an A + /3 8inJS + y 8inC) = 0. 
Ex. 2. When will a a« + 6/3* + <ry« represent a circle ? 

£x. 8. The three middle points of sides, and the three feet of perpendionlaxB lie 
on a circle. The equation 

a'sin^ cos .4 +/?* siniScos^ + y' sin CcosC- (/3y sin^ + ya sinJS + a/3BiiiQ=0, 

represents a curve of the second degree passing through the points in qnestioii. For 
if we make y = 0, we get 

a' Bin A cos A + ^ anB corB — ap {einA cob B + sin B cob A) = 0, 
the factors of which areasin^— /3sin£ and aoosA — p cobB, Now the curve ii 
a circle, for it may be written 
(acos^ + /9cos^ + yco6C)(asinil + /3Bin^ + ysinC) 

-2 (/9y 8in^ + ya8inB+a/3 8inC)=0 
Thus the radical axis of the circumscribing circle and of the circle through the middle 
points of sides is acos^+zScos^+yoosC, that is, the axis of homology of the 
given triangle with the triangle formed by joining the feet of perpen^culars. 

129. We shall next show how to form the equations of the 
circles which touch the three sides of the triangle a, /S, 7. The 



J 
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general equation of a curve of the second degree touching the 
three sides is 

Pa* + «i*/3" + fi V - 2mn/87 - 2nlya - 2lmaff = 0.* 

Thus 7 is a tangent, or meets the curve in two coincident 
points, since, if we make 7 = in the equation, we get the 
perfect square Pa* + wi*^ — 2lmafi = 0. The equation may also 
be written in a convenient form 

V(/a)+V(w)8) + V(n7)=0; 

for, if we clear this equation of radicals, we shall find it to be 
identical with that just written. 

Before determining the values of /, m, n, for which the equa- 
tion represents a circle, we shall draw from it some inferences 
which apply to all curves of the second degree inscribed in the 
triangle. Writing the equation in the form 

ny {ny - 2fot - 2«i/8) + (ix - mffy = 0, 

we see that the line {la - m)3), which obviously passes through 
the point o^, passes also through the point where 7 meets the 
cmrve. The three lines, then, which join the points of contact 
of the sides with the opposite angles of the circumscribing 
triangle are 

?a-nz;9sO, in/8 — n7s=0, ny-h^Oj 

and these obviously meet in a point. 

The very same proof which showed that 7 touches the curve 
shows also that ny^ 2Za — 2my3 touches the curve, for when this 
quantity is put = 0, we have the perfect square (7a — mfiY = ; 
hence this line meets the curve in two coincident points, that is, 
touches the curve, and la — mfi passes through the point of con- 
tact Hence, if the vertices of the triangle be joined to the 



* Strictly apeakixig, the double rectangles in this equation ought to be written 
with the ambiguous sign ±3 and the argument in the text would apply equally. If, 
hiowerer, we give all the rectangles positiTe signs, or if we give one of them a positive 
•igD, and the other two negative, the equation does not denote a proper curve of the 
•erfiDd degree, bat the square of some one of the lines la ± mfi ± ny. And the form 
in the text may be considered to include the case where one of the rectangles is 
BOpitive and the other two positive, if we suppose that ^ m, or n may denote e 
negathre m weU as a positive quantity. 
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points of contact of opposite sides, and at the points where the 
joining lines meet the circle again tangents be drawn, their 
equations are 

2h + 2mj3-ny = 0j 2»w/8 + 2w7 - fa s= 0, 2fi7 + 2fa - «i)8 = 0. 

Hence we infer that the three points, where each of these tan- 
gents meets the opposite side, lie in one right line, 

la + tn/8 + n7 = 0, 

for this line passes through the intersection of the first line with 
7, of the second with a, and of the third with /SL 

130. The equation of the chord joining two points o^/f'/j 
a"/8'V') on the curve is 

+ 7 V(«) W{c^n + V(a"/80] = .• 

For substitute ot^, /9^, y for a, ^9, 7, and it will be found that the 
quantity on the left-hand side may be written 

{V(a'/8'7") + VOS't'O + V('/«'/8")} {V(fa') + V(«/SO + V(n</)} 

which vanishes, since the points are on the curve. The equation 
of the tangent is found by putting a", /8", 7" = at', /S', */ in the 
above. Dividing by 2 V(a'/8'70j ^^ becomes 

V(?)*V(i)^V(?)-'^ 

Conversely, if Xa + f^^S + V7 is a tangent, the coordinates of 
the point of contact are given by the equations 

\/(?)=^ \/(l)"'*' x/S)'"- 

Solving for a'/8'7', and substituting in the equation of the curve^ 

we get 

I m , n - 

r- + - + - = 0, 

which is the condition that \a + fx/S -\- vy may be a tangent; 
that is to say, is the tangential equation of the cnrve. 

»■ I — ' ■ ■ ■■ . ■ ■ ■■ 

* This equation is Dr. Hart's. 
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The reciprocity of tangential and ordinary equations will be 
better seen if we solve the converse problem, viz. to find the 
equation of the carve, the tangents to which fulfil the condition 

I m n ^ 

We follow the steps of Art. 127. Let X'a+M'/3 + /7J 
X"a+/'i8+/'7 be any two lines, such that \>V, X'yV satisfy 
the above condition, and which therefore are tangents to the 
curve whose equation we are seeking ; then 

Ik mfjL ^'' _ ft 

XX' ■*" jay' + 77" " * 

is the tangential equation of their point of intersection. For 
(Art. 70) any equation of the form A\ + Bfx + Cf = is the 
condition that the line Xa + /^/3 + v7 should pass through a 
certain point, or, in other words, is the tangential equation of a 
point ; and the equation we have written being satisfied by the 
tangential coordinates of the two lines is the equation of their 
point of intersection. Making X', f*', / = X'', fi\ V we learn 
that if there be two consecutive tangents to the curve, the 
equation of their point of intersection, or, in other words, of 
their point of contact, is 

Ik miA ^^ _ ft 
X^"'"7^"*'7*""^' 

The coordinates then of the point of contact are 

I ^ m _ n 

"="X^' ^";i^' '^"7^- 

Solving for X', f*', • from these equations, and substituting in the 
relation, which by hypothesis X'/liV satisfy, we get the required 
equation of the curve 

V(fe) + V(»n/8) + V(w7) = 0. 

131. The conditions that the equation of Art. 129 should 
represent a circle are (Art. 128) 
m' Bin*a+ n" sin»S+ 2mn sin JS sin (7= n" sin"^ + P sin"C 

+ 2nZ sinO sin-4 = P sin*JS + wi* sin*.4 + 2?m sin-4 sin^ff, 
or msinO+n Bin5=±(n sin^ + Z8in(7;=±(ZsinJS+m sin-4) 
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Four circles then may be described to touch the sides of the 
given triangle, since, by varying the sign, these equations may 
be written in four different ways. If we choose in both cases 
the + sign, the equations are 

I sin C—m sinC4 n (sin il — sin B) = ; 

I g,inB + m (sin -4 — sin (7) — n sinB^O. 

The solution of which gives (see Art. 124) 

Z = siu^ (sin JS + sin C— sin^), m = sin JS (sin (7+ sin-4 — sin^, 

n = sin (7 (sin -4 + sin JS — sin (7). 

But since in a plane triangle 

sin5+sin(7— sin-4 = 4 cos^^ sml^B Bini^Cj 

iheae values for Ijtn^n are respectively proportional to cos'^il, 
cos^^Bj cos^^O, and the equation of the corresponding circle, 
which is the inscribed circle, is 

cos^il V(a) + 008^5 y/{l3) + cosJC V(7) = 0,» 

or a* co8*i^ + /S* cos*i5+ 7* cos^^C- 2)87 cos'i5 cos*i(7 

- 27a cos'i(7 cos'i^ - 2al3 cos* ^-4 cos'JJS=?0. 

We may verify that this equation represents a circle by 
writing it in the form 

/a cos* i 4 )8 cos*iB . 7Cos*i6^\, • ># ^ • t> . y^x 

—"-?-•+ . p + — . -^- (asm^+/3sm5+7SinC) 

\ Bin A BinB smC/ / ^ ' ^ 

4 COs'i^ C08*iZ? C0s'iC7,o • >! . ' -n , Q • j^\ ^ 

. , . u . ry ()87sm^ + 7asmg+«/8smg) = Q. 

sin.a 8ini> sinO ^ '^ / 



* Dr. Hart derives this equation from that of the circnmscribing circle as foUows : 
Let the equations of the sides of the triangle formed by joining the points of contact 
of the inscribed circle be a' = 0, /S' = 0, 7' = 0, and let its angles be ^'| ^^ C i then 
(Art. 124) the equation of the circle is 

^y sin A' + 7'a' sin 5' + a'fi' sin C = 0. 
But (Art. 123) for every point of the circle we have a** = /3y, /3^ = yo, »/* = afi^ 
and it is easy to see that A' = 90 ~ ^A, &c. Substituting these values, the equation 
of the circle becomes, as beforCi 

cos \A J(a) + cos JB 4(fi) + cos ^C 4{y) = 0. 
If the equation of the note, p. 119, be treated similarly, we find that eraj point of 
the circle, of which a, /3, y, i are tangents, satisfies the equation, 

C08ni2) ■ 006^(23) ooei(34) co si(41) _ 
■li'^P) m) 4{yi) 'j(^a) -"' 
(12) denotes the angle between a/3, £c. Similarly for any number of tangents. 



1 
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In the same way, the equation of one of the exscribed circles is 
found to be 

a' COB^^A + iS* sin*i5+ 7' sin*^ C- 2^7 sin'^B sin'^ C 

+ 27a sin*iC7 cos*i4 + 2al3 8in*i5 cos^i^l = 0, 

or cosjil V(- a) + sin ^ 5 ^{fi) 4 sin ^ C V(7) = 0. 

The negative sign given to a is in accordance with the fact, that 
this circle and the inscribed circle lie on opposite sides of the 
line cu 

Ex. Find the radical axis of the inscribed circle and the circle through the middle 
points of sides. 

The equation formed by the method of Art. 128 is t V 

2 00^ M oos*|^ C08i*|C {a cos ^ + /3 006 J7 + 7 cos (7} 

\ BinJ ^ sinfl ^ sinC / 
DiTide bj 2 cos \A ooe \B cos }C, and the coefficient of a in this equation is 

006 ^ii {2 cos' 4^ sin^^ sin^C-oos^ cos^^ cos^C), 
or 006 i^ sin 1(^4 — i^ sin ^ (^ -> C). 

The equation of the radical axis then may be written 



+ 



lini(^-i^) ~ * 



■inJ(B-C) ' sin|(6'-^) "sin 

and it appears from the condition of Art. 130 that this line touches the inscribed circle, 
the ooordinates of the. point of contact being sin* \ [B—C)^ sin* \ {C'-A)j ein« J {A-B). 
Tliese nJnes shew (Art. 66) that the point of contact lies on the line joining the two 
centres whose ooordinates are 1, 1, 1, and cos (^ — C), cos (C — A), cos {A — B). 

In the same way it can be prored that the circle through the middle points of sides 
ioviclieB all the cirdes which touch the sides. This theorem is doe to Feuerbach.* 



* Dr. Casey has given a proof of Fenerbach's theorcm, which wiU equally prore 
Dr. Hart's extension of it, Tiz. that the circles which touch three given circles can be 
distributed into sets of four, all touched by the same cii-cle. The signs in the follow- 
ing correspond to a triangle whose sides are in order of magnitude a, b, c. The 
exscribed circles are numbered 1, 2, 3, and the ini^:ribed 4 ; the lengths of the direct 
and transverse common tangents to the first two circles are written (12), (12)'. Then 
because the side a is touched by the circle 1 on one side, and by the other three circles 
on the other, we have (see p. 115) 

(18)' (24) = (12)' (34) + (14)' (23). 
Similarly (12)' (34) + (24)' (13) = (23/ (14), 

(23)' (14) = (18)' (24) + (84)' (12), 

whence, adding, we have , (24)' (13) = (14)' (23) + (34)' (12) ; 

showing that the four circles are also touched by a circle, having the circle 4 on one 
aide and the other three on the other. 



1 ; 
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132. If the equation of a circle in trilineaf coordinates m 
equivalent to an equation in rectangular coordinates, in which 
the coefficient o{a?-^y* is niy then the result of substituting in 
the equation the coordinates of any point is m times the square 
of the tangent from that point. This constant m is easily deter- 
mined in practice if there be any point, the square of the tangent 
from which is known by geometrical considerations; and then 
the length of the tangent from any other point may be inferred. 
Also, if we have determined this constant m for two circles, and 
if we subtract, one from the other, the equations divided respec- 
tively by m and fn\ the difference which must represent the ra- 
dical axis will always be divisible by aainA + fi sinB+y iinO. 

Ex. 1. "Fmd the ralne of the constant m for the drde through the middle pointi 
of the sidee 

a' sin^ C0Bi4 + /S* sin J9 cosJ7 + y* sinCcosC— /3y idnA — ya nnJB — afi 8in(7= 0. 

Since the circle cuts any side y at points whose distances from the vertex Atae^p 
and 6 cos^, the square of the tangent from A is ^e ocmA, But since for A we have 
fi = 0, y = 0, the result of substituting in the equation the coordinates of ^ is 
a'^sin^ oosil (where a' is the perpendicular from A on the opposite side), oir li 
hcanAanB sinC cos A. It follows that the constant m is 2 sin^ sin J7 sin*^. 

Ex. 2. Find the constant m for the circle fiymnA + ya sin^ + afi sinC If bom 
the preceding equation we subtract the linear terms 

(a cos yl + /9 cos B -k- ycosC) (asin^ + /3sin£ + y sinC), 
the coefficient of x'^-^ is unaltered. The constant therefore for fiyanAAc., is 
— siUii sin^ sin C, It follows that for an equation written in the form at the end* 
of Art. 128 the constant is — Arsin^Ban^sinC 

Ex. 8. To find the distance between the centres of the inscribed and dicomacribing 

circle. We find J/* — JP, the square of the tangent from the centre of the inscribed to 

r* (sin^+sinB+sinC) 
the circumscribing circle, by substitutmg o=/3:=y=r, to be ^. •-^--- -» — y» 

or, by a well-known formula, zs — 2/2^. Hence JJ^^B?^ tRr* 

Ex. 4. Find the distance between the centres of the inscribed circle and tha, 
through the middle points of sides. If the radius of the latter be /», making use of 
the formula, 

sin ^ cos ^ + sin B cos J9 + sin C cos C = 2 sin i4 sin B sin (7, 
we have />» — ^« = r» — rR, 

Assuming then that we otherwise know R = 2/», we have D = r — /» ; or the 
circles touch. 

Ex. 5. Find the constant m for the equation of the inscribed circle given above. 

Ant, 4 coe^ \A cos* ^B cos* ^C 

Ex. 6. Find the tangential equation of a circle whose centre is a'fi^y' and radios r. 
This is investigated as in Art. 86, Ex. 4 ; attending to the formula of Art. 61 ; and 
is found to be 

(W + /u/S* + vyO' = »•' (^* + /*• + 1^ - V coflil - 2jrX cos fi - 2V cosC). 
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TIm c air Mponding eqnatum in a, /9, 7 is deduced from this by the method afterwards 
explained, Art. 286, and is 

r«(«rfnil + /8sinJ?+yBinC)« = 08y'- /Ty)' + (ya' - y'af + (o/9' - a'/3)« 
-2(ya'-y«)(«/y-«'i9)oOBil-2(o/9'-a'i9)(^/-i9'y)coaB-203y'-/3'y)(ya'--^^^ 
Tilis equation also gives an ezpreasion for the distance between any two points. 

Bz. 7. The feet*of the perpendicnkis on the sides of the triangle of reference from 
the pofaita a', /S', y; — m ^s* r> 1 (we Art. 65) lie on the same dicle. By the help of 
Ex. 0, p. 60, its equation is found to be 

09ysinii+yarin£fa^sinC)(a('8ini4H^sinB+y8inC')(/ry'8ini4+yVsinJ9+a'/rri^ 

= 8in^8ini^sin(7(aBin^ + /98inB + yBinC) 

( aa'{fiF-k-/wUW-k^<Xi^ ) B^{y''Ht'oo%B){a^-¥y'o(M B) yyia'+^co6C)(^+a'ooB q} 
\ mnA "*" sinB "*" einC /' 



8. It win appear afterwards that the centre of a circle is the pole of the line 
at infinity asinil + /9 8inJ7 + y sinC; and it is evident that if we substitute the 
ooordinates of the centre in the equation of a circle, for which the coefficient of 
s^ + f* has been made unity, we get the negatire square of the radius. By these 
principles we establish the following expressions of Mr. Cathcart. The coordinates 
of the centre of the circle (Art. 128) 

{fa + mfi + ny){a sini4 + te) + l;03y sin^ + Ac), 
MS r (^O0tii + /-fliC0tC~iioosB), ^ (A;coei^-;coBC+m-ncosi4), 

-^ {koOBC—loOBB-mco6A + n)f 

when i{ is the ladiw of the circumscribing circle. The radius /» is given by the 
equation 

+ /> + m* + «* - 2mfi coBi4 - 2fi7 cosB - 2bn cosC], 
and the anf^ of intersection of two dides is given by 
^*coag_- fcoSil-l-wcoag + ncosC fcosii -f m' cosg-t-n'oosC 



JP 



y -t- mm' -Hm* - {mn' 4- m*n) cos i4 ~ (nf -Hi'/) cos J - (hn* 4- fm) cosC 



DETERMINANT NOTATION. 

132(a). In the earlier editions of this book 1 did not venture 
to introdace the determinant notation, and in the preceding 
pages I have not supposed the reader to be acquainted with it. 
But the knowledge of determinants has become so much more 
oommon now than It was, that there seems no reason for 
ezdoding the notation, at least from the less elementary chapters 
of the book. Thus the equation of the line joining two points 
(Art. 29}| the double area of a triangle (Art. 36) and the 

8 



J 
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condition (Art. 38), that three lines should meet in a point, may 
be written respectively 






= 0, 



*.. y.» 1 




*.» y.. J 




».. y.> 1 


> 



A,B, C 



= 0. 



Ex. 1. Find the area of the triaDgle contained by the three lines 2a + mj3 + n7> 
^a + Ac, Ac., (J. J. Walker). 

iinf . If a, 6, be the sidee and A the area of the triangle of xeferenoe 

I / , m , A ' 

r, m", n" 



a, 6, «» 




a, *, <» 




a, ^ , c 


/, m, n 




r, to', tt' 




r 1 fn , 11 


r, m', n' 




r, m", n" 




/ , m , A 



Ex. 2. The equation of the perpendiciilar from a'^y on ^ + m/3+fi7 = 0, may be 
written 

o, a', /— TOCosC— tt oosB 
/3, p^f m — ncofiA — l omC 
y, y', » — / C0s5 — mcoB^ =0, 

132(5). The equations of the circle through three points 
(Art 94), and of the circle cutting three at right angles (Ex. 2, 
p. 102), may be written respectively 



X 



.'S 



+y' .« »y »i 

x- +y'* ,x' ,y' , 1 



= 0, 



«' + y'j - « , -y ,1 



0. 



The equation of the latter circle may also be formed by the 
help of the principle (Ex. 6, p. 102), as the locus of the point 
whose polars with respect to three given circles meet in a 
point, in the form 

a'+y' ) y+y ,/« +/y 4C 
^■^9"-,y +/' , y"« +/'y + ^ 
^ + 9"\ y +/", y"'a' +/"y + «"' =o. 

The corresponding equation for any three curves of the second 
degree will be discussed hereafter. 

132 (c). If the radius of a circle vanishes, (a:— a)'+ {y—fiY «= 
the polar of any point ary , {x' — a) (a? - a) + (y' - /8) (y - /3) = 



y/ 



■ t^^-m- 
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evidently passes through the point aff. It is in fact the 
perpendicular through that point to the line joining a/}, x'y'j as is 
evident geometrically. Hence then if the circle 

reduce to a point, that point which, as being the centre, is given 
by the equations x + g = Oj y+/=0, also satisfies the equation 
of the polar of the origin gx -i-Jy + c = 0. 

If given three circles /S', /ff", /ff"' we examine in what cases 
IS'+mS'^+nS'^' can represent a point, we see that the coordinatea 
of such a point must satisfy the three equations 

I {x +/) + m (a? +/') + n (a? + </") = 0, 

z(y+/)-i-^(y+/0+w(y+/'0=o, 

from which if we eliminate ?, tti, ti, we get the same determinant 
as in the last article ; showing that the orthogonal circle is the 
locus of all the points that can be represented by l8'-\-m8"-^nS^^\ 
The expression (Ex. 8, p. 103) for the angle at which two 
circles intersect may be written 2r/costf = 2^^ + 2;Qf' — c — c'. 
If now we calculate by the formula of p. 76 the radius of the 
circle IS'+mS''-^ nS"^ and reduce the result by the formula just 
given, we find 

+ 2mnr'V'' cos ff + 2n?/V cos ff' + 2?m//' cos ff'\ 

where ^, ff\ ff" are the angles at which the circles respec- 
tively intersect. And since the coordinates of the centre of 

18 +m8' + n8'' are ^ T ' ^ '^— , ^ , -^ — , we see 

that these coordinates will represent a point on the orthogonal 
circle if Z, «», n are connected by the relation Pr'"+?wV'*+&c. =0. 
If the three given circles be mutually orthogonal this relation 
reduces itself to its three first terms.* 

132 (d). The condition that four circles may have a common 
orthogonal circle is found by eliminating C7, F^ G from the 
four conditions 

2fl^^ + ^Ff" O-^c^^Oj &c., 

• Caaey, PhU, Tram., 1871, p. 686. 
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and is c > j? > / . 1 

0", /',/", 1 

c'", /",/'",! =0. 
Since c denotes the square of the tangent from the origin to 
the first circle, and since the origin may be any point, this 
condition, geometricallj interpreted, expresses (see Art. 94) that 
the tangents from any point to four circles having a common 
orthogonal circle are connected by the relation 

OA\BCD-v OC.ABD^ Off.ACD^- Olf.ABC.^ 
132(6). If a circle 

cut three others at the same angle ^, we have, besides the 
equation first given, three others of the form 

d' + 2-B/co8tf-2<?/-225r'+(7=0; 
from which, eliminating O^ F^ (7, we have 

d +25/ costf, /,/',! 
d"+2i?/'co8tf, f ,f\ 1 

d" + 2ii/'' cos e, f\ f'\ 1 = 0, 

Now if we write 25 cos d = X, the determinant just written is 
resolvable into 



aj'+y*, -a; , -y , 1 



// 



."' 



9 » 



+ X 



,-a! , -y , 1 



// 



/// 



«0. 



The first determinant equated to zero is, as has just been 
pointed out, the equation of the orthogonal circle, and the second 
when expanded will be found to be the equation of the axis of 
similitude (Art. 117). Thus we have the theorem (Note, p. 109) 
that all circles cutting three circles at the same angle have a 

* This theorem is Mr. B. J. Harrey'e (Gaaeji Trans, Royal Irish Acad., xxiv. 468). 

t Since this onlj differs from the equation of the orthogonal circle by writing 
fl' + \r' for t^, d(C we obtain another form for this determinant by making the same 
change in the last determinant of Art. 182 {b), I owe this form to Mr. CathcarU 
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common radical axU, viz., the axis of Bimilitude. If in the 
second determinant we change the sign either of /, /'^ or r"\ 
we get the equations of the other three axes of similitude. Now 
it has been stated (Art. 118) that it is optional which of two 
supplemental angles we consider to be the angle at which two 
circles intersect ; and if in any line of the first determinant of 
this article we substitute for its supplement, this is equivalent to 
changing the sign of the corresponding r. Hence it is evident 
that we may have four systems of circles cutting the given 
three at equal angles, each system having a different one of the 
axes of similitude for radical axis; calculating by the usual 
formula the radius of the circle whose equation has been written 
above, we get R in terms of X, and then from the equation 
2£cos^=X we get a quadratic to determine the value of X 
correspondmg to any value of 0. 



Ex. 1. To find the condition for the oo-ezistenoe of the eqnationB 

a* + Jy + tf = a'» + i'y + tf' = a"» + y'y + ^' = «'"« + *"'y + ^^ 

Let the common ralne of these quantities be X ; then eliminating a;, y, X from the fonr 
eqnationB of the form a» + ^ + o = X,we have the result in the form of a determinant 

1,1,1,1 
a, a*, a", a'" 

e, &, &', &" = 0, 

or ^ + (7s B + A where il,B, (7, Z> are the fonr minon got by erasing in turn each 
oolnmn, and the top row in this determinant. 

To find the condition that four lines should touch the same circle, is the same as to 
find the condition for the co-eriBtence of the equations a = /3 = 7=d. In this case 
the determinants A^ B, 0, D geometrically represent the product of each side of the 
quadrilateral formed by the four lines, by the sines of the two adjacent angles. 

Ex. 2. The expression, p. 129, for the distance between two points may be written 



r* (a 8ini4 + /3 sinB + y sinC)*- 



0, 0, 
0, 0, 
a, a'. 



a 



1 , -cosC, -cos-B 
/3, /S*, - cos C, 1 ,-cosil 

y, y, — COei^, — COSil, 1 



and this determinant may be resolved into the product 



a, o', - 1 



fi ^, « 



iO 



y» r » « 



-iS 



o', -1 



A /y, « 



riC 



y» y* • 



iB 



or analogous factors azising from A-^-B + C^'v, 



134 



DETERMINANT NOTATION. 



Ex. 8. To find the relation connecting the mntoal distanoee of four pointi on a 
circle. The investigation is Prof. Cayley's (see Lessons on Higher Algebra, p. 23)« 
Multiply together according to the ordinary role the determinants 



x,» + y,», -2a:„-2y» 1 
ai* + y»'» -2x^1 -2y„ 1 

««* + y4*i -2x4, -2^4, 1 



1. «ii yif «i'+yi' 
i» «t> !f» «»' + yt' 
i» «» y»» «t'+y»' 

1, a;*, y*, x^ + y^ 



which are only different ways of writing the condition of Art 94; and we get the 
required relation 

, (12)«, (13)«, (14)« 

(12)t, , (28)«, (24)« 

(18)«, (28)«, , (84)» 
I (14)«, (24)«, (84)«, =0, 



where (12)* Is the square of the distance between two points, 
panded is equiralent to (12) (34) ± (13) (42) ± (14) (23) = 0. 



This determinant 



Ex. 4. To find the relation connecting the mutual distances of any four points in a 
plane. This investigation is alMO Prof. Caylejr's {Lessons on Higher Algebra^ p. 24). 
Prefix a unit and cyphers to each of the determinants in the last example; thus 



1, 0, 0, 

«i' + yi*, -2*i, -2yj, 1 

d(C. 



0, 0, 0, 1 

ii «i* yi» «i'+yi" 



We have then five rows and four oolumns, the determinant formed from which, aooord- 
ing to the rules of multiplication, must vanish identically. Bat this )a 

0, 1 , 1 , 1 , 1 

1, , (I2)«, (13)«, (14)« 
1, (12)«, , (28)« (24)« 
1, (18)», (23)*, , (84)« 
1, (14)«, (24)*, (84)*, =0| 

which, expanded, is 

(12)* (84)* {(12)* + (34)* - (18)* - (14)* - (28)* - (24)*} 
+ (18)* (24)* {(13)* + (24)* - (12)* - (14)* - (23)* - (34)*} 
+ (14)* (23)* {(14>* + (23)* - (12)* - (18)* - (24)* - (84)*} 
+ (23)* (34)* (42)* + (31)* (14)* (43)* + (12)* (24)* (41)* + (28)« (81)* (12)« = 0. 

If we write in the above a, b, e for 23, 81, 12 ; and i2 + r, i2 + r*, JJ + r^ for 14, 24, 
84, we get a quadratic in R^ whoee roots are the lengths of the radii of the circles 
touching either all externally or internally three circles, whose radii are r, r', r", and 
whoee centres form a triangle whoee sides are a, 6, e, 

Ex. 5. A relation connecting the lengths of the common tangents of any five 
circles may be obtained precisely as in the last example. Write down the two Tnatriose 

1, 0, 0, 0, [ 0, 0, 0, 0, I 

»'* ^-y'* -r^, -2z', -2y', 2r', 1 1, a', y', r',»^+y^-»^ 

»"* + y"»-r"«, -2»", -2y", 2r", 1 1, «", y", r", «"« + y"«-r"« 

Ac. ■ Ac. 
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where there are biz rows and five columns, and the determinant formed acoording to 
the rules of multiplication must vaniah. But this ia 

0, 1 , 1 , 1 , 1 , 1 

1, , (12)«, (18)«, (14)« (16)« 
1, (12)«, , (28)*, (24)«, (26)« 
1, (13)», (28)*, , (84)«, (85)« 
1, (14)«, (24)«, (84)«, , (45)« 
1,(1 6)«, (26)«, (85)«, (45)«, =0, 

where (12), Ac. denote the lengths of the common tangents to each pair of circles. If 
we suppose the circle 5 to touch all the others, then (15), (25), (35), (45), all yamsh, and 
we get, as a particular case of the above, Dr. Casey's relation between the oommon 
tangents of four drdes touched by a fifth, in the form 

, (12)«, (18)«, (14)« 

(12)«, , (28)«, (24)« 

(18)«, (28)«, , (84)t 
(14)«, (24)*, (84)«, =0. 



»n 



Ex. 6. Belation between the angles at which four circles whose radii are r, r', r", r 
intezsect. If the circle r hare its centre at the point 1 in Ex. 4, r' at 2, &c, we may 

put for 12* =r r* + f^ — 2it' ooel2, Ac in the determinant of that example which 
becomes then 

0, 1 , 1 , 1 . 1 

1, ^r^^^ -2r^r oos2T, r"«+r« -2r^r cos8r,r"'^T« -2r"V cos41 
I , r^^f^ ^2rr^ cosTS, , r"Hr^ -2rV cos82, r'"*fr^ -21^ V cos42 
l,rHr"» -2rr^ oosTS, r'«+r"« -2rV' C0828, 1 , r"'«+r"«-2r"V"oos43 

= 0, 
subtracting from each row and column the first multiplied by corresponding square 

of xadios and wilting /» for -, /»' for -; , Ac. this reduces to 

T r 



p' , 



P » P 



, /» , 

p , 1 , cos 21, cos 81, C0841 
p' , cosT2, 1 , coa32, cos42 
p", cosTs, cos 23, 1 , oosid 
p"\ ooel^ cos 24, cos 84, 1 



= 0. 



If in this we let cos 21 = cos 81 = cos 41 = cos 0, we hare the quadratic in X 
mcDtkiDed at the end of Art 182 •• 
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CHAPTER X. 

PBOPEBTIES COMIf ON TO ALL CURYES OF THE SECOKD DEGBEE^ 
I DEDUCED FROM THE GENERAL EQUATION. 

133. The most general form of the equation of the second 

degree is 

oa? + 2 hocy + Jy* 4 2gx + 2/^ + = 0, 

where a, 5, c, /, g^ h are all constants. 

It is our object in this chapter to classify the different curves 
which can be represented by equations of the general form just 
written, and to obtain some of the properties which are common 
to them all.* 

Five relations between the coefficients are sufficient to deter- 
mine a curve of the second degree. For though the general 
equation contains six constants, the nature of the curve depends 
not on the absolute magnitude^ but on the mutual ratios of these 
coefficients; since, if we multiply or divide the equation by 
any constant, it will still represent the same curve. We may, 
therefore, divide the equation by c, so as to make the absolute 
term =^1, and there will then remain but five constants to be 
determined. 

Thus, for example, a conic section can be described through 
Jive points. Substituting in the equation (as in Art. 93} the 
coordinates of each point (a/y) through which the curve must 
pass, we obtain five relations between the coeffidentS| which will 

enable us to determine the five quantities, - , &c. 

134. We shall in this chapter often have occasion to use the 
method of transformation of coordinates ; and it will be usefol 

* We Bhall proTe hereafter, that the section made by any plane in a oone standing 
on a circular base ia a curve of the second degree, and, conTerBely, that there is no 
curve of the second degree which may not be considered as a eonic McUon, It waa in 
this point of view that these curves were first examined by geometers. We mention 
the property here, because we shall often find it convenient to use the terms " oonio 
section,** or " conic,"* instead of the longer appellation, " curve of the second degresii* 
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to find what the general equation becomes when transforroed to 
parallel axes through a new origin [xy'). We form the new 
equation by substituting a; + a/ for x^ and y 4 ^' for y (Art. 8), 
and we get 

a (ar+aO*+2A [x-^-af) (y+y') + 1 (y+y')'+ 2g {x-\-af)-{- 2/(y+y^ + c=0. 

Arranging this equation according to the powers of the vari- 
ables, we find that the coefficients of o?^ xy^ and y*, will be, as 
before, a, 2A, & ; that 

the new y, g' ^ax' -{hy' -{-g^ 

the new/, /^Aaj' + iy'+Z; 

the new c, (/«aa:'* + 2Aajy + jy" + 2^aj' + 2;^' + c. 

Hence, if the eqiiatwn of a curve of the second degree be trans- 
formed to parallel axes through a new origin^ the coefficients of the 
higher poufers of the variables will remain unchanged^ while t/ie 
new absolute term will be the result of substituting in the original 
equation the coordinates of the new origin.* 

135. Every right line meets a curve of the second degree in 
two realj coincident^ or imaginary points. 

This is inferred, as in Art. 82, from the fact that we get a 
quadratic equation to determine the points where aDj line 
jf aB«iap-|- fi meets the cunre. Thus, substituting this value of y 
in the equation of the second degree, we get a quadratic to 
determine the x of the points of intersection. In particular 
(see Art. 84) the points where the curve meets the axes are 
determined b/ the quadratics 

ca:' + 2ya? + c = 0, Jy" + 2/y -f c = 0. 

An apparent exception, however, maj arise which does not 
present itself in the case of the circle. The quadratic may 
reduce to a simple equation in consequence of the vanishing of 
the coefficient which multiplies the square of the variable. Thus 

ay .+ 2y' + aj + 5y + 8 = 

is an equation of the second degree ; but if we make y = 0, we 
get only a simple equation to determine the point of meeting 
of the axis of x with the locus represented. Suppose, however, 
that in any quadratic jda;* + 2^+ C»0, the coefficient O 

^ This ii cqnallj true for equation! of any degree, as can be prored in like mtmwft 

T 
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vanishes, we do not say that the quadratic reduces to a simple 
equation ; but we regard it still as a quadratic, one of whose 

2B 

roots is a? = 0, and the other x = — -j- . Now this quadratic 

may be also written 

and we see by parity of reasoning that, if A vanishes, we ought 
to regard this still as a quadratic equation, one of whose roots is 

- = 0, ora:=oo ; and the other -= — ^, or a?*= — qts* The 

same thing follows from the general solution of the quadratic, 
which may be written in either of the forms 



aj = 



A '-BTs^[B*^ACy 

the latter being the form got by solving the equation for the 
reciprocal of a;, and the equivalence of the two forms is 
easily verified by multiplying across. Now the smaller A is, the 
more nearly does the radical become :»±£; and therefore the 
last form of the solution shows that the smaller A is, the larger 
is one of the roots of the equation ; and that when A vanishes 
we are to regard one of the roots as infinite. When, therefore, 
we apparently get a simple equation to determine the points in 
which any line meets the curve, we are to regard it as the 
limiting case of a quadratic of the form 0.0;'' + 2Bx + (7b 0, one 
of whose roots is infinite; and we are to regard this as indi- 
cating that one of the points where the line meets the curve is 
infinitely distant. Thus the equation, sdected as an example, 
which may be written (3^+ 1) (a: + 2y + 3) = 0, represents two 
right lines, one of which meets the axis of a; in a finite point, 
and the other being parallel to it meets it in an infinitely 
distant point. 

In like manner, if in the equation Aa? + 2jRr + (7=0, both B 
and C vanish, we say that it is a quadratic equation, both of 
whose roots are x = 0\ so if both B and A vanish we are to say 
that it is a quadratic equation, both of whose roots are 2;=: 00 . 
With the explanation here given, and taking account of infinitely 
distant as well as of imaginaiy points, we can assert that every 
right line meets a curve of the second degree in two points. 
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136. The eqaatioQ of the second degree transformed to 
polar coordinates* is 
(a coB^O + 2A cos tf sin 5 + J sin'5) p' + 2 (^ cos +/8in ^) p + c = 0; 

and the roots of this quadratic are the two values of the length 
of the radius vector corresponding to any assigned value of 0. 
Now we have seen in the last article that one of these values 
will be infinite, (that is to say, the radius vector will meet the 
curve In an infinitely distant point,) when the coefficient of p' 
vanishes. But this condition will be satisfied for two values 
of 0j namely those given by the quadratic 

a-f 2Atan04itan*9=^O. 

Hence, there can be drawn through the origin two realj coincident^ 
or imaginary lineSj which will meet the curve at an infinite 
distance ; each of which lines also meets the curve in one finite 
point whose distance is given by the equation 

2 {g costf +/sintf) p + c= 0. 

If we multiply by p* the equation 

a co^0 + 2A cos^ sin0 + i sin*9 — 0, 

and substitute for p cos 9, p Aa0 their values x and y, we obtain 
for the equation of the two lines 

aaj' + 2Aary + i/ = 0. 

There are two directions in which lines can be drawn through 
any point to meet the curve at infinity, for by transformation 
of coordinates we can make that point the origin, and the 
preceding proof applies. Now it was proved (Art. 134] that 
a, i, & are unchanged by such a transformation ; the directions 
arOi therefore, always determined by the same quadratic 

a C03*5 + 2h cos sin tf + J sin'tf = 0. 

Hence, if through any point two real lines can he draum to meet 
the curve at infinity^ parallel lines through any other point will 
meet the curve at infinity,^ 

* The following prooeseea apply equally if the original equation had been in oblique 
cooidinmt<w> We then aubstitute mp for x, and no for v, where m is -. and n ia 

^ ' r at tan t^ 

— ^"^ ^ (Art. 12) J and proceed as in the text. 

t Thit indeed is evident geometrically, since parallel lines may be considered aa 
piwhig through the same point at infinity. 
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137. One of the most important questions we can ask, con- 
cerning the form of the curve represented by any equation, is, 
whether it be limited in every direction, or whether it extend in 
any direction to infinity. We have seen, in the case of the circloi 
that an equation of the second degree may represent a limited 
curve, while the case where it represeuts right lines shows us 
that it may also represent loci extending to infinity. It is 
necessary, therefore, to find a test whereby we may disdnguish 
which class of locus is represented by any particular equation 
of the second degree. 

With such a test we are furnished by the last article. For 
if the curve be limited in every direction, no radius vector drawn 
from the origin to the curve can have an infinite value ; but we 
found in the last article that when the radius vector becomes 
infinite, we have a + 2A tan tf + J tan*tf = 0. 

(1) If now we suppose V — ab to be negative, the roots of 
this equation will be imaginary, and 
no real value of can be found which 
will render 

a cos*5 + 2A cos5 sin^ -h J sin'tf = 0. 
In this case, therefore, no real line 
can be drawn to meet the curve at 
infinity, and the curve will he limited 
in every direction. We shall show, in the next chapter, that 
its form is that represented in the figure, A curve of this class 
is called an Ellipse, 

(2) It h*^ab hepositivcj the roots of the equation 
a4-2Atantf + Jtan*tf«0 

will be real; consequently there 

are two real values of which will 

render infinite the radius vector to 

the curve. Hence, two real lines 

{aoi' + 2Aary 4 by* = 0) can, in this 

case, be drawn through the origin 

to meet the curve at infinity. A 

curve of this class is called a 

Syperlola^ and we shall show in the next chapter that its form 

is that represented in the figure. 
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(3) If A* - a& » 0, the roots of the equation 
a + 2Atantf+itan'tf«0 

ivill then be equal, and, therefore, 

the two directions in which a right 

line can be drawn to meet the 

curve at infinity will in this case 

coincide. A curve of this class is 

called a Parabola^ and we shall 

(Chap. XII.) show that its form is 

that here represented. The condition here found may be other* 

wise expressed, by saying that the curve is a parabola when 

the first three terms of the equation form a perfect square. 

138. We find It convenient to postpone the deducing the 
figure of the curve from the equation until we have first, by 
transformation of coordinates, reduced the equation to its 
simplest form. The general truth, however, of the statements 
in the preceding article may be seen if we attempt to construct 
the figure represented by the equation in the manner explained 
(Art. 16). Solving for y in terms of a;, we find (Art. 76) 

% = - (Ax 4/) ± V{(A" - ai) a:' + 2 (A/- i(7) aj 4 (/« - ic)}. 

Itow, since by the theory of quadratic equations, any quantity 
of the form a?-\- px-^ q is equivalent to the product of two real 
or imaginary factors (a;— a) (or — /8), the quantity under the 
radical may be written [V — ah) [x — a) [x-^ff). If then A* — ab 
be negative, the quantity under the radical is negative (and 
therefore y imaginary), when the factors x — a^x^fi are either 
both positive or both negative. Beal values for y are only 
found when x is intermediate between a and /8, and therefore 
the curve only exists in the space included between the lines 
x^a^x^fi (see Ex. 3, p. 13). The case is the reverse when 
A*— aJ is positive. Then we get real values of y for any values 
of x^ which make the factors x— a^ x — fi either both positive 
or both negative; but not so if one is positive and the other 
negative. The curve then consists of two branches stretching 
to infinity both in the positive and in the negative direction, but 
separated by an interval included by the lines x^o, oss^S, in 
which no part of the curve is found. If A* — od vanishes, the 
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quantity under the radical is of the form either or — a or a— a?. 
In the one case we have real values of y, provided onlj that x 
is greater than a; in the other, provided onlj that it is less. 
The curve, therefore, consists of a single branch stretching to 
infinity either on the right or the left-hand side of the line a; = a. 
If ihe roots a and /3 be imaginary, the quantity under the 
radical may be thrown into the form (A' — ab) {{x — 7)" + S*}. 
If then V — ab is positive, the quantity under the radical is 
always positive, and lines parallel to the axis of y always meet 
the curve. Thus in the figure of the hyperbola, Art. 137, lines 
parallel to the axis of y always meet the curve, although lines 
parallel to the axis of x may not. On the other hand, if A* — oi 
is negative, the quantity under the radical is always negative, 
and no real figure is represented by the equation. 

Ex. 1. Constract, as in Art. 16, the fignra of the following carreB, and detonins 
their speciee : 

8x' + 4a7 + y*-3«-2y + 21 = 0. Ana. Hyperbola. 

6a^ + 4ary + ^ - 6« - 2y - 19 = 0. Ant, Ellipee. 

4x* + 4j7 + y* - 6x - 2y - 10 = 0. Ant. Parabola. 

Ex. 2. The circle is a particular case of the ellipse. For in the moet general foim 
of the equation of the circle, a = 6, A = a cos » (Art. 81) ; and therefore k^^ok m 
negative, being = — a' sin'co. 

Ex. 8. What Is the species of the canre when A = ? An$. An ellipse when a aaA 
b hare the same sign, and a hyperbola when they have opposite signa. 

Ex. 4. If either a or & = 0, what is the species? An$, A parabola if also A = ; 
otherwise a hyperbola. When a = the axis of x meets the oorfO at infinity; anA 
when & = 0, the axis of y, 

Ex. 5. What is represented by 

ar« 2^ 1^ 2» 2y ^^^ 

Ans. A parabola touching the axes at the pdnta « = a, jf s I. 

X^ 139. If in a quadratic ^ir' + 2J5j;+ (7=0, the coefficient B 
vanishes, the roots are equal with opposite signs. This then 
will bo the case with the equation 

(a co8*^ + 2A cos^ s!n5 + b siu'^) p' + 2 (^ costf +/Binfl) p + o« 0, 

if the radius vector be drawn in the direction determined by 
the equation g cos d -f / sin tf = 0, 

The points answering to the equal and opposite values of p 
equidistant from the origin, and on oppomte sides of it; 
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therefore the chord represented by the equation gx-Vfy^^ is 
biseeted at the origin. 

Hence, through any given point can in general he drawn one 
chord which will be bisected at that point. 

140« There is one case, however, where more chords than one 
can be drawn, so as to be bisected, through a given point. 

If, in the general equation, we had g=iOyf=Oj then the 
quantity^ oostf +/sin& would be =0, whatever were the value 
of 6 ; and we see, as in the last article, that in this case every 
chord drawn through the origin would be bisected. The origin 
would then be called the centre of the curve. Now, we can in 
general, bj transforming the equation to a new origin, cause 
the coefficients g and / to vanish. Thus equating to nothing 
the values given (Art. 134) for the new g andyj we find that 
the coordinates of the new origin must fulfil the conditions 

aaf + hi^'^g = 0, Aa/-f J/f/=0. 

These two equations are sufficient to determine a^ and y, and 
being linear j can be satisfied bj only one value of z and y ; 
hence, conic sections have in general one and only one centre. Its 
coordinates are found, by solving the above equations, to be 

,_^f-bg ,_hg^qf^ 
^^ ab^h*'^ ^ ab-h* 

In the ellipse and hyperbola aJ - A* is always finite (Art. 137); 
bnt in the parabola ah-V=^ 0, and the coordinates of the centre 
become infinite. The ellipse and hyperbola are hence often 
classed together as central curves, while the parabola is called 
a non-'Central curve. Strictly speaking, however, every curve 
of the second degree has a centre, although in the case of 
the parabola this centre is situated at an infinite distance. 

141. To find the locus of the middle points of chords^ parallel 
to a given lincj of a curve of the second degree. 

We saw (Art. 139) that a chord through the origin is bisected 
ifj7CO8 0-f/8in^ = O. Now, transforming the origin to any 
point, it appears, in like manner, that a parallel chord will be 
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bisected at the new origin if the new ^ mnltiplied by coB0+the 
new/mnltiplied by sin^sO, or (Art. 134) 

coatf {oa;' + Ay + 5) + 8'° ^ (**' + V -*■/)■" 0- 
This, therefore, is a relation which must be aatisfied by the co- 
ordinateB of the new origin, if it be the middle point of a chord 
making with the axis of x the angle 0. Hence the middle point 
of any parallel chord must lie on the right lioe 

co50{ax-^hy+g) + t,iaB{hx + by +/) = 0, 

which is, therefore, the required locos. 

Every ri^t line bisectiDg a system of parallel chords is called 
a diamelerf and the lines which it bisects are called its ordinatee. 

The form of the equation shows (Art. 40} that every diameter 
must pass through the Intersection of 
the two lines 

ax + hy+g-0, and hx+br/+/'=Oi 
but, these being the equations by 
whid) we determined the coordinates 
of the centre (Art. 140), we infer that 
every diameter passes through the centre o/tKe curve. 

It appears by making 
alternately = 0, and -^ 90° in 
the above equation, that 

oj: + Ay + J = 

is the equation of the diameter ' / 1 

bisecting chords parallel to the /Ml' 

axis of «, and that / ''f 

' /o I 

hx + hy+f=0 —J^ 

is the equation of the diameter bisecting chorda parallel to the 
axis of ^.* 

In the parabola A* ■= a J, or y = r 1 and hence the line 
A 





jr^ 



The tqnatioQ (Art. 138) which ia M the fonn by = -{hx 4-/) + fl ta mo«t ttdy-f 
mcled by firat laying down tbe lino jU + iy +/ and then Uking on each oidl- 
nate MP of that lioe poitions PQ, P(£, abore and below P and equal to R. Thia 
It appean that eai^ ordinate ii bbected I17 tz -(- ij -t/. 
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aa:+ iy +g is panllel to the line 

iliB+Cy+yi consequently, oHrfiic 

vutert of a parabola are parallel 

to each other. This, indeed, U 

evident, aince ve have proved 

that all diameten of any conic 

section most pass through the 

centre, which, in the cau of the 

parabola, is at an infinite distance, 

and unce parallel right lines may he conaidered as meeting in 

a point at infinity.* 

The familiar example of the circle will anffidently illustrate to 
the beginner the nature of the diameters of curves of the second 
d^TM. He must observe, however, that diameters do not in 
general, as in the case of the drcle, cut their ordinates at right 
■Dgtea. Id the paralrala, for instance, the direction of the dia- 
Bieter being invariable, while that of the ordinates may he any 
whatever, Uie angle between them may take any posa&le value. 

142. The direction of the diameters of a parabola is the same 
OS that of the line through the origin which meets the curve at an 
vtfinite dtetanoe. 

For the lines through the origin which meet the curve at in- 
finity are (Art 136) 

aa? + 2hxy + by* = Of 
or, writing for h Its value V(<>&)> 

Ma). + V(i)jl" = 0. 
Bat the diameten are parallel to oa; + Ay =» (by the last article), 
which, if we write for h the same value •i/iab), will also redoce to 

V(o)!c+V(ft)y = 0. 
Hence, every diameter of the parabola meets the curve .once at 
infinity, and, therefore, can only meet it in one finite point. 



Honee, ■ pmtlan of ntj ccnic Metdon boliig dniwn 
n and detcmuie lU BpecicL For il we. draw an; two 
' middle poliita, wa havB one diamaUr. In like Duuiaa 
>. H«i,itthae two dlamet«n be panllel, tbeonneia a {anbtdai 

■ theoeatn. It will ba on Uie ommTa aide wlm 

DTBx when it la a bTperbola, 



fl 
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143. If two diameters of a conic section be such that one of 
them bisects all chords parallel to the other ^ then^ conversely j the 
second toill bisect all chords parallel to the first. 

The equation of the diameter which bisects chords makiag 
an angle 6 with the axis of x is (Art. 141) 

{ax + % + ^) + {hx + by -f /) tan 5 = 0. 

But (Art. 21) the angle which this line makes with the axis is ff 

where 

^ /y a + A tan 5 
tan cf = — ^ — 7— — j: , 
A-f J tan^' 

whence b tan 5 tan ^ + A (tan -f tan ^) + a = 0. 

And the symmetry of the equation shows that the chords making 
an angle ff are also bisected by a diameter making an angle d. 

Diameters so related, that each bisects every chord parallel 
to the other, are called conjugate diameters,^ 

If in the general equation A = 0, the axes will be parallel to 
a pair of conjugate diametera. For the diameter bisecting chords 
parallel to the axis of x will, in this case, become aa?+^~0| 
and will, therefore, be parallel to the axis of y. In like manner, 
the diameter bisecting chords parallel to the axis of y will, in 
this case, be by +/= 0, and will, therefore, be parallel to the 
axis of X. 

144. If in the general equation c=0, the origin is on the curve 
(Art. 81] ; and accordingly one of the roots of the quadratic 

(a cos'^ + 2A cos^ sin^ -f b sin'5) /o* + 2 (flf costf +/8in5) p = 

is always p = 0. The second root will be also p = 0, or the 
radius vector will meet the curve at the origin in two coincident 
points, if ^ cos 5+/ sin ^ = 0. Multiplying this equation bj p, 
we have the equation of the tangent at the origin, viz. gx-^-fy^O.^ 
The equation of the tangent at any other point on the curve 
may be found by first transforming the equation to that point 
as origin, and when the equation of the tangent has been then 
found, transforming it back to the original axes. 

* It is cyident that none but central curves can hare conjugate diameten, unce in 
the parabola the direction of all diameters is the same. 

t The same argument proves that in an equation of any degree when the abaoliite 
term vanishes the origin is on the curve, and that then the terms of the fixit degree 

resent the tangent at the origin. 
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Sx. The point (1, 1) is on the curre 

transform the equation to parallel axes through that point and find the tangent at it. 

Ant, 9tr — fiy = zefened to the new axes, or 9 (« - 1) = 5 (y — 1) referred to 
the old. 

If this method is applied to the general equation, we get for 
the tangent at anj point x'y' the same equation as that found 
bj a different method (Art. 86), viz. 

145. It was proved (Art. 89) that if it be required to draw 
a tangent to the curve from any point x'y\ not supposed to be 
on the curvOi the points of contact are the intersections with 
the curve of a right line whose equation is identical in form 
with that last written, and which is called the polar of a/^. 
Consequently, since every right line meets the curve in two 
points, through any point x'ff there can be drawn two real^ coin' 
cidentj or imaginary tangents to the curve,^ 

It was also proved (Art. 89) that the polar of the origin is 
gx+fy-^ = 0. Now this line is evidently parallel to the chord 
gx+fy^ which (Art. 139) is drawn through the origin so as to 
be bisected. But this last is plainly an ordinate of the diameter 
passing through the origin. Hence, the polar of any point is 
parallel to the ordinates of the diameter passing through that point. 
This includes as a particular case : The tangent at the extremity 
of any diameter is parallel to the ordinates of that diameter. Or 
again, in the case of central curves, since the ordinates of any 
diameter are parallel to the conjugate diameter, we infer that 
the polar of any point on a diameter of a central curve is parallel 
to tike conjugate diameter, 

146. The principal properties of poles and polars have been 
proved by anticipation in former chapters. Thus it was proved 
(Art. 98) that if a point A lie on the polar of B^ then B lies on 
the polar of ^. This may be otherwise stated : If a point move 
along a fired line [the polar of B'] its polar passes through a 
Jbeed point [-B]/ or, conversely. If a line [the polar of A] pass 

^ A corre is said to be of the n^ class when through any point n tangents can be 
dnwn to the onire. A conic is, therefore, a curve of the second degree and of the 
■eoond da«; bat in higher cunree the degree and class of a cnnre aie coiiiiiiodJIj not 
UieMiiie. 



/ 
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through a fixed jxnntj then the locus of its pole [A] is a fixed 
right line. Or, again, The intersection of any two lines is the 
pole of the line joining their poles; and, conversely, The line 
joining any two points is the polar of the intersections ofthepolars 
of these points. For if we take anj two points on the polar 
of A^ the polars of these points intersect in A. 

It was proved (Art. 100) that if two lines be drawn through 
any pointy and the points joined where they meet the curve^ the 
joining lines will intersect on the polar of that point. Let the 
two lines coincide, and we derive, as a particular case of this, 
If through a point any line OR be drawn^ the tangents at Jff 
and R' meet on the polar of ; k property which might also be 
inferred from the last paragraph. For since RR'^ the polar of 
P, passes through 0, P must lie on the polar of 0. 

And it was also proved (Ex. 3, p. 96), that if on any radius 
vector through the origin, OR be 
taken a harmonic mean between OR 
and 0R\ the locus of R is the polar 
of the origin ; and therefore that, 
any line drawn through a point is 
cut harmonically by the pointy the 
eurve^ and the polar of the point; as 
was also proved otherwise (Art 91). 

Lastly, we infer that if any line 
OR be drawn through a point 0, and 
P the pole of that line be joined to 0, then the lines OP, OB 
will form a harmonic pencil with the tangents from 0. For 
since OR is the polar of P, PTRT^ is cut harmonically, and 
therefore OP, OT^ OR, OT form a harmonic penciL 

Ex. 1. If a qoadrilatenl ABCD be inscribed in a oonic section, any of the pointa 
BfFt }B the pole of the line joining the other 
two. 

Binoe EC, ED are two lines drawn through 
the point E, and CD, AB, one pair of lines join- 
ing the points where they meet the conic, these 
lines must intersect on the polar of ^; so must 
also AD and CB ; therefore the line OF is the 
polar of £. In like manner it can be proved that 
i?/* is the polar of and JTO the polar of /*. 

Ex. 2. To draw a tangent to a given conic -^ ^ 

ioction from a point ontdde, with the help of the mler only. 

Draw any two lines through the given point E, and complete the qnadnlateral m 
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in the figure, then the line OF will meet the oonic in two points, which, being joined 
to E, will giTe the two tangents leqnixed. 

Ex. 8. If a quadrilateral be oiiCDmscribed about a oonic section, any diagonal ia 
the polar of the intersection of the other two. 

We ahall prove this Example, as we might hare prored Ex. 1, by means of the 
bannonic propertiea of a quadrilateraL It was proved (Ex. 1, p. 57) that EA^ EO, 
EB, EF are a harmonic pendL Hence, since EA, EB are, by hypothesis, two 
tangents to a oonic section, and EF a line through their point of intersection, by 
Art. 146, EO must pass thron^^ the pole of EF-j for the same reason, FO must paas 
throng the pole of EFy this pole must, therefore, be 0, 

147. We have proved (Art. 92) tbat the eqaation of the pair 
of tangents to the curve from any point x^i/ is 

(a»'*+ 2^/+%'*+ 2^a;'-f 2^+ c)(aic"+ 2hxy + iy*+ 2^a?+2/y + c) 
= {aij'aj + A (a;^ + yx) + iy> + 5^ (a?' + a?) +/(/ + y) + c}\ 

The eqaation of the pair of tangents through the origin may be 
derived from this by making 05'=^ =0 ; or it may be got directly 
by the same process as that used Ex. 4, p. 78. If a radius 
vector through the origin touch the curve, the two values of p 
must be equal, which are given by the equation 

(a cos'e+2A costf sintf + J sin'^)p" + 2 [g costf +/sin^ p + c = 0. 

Now this equation will have equal roots if satisfy the equation 

(a cos*^ + 2A COB sin + & mxfO) c={gcoB0 +/sin 0)\ 

Multiplying by p* we get the equation of the two tangents, viz. 

(ac-^')aj^ + 2(cA-af)iry+(Jc-/")y" = 0. 

This equation again will have equal roots ; that is to say, the 
two tangents will coincide if 

or c(aftc + 2^A-a/"- J/-cA") = 0. 

This will be satisfied if c = 0, that is if the origin be on the 
curve. Hence, any point on the curve may be considered as the 
intersection of ttoo coincident tangents^ just as any tangent may 
be considered as the line joining two consecutive points. 

The equation will have also equal roots if 

Now we obtained this equation (p. 72) as the condition that the 
equation of the second degree i^ould represent two right lines. 
To exphun why we should here meet with this equation again^ 
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it must be remarked that by a tangent we mean in general a line 
which meets the curve in two coincident points; if then the 
curve reduce to two right lines, the only line which can meet 
the locus in two coincident points is the line drawn to the point 
of intersection of these right lines, and since ttoo tangents can 
always be drawn to a curve of the second degree, both tangents 
must in this case coincide with the line to the point of inter- 
section. 

148. If through any point two chorda he drawn^ meeting the 

curve in the points JS', Ii^\ ffj /S", then the ratio of the rectangles 

f)jy /IP" 

'f\qr-f\q^r ^^^ ^^ constant^ whatever be the position of the point 0^ 

provided that the directions of the lines ORj OS be constant 

For, from the equation given to determine p in Art. 136, it 
appears that 

OR.OR'^ ^ 



a cos*&-f 2h cosO sind + b bvo?0 * 
In like manner 



os.os:'^ 



a cos V + 2 A cos ^ sin ^ + J sin V » 



OK. OR' _ a cos'y + 2A cos^ s in^ + ftsinV 
Hence Qg^Qg^r- a cos'0 + 2h cos0 bui0 + b Bm*0 * 

But this is a constant ratio; for a, A, b remain unaltered 
when the equation is transformed to parallel axes through any 
new origin (Art. 134], and 0, 0^ are evidently constant while the 
direction of the radii vectores is constant. 

The theorem of this Article may be otherwise stated tboB : 

If through two fixed points and 0^ any two paraUd lines OS 

f)jy /} P" 
and O^p be drawn^ then the ratio of the rectangles ry ^ fv a **^*9 

he constant^ whatever be the direction of these lines. 
For these rectangles are 

c e 




a cos'^ + 2A cos^ sin ^ + J sin'^ ' a cofi^O + 2A cos^ sin^ + h sisk^O 
(c' being the new absolute term when the equation is transferred 

to CX as origin) ; the ratio of these rectangles s -> , and iB^ there- 
fore, independent of 0, 

his theorem is the generalization of Euclid ill. 35, 8& 
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149. The theorem of the last Article includes under it several 
particular cases, which it is useful to notice separately. 

L Let (y be the centre of the curve, then Up = C/p" and 
the quantity Cfp. (Xp' becomes the square of the semi-diameter 
parallel to OIX. Hence, The rectangles under the segments of 
tioo chords which intersect are to each other as the squares of the 
diameters parallel to those chords. 

II. Let the line OR be a tangent, then OR = 0-B", and the 
quantity OK. OK' becomes the square of the tangent; and, 
since two tangents can be drawn through the point 0, we may 
extract the square root of the ratio found in the last paragraph, 
and Infer that TSoo tangents drawn through any point are to each 
oOier as the diameters to which they are parallel, 

III. Let the line 00^ be a diameter, and OR^ O^p parallel to 
its ordinates, then OR!^OR!' and Up^ 0^p'\ Let the diameter 

meet the curve in the points -4, JB, then .^ ^j^ = -j-rv (y'Ti ' 

Hence, The squares of the ordinates of any diameter are proper * 
tional to the rectangles under the segments which they make on the 
diameter. 

150. There is one case in which the theorem of Article 1 48 
becomes no longer applicable, namely, when the line 08 is 
parallel to one of the lines which meet the curve at infinity ; the 
segment OS'' is then infinite, and 08 only meets the curve in 
one finite point. We propose, in the present Article, to inquire 

08' 
whether, in this case, the ratio Yynr-?)jy? ^^U be constant. 

Let us, for simplicity, take the line 08 for our axis of ar, and 
OB for the axis of y. Since the axis of x is parallel to one of 
tbe lines which meet the curve at infinity, the coefficient a will = 
(Art 138, Ex, 4), and the equation of the curve will be of the form 

2 Aaiiy + Jy ' + 2^a? + 2j^ + c = 0. 

Making y = 0, the intercept on the axis of x is found to be 

OS^=^ - ^ ; and, making a; = 0, the rectangle under the inter- 
cepta on the axis of y is = t • 
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Now, if we transform the axes to parallel axes through anj point 
afr/ (Art. 134), & will remain unaltered, and the new g^hy'+gm 
Hence the new ratio will be 

lb 



2 (A/ +ff) ' 

Now, if the curve he a parabola, A=: 0, and this ratio is con- 
stant; hence. If a line parallel to a given one meet any diameter 
(Art. 142) of a parabola^ the rectangle under its segments is in a 
constant ratio to the intercept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 
while 1^ is constant ; hence. The intercepts made by two parallel 
chords of a hyperbola^ on a given line meeting the curve at infinity ^ 
are proportional to the rectangles under the segments of the chords. 

*151. To find the condition that the line X^e + M^ + v may 
touch the conic represented by the general equation. Solving for y 
from Xa; + /Lcy + V = 0, and substituting in the equation of the 
conic, the absciss® of the intersections of the line and curve are 
determined by the equation 

{afi* - 2h\fA + iV) «• + 2 {gfi* - hfjtv -ffiX -f b\v) x 

+ (c/i*- 2;Jav4 Ji^sO. 

The line will touch when the quadratic has equal roots, or when 

{afA* - 2AX/i + bX*) {cfA* - 2ffjbv + bv^ = G^/i* - hp,y -ffiX + JXv)". 

Multiplying out, the equation proves to be divisible by /a*, and 
becomes 

(Jc-/')V + (ca-^«)/i«+(aJ-A«)v' + 2C^i-a/)/iv 

+ 2 (A/- Jy) vX + 2 (J57- cA)X/iA = 0. 

We shall afterwards give other methods of obtaining this 
equation, which may be called the tangential equation of the 
curve. We shall often use abbreviations for the coefficients, and 
write the equation in the form 

^X* + 5/A* + Cv* + 2F/AV + 2(7vX + 2flX/[A = 0. 

The values of the coefficients will be more easily remembered hj 
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the help of the following rule. Let A denote the discriminant 
of the equation ; that is to say, the function 

whose yanishing is the condition that the equation may represent 
right lines. Then A is the derived function formed from il, 
regarding a as the variable; and B^ (7^ 2Fy 2(?, 2H are the 
derived functions taken respectively with regard to J, c^f^g^ h. 

The coordinates of the centre (given Art. 140) may be written 
O F 

Miscellaneous ExAMPLRSk 

Ex. 1. Fonn the equation of the ODnic making intercepts X, y, fij fi^ on the axed* 
fSinoe if we make y = 0or« = 0inthe eqnatioD, it mast reduce to 

^•-(X + xOaj + xx'sO, y*-o* + /*')y + w*' = 0; 

the equation ia 

•nd h is undetermined, unless another condition be given. Thus two parabolas cail 
be diEwn through the four given points ; for in this case 

* = ± ^/(XXV')• 

Ex. 2. Given four points on a conic, the polar of any fixed point piusaes through 
1 fixed point. We may choose the axes so tliat the given points may lie two on each 
axis, and the equation of the curve is that foimd in Ex. 1 . But the equation of the 
polar of any point xV (Art. 145) involves the indeterminate h in the first degree^ 
and, therefore, passes through a fixed point. 

Ex. 8. Tind the locus of the centre of a conic passing through four fixed points. 
The centre of the conic in Ex. 1 is given by the equations 

iftfA'x + 2Ay - fi/i' (X + XO = 0, 2XX'y + 2Ax - XX' (/a + /i*) = ; 
whence^ eliminating the indeterminate A, the locus is 

2fxfi'a» - 2XXy - ttM* (X + X') X + XX' 0^ + mO y = 0, 

a oome passing through the intersections of each of the three pairs of lines which 
can be drawn through the four points, and thronph the middle points of these lines. 
The locna will be a hyperbola when X, X' and fi^ fx' have either both like or both 
tmlike signs ; and an ellipse in the contrary case. Tims it will be an ellipse when the 
two points on one axis lie on the same side of the origin, and on the other axis on 
opposite sides; In other words, when the quadrilateral formed by the four given 
points baa a le-entrant angle. This is also geometrically evident j for a quadrilateral 
with a re-entrant angle evidently cannot be inscribed in a figure of the shape of the 
cUipae or parabola. The drcnmscribing conic must, therefore, always be a hyperbola, 
flo *^*t some vertices may lie in opposite branches. And since the centre of a hyper- 
bola is never at infinity, the locus of centres is in this case an ellipse. In 
CMS^ two positions of Uie centre will be at infinity, corresponding to the two 
which can be described through the given points. ^V 



I ahyper- ^p 

theother^^ 

paxabola^V 
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CHAPTER XL 

EQUATIONS OF THE SECOND DEGREE REFERRED TO THE 

CENTRE AS ORIGIN. 

152. In investigating the properties of the ellipse and hyper- 
bola, we shall find our equations much simplified by choosing 
the centre for the origin of coordinates. If we transform the 
general equation of the second degree to the centre as origin^ we 
saw (Art. 140) that the coefficients of x and y will =0 in the 
transformed equation, which will be of the form 

ax' -f 2hxi/ + bf + c' = 0. 

It is sometimes useful to know the value of c' in terms of the 
coefficients of the first given equation. We saw (Art. 134) that 

c' = ax* + 2hxy -h %'• + ^gx' + 2// + c, 

where a;', y' are the coordinates of the centre. The calculation 
of this may be facilitated by putting c' into the form 

c'=^{aa^-\'hy-{'g]x'-h{hx' + by-¥f)y'-¥ffx' + /y''\-e. 

The first two sets of terms are rendered = by the coordi- 
nates of the centre, and the last (Art. 140) 

_^ ¥-'k9 , ^ h'^f , ^ _ abc -^ 2fgh " aP " Ig" - ck* ^ 
^3 ab^h*^^ ab^k*^^" ab^V 

153. If the numerator of this fraction were =0, the trans^ 
formed equation would be reduced to the form 

ax* -f 2hxy + by^ = 0, 

and would, therefore (Art. 73), represent two real or imaginary 



* Observing that when f and g vanish the discriminant redaces to <; (o^ — A*), 
can see that what has been here proved shows that transformation to parallel 
does not alter the value of the discriminant, a particukur case of a theorem to be 
proved afterwards (Art. 371). 

It is evident in like manner that the resnlt of substituting af^^ the cooidinatei 
of the centre, in the equation of the polar of any point x'y, vix. 

{nx' + h!/+g) x" + {hx' + by' +/) y" + gx' +// -f c, 
is the same as the i-esult of substituting x'y' in the equation of the cunre. Per the 
first two sets of terms vanish in both coses. 
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right lines, according as ai — A' is negative or positive. Hence, 
as we have already seen, p. 72, the condition that the general 
equation of the second degree should represent two right lines, is 

For it must plainly be fulfilled, in order that when we transfer 
the origin to the point of intersection of the right lines, the 
absolute term may vanish. 

Ex. 1. Transfonn 8x* + ixy + ^-6x-6y-8 = 0tothe centre (}, - 4). 

Ans, 12aj« -f 16a?y + V + 1 = 0- 

Ex. 2. Transfonn a:« + 2ay-y« + &5 + 4y-8 = 0tothe centre (- 8, - 1). 

Ans. aj2 + 2a:y - y* = 22. 

154. We have seen (Art. 136) that when 6 satisfies the 
condition 

a CQS^O + 2h cos sin tf + J sin'tf = 0, 

the radius vector meets the curve at infinity, and also meets 
the curve in one other point, whose distance from the origin is 

c 



^costf +/8infl ' 

But if the origin be the centre^ we have ^ = 0, /= 0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in two coincident 
points at infinity, and which therefore may be considered as tan- 
gents to the curve whose points of contact are at infinity. These 
lines are called the asymptotes of the curve ; they are imaginary 
In the case of the ellipse, but real in that of the hyperbola. We 
shall show hereafter, that though the asymptotes do not meet the 
curve at any finite distance, yet the further they are produced 
the more nearly they approach the curve. 

Since the points of contact of the two real or imaginary tan- 
gents drawn through the centre are at an infinite distance, the 
line joining these points of contact is altogether at an infinite 
distance. Hence, from our definition of poles and polars (Art. 89), 
the centre may be considered as the pole of a line situated altogether 
€U an infinite distance. This inference may be confirmed from 
the equation of the polar of the origin, gx -{-fy + c = 0, which, 
if the centre be the origin, reduces to o = 0, an equation which 
(Art. 67) represents a Ime at infinity. 
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155. We have seen that by taking the centre for origin, the 
coef&cients g and f in the general equation can be made to 
vanish; but the equation can be further simplified bj taking a 
pair of conjugate diameters for axes, since then (Art. 143) h will 
vanish, and the equation be reduced to the form 

It is evident, now, that any line parallel to either axis is bisected 
by the other ; for if we give to x any value, we obtain equal and 
opposite values for y. Now the angle between conjugate diame- 
ters is not in general right ; but we shall show that there Is 
always one pair of conjugate diameters which cut each other at 
right angles. These diameters are called the aocea of the curves 
and the points where they meet it are called its verticea. 

We have seen (Art. U3) that the angles made with the axis 
by two conjugate diameters are connected by the relation 

b tan^ tan^ + A(tantf-f tan^)4 a = 0. 

But if the diameters are at right angles, tand'ss — - — - 

(Art. 25). Hence 

Atan*tf+(a-J)tantf-A = 0. 

We have thus a qnadratic equation to determine 6. Multiply*- 
ing by p*, and writing a;, y, for pcosO^ p sintf, we get 

Aaj*-(a-6)ary-A/ = 0, 

This is the equation of two real lines at right angles to each other 
(Art. 74) ; we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 
On referring to Art. 75 it will be found that the equation 
which we have just obtained for the axes of the curve is the same 
a that of the lines bisecting the internal and external angles 
between the real or imaginary lines represented by the equation 

The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes; and (note, p. 71) they will 
be real whether the asymptotes be real or imaginary ; that is to 
say, whether th| curve be an ellipse or a hyperbola. 

156. We might have obtained the results of the last Article 
by the method of transformation of coordinates, since we can 



CENTRAL EQUATIONS OP THE SECOND DEQREE« 157 

thus prove directly that it is always possible to transform the 
equation to a pair of rectangular axes, such that the coefficient 
of xy in the transformed equation may vanish. Let the original; 
axes be rectangular; then, if we turn them round through any 
angle 5, we have (Art. 9) to substitute for a?, a; cosd-y 8in(?, 
and for y, a; sind + y cosd; the equation will therefore become 
a(aj cos^-y 8m^/ + 2A{aj cos^-y sin^j (a? sin^ + y cosd) 

4 J(aj sin^ + y co8tf)" + c = 
or, arranging the terms, we shall have 

the new a^a cos''d + 2A cos^ sin^f h sin'^; 

the new A = 5 sind cos^-f A(cos*^ — sin*^) — asin^ cos^; 

the new h^a sin*d- 2A cos^ sin 5 -f h coa^d. 
Now, if we put the new A = 0, we get the very same equation 
as in Art. 155, to determine tand. This equation gives us a 
simple expression for the angle made with the given axes by 
either axis of the curve, namely, 

2h 



tan 20 = 



J^' 



157. When it is required to transform a given equation to 
the form ax^ + Jy* + c = 0, and to calculate numerically the value 
of the new coefficients, our work will be much facilitated by the 
following theorem : If toe transform an equation of the second 
degree from one set of rectangular axes to another y the quantities 
a + b and ah^h* will remain unaltered. 

The first part is proved immediately by adding the values of 
the new a and b (Art. 156), when we have 

a' 4 i' = a + J. 
To prove the second part, write the values in the last article 

2a' « a + J + 2A sin2(9 + (a - i) cos2(9, 
2J' = a + J - 2A sin20 - (a - J) cos2d. 
Hence 4a'J' =» (a + J)* - {2A sin 20 4 (a - b) cos20}\ 
But 4A'" « {2A COS20 - (a - 6) sin20}« ; 

therefore 4(a'J'- A'«) = (a + J)*-4A*-(a-5)* = 4(ai-A"). 

When, therefore, we want to form the equatioji transformed 
to the azesy we have the new A = 0, 

a' + 6' = a + *, a'V^ab^h\ 
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HaviDg, therefore, the sum and the product of d and h\ we can 
form the quadratic which determines these quantities. 

Ex. 1. Find the axes of the ellipse 14z* — ^xy + 11^ = 60, and transfonn the 
equation to them. 

The axes are (Art. 155) 4x« + 6a;y - 4^ = 0, or (2a: - y) (» + 2y) = 0. 

We have a' + ^' = 25 ; a'b' = 150 ; a' — 10 ; 6' = 15 ; and the tnmsformed equation 
U 2x* + 8y« = 12. 

£x. 2. Transform the hyperbola llx* + Sia^ — 24y* •=. 156 to the axes. 

a' + 4' = -13, o'y = -2028; o' = 89; ^ = -62. 

Transformed equation is Sob^ — 4jf* = 12. 
Ex. 3. Transform a:^ + Vtxy -hbt/^ = cto the axes. 

Ans. (o + 3-i2)a:» + (a + 5 + i2)y* = 2<?, where iP = 4A* + (a - ft)«. 

*158. Having proved that the quantities a + J and ab-h* 
remain unaltered when we transform from one rectangular system 
to another, let us now inquire what these quantities become if 
we transform to an oblique system. We may retain the old axis 
of Xy and if we take an axis of y inclined to it at an angle », 
then (Art. 9) we are to substitute a; + y cosoi for Xj and y sinoy 
for y. We shall then have 

a' = aj A' = a C03Q> + A sino), 

y — a cos'q) + 2A cos oi sin o) + i sin*a». 

Hence, it easily follows 

a'4.&'-2A'co8a) , a'V -V . „ 

;— = a + 6. — r-5 — = ao — A . 

sm a> ' sin 01 

Ify ihen^ we transform the equation from one pair of axes to any 

,, ,, ,.. a + J — 2Aco8a> job-V . 7^ » 

other, the quantities ?-i and — r-j — remain unaltered. 

' ^ sm w sm o) 

We may, by the help of this theorem, transform to the axes 

an equation given in oblique coordinates, for we can still 

express the sum and product of the new a and b in terms of 

the old coefficients. 

Ex. 1. If cos <o = f , transform to the axes lOx* + 6xy 4- 5^ = 10. 

o + 6=«ft», o^ =»?!», = 5, 6 = W. 

Aru. 16xs + 41^ = 88. 
Ex. 2. Transform to the axes «* — Bxy + y» + 1 = 0, where w = 60**. 

An9, a^- 15^ = 8. 

Ex. 3. Transform aas* + 2Axy + 5^* = to the axes. 

Ans. (a + 6 - 2A cosw -i?)aj« + (a+d-2Acosa» + jB)^ = 2tf sin*M, when 
IP = {2A - (o + b) co8«}« + (a - *)» Bin»«. 
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*159. We add the demonstration of the theorems of the last 
two articles given by Professor Boole [Cambridge Math. Jour.j 
III. 1, 106, and New Series, vi. 87). 

Let us suppose that we are transforming an equation from 
axes inclined at an angle (d, to any other axes inclined at an 
angle X2 ; and that, on making the substitutions of Art 9, the 
quantity oi* 4 2Aay 4- hy* becomes a'X* 4 2h'X Y+ V F*. Now 
we know that the effect of the same substitution will be to make 
the quantity 05^4 2a?y cos(o4y* become -X^ 4 2-Y3rco8X2 4 1^*, 
since either is the expression for the square of the distance of 
any point from the origin. It follows, then, that 

ox* 4 2Axy 4iy' 4X(a;' 4 2xycosai 4y*) 

= a'JC»42A'Zr4 J'F'4X(X'42Xrcosl24 F*). 

And If we determine X so that the first side of the equation may 
be a perfect square,' the second must be a perfect square also. 
But the condition that the first side may be a perfect square is 

(a 4 X) (i 4 X) = (A 4 X coso))*, 

or X must be one of the roots of the equation 

X' sln'ft) 4 (a 4 J - 2A cos 0)) X 4 a6 - A' = 0. 

We get a quadratic of like form to determine the value of X, 
which will make the second side of the equation a perfect square; 
but since both sides become perfect squares for the same valaes 
of X, these two quadratics must be Identical. Equating, then, 
the coefficients of the corresponding terms, we have, as before, 

. a4i-2Acostt> a^4y- 2A'cosQ ^ oJ- A^ _ «'*'- ^ 
sIn*oi sin'il ' sin*ii ^ sin'Xl 

Ex. 1. The sum of the squares of the leciprocals of two semi-diametera at right 
mgles to each other is constant. 

Let their lengths be a and /9 \ then making alternately x = 0, y = 0, in the equation 
of the curve, we have ac? = «, h^ = e^ and the theorem just stated is only the 
geometrical interpretation of the fact that a + & is constant. 

Ex. 2. The area of the triangle formed by joining the extremities of two conjugate 
■emi-diameters is constant. 

The equation referred to two conjugate diameters is „ + "hr; = li *nd since — — a-- 

a^ p^ 8in-« 

is oonatanty we have a*^ sin m constant. 

Ex. 8. The sum of the squares of two conjugate semi-diametos is constant. 

Since r-= is constant, -. -r- ( -;i + -st. J = -tth;^-- • is constant : and 

iiiioe o^p sin M is constant, so must a*^ +^fi'*. 
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THE EQUATION REFERRED TO THE AXES. 

160. We saw that the equation referred to the axes was of 
the form 

B being positive in the case of the ellipse, and negative in that 
of the hyperbola (Art. 138, Ex. 3). We have replaced the 
small letters bj capitals, becaase we are about to use the letters 
a and b with a different meaning. 

The equation of the ellipse may be written in the following 
more convenient form : 

Let the intercepts made by the ellipse on the axes h^x^a^ 

y = b^ then making y ^^ and x*^ain the equation of the curvei 

C O 

we have Aa*=C^ and A^-i, In like manner J3s7^» Sob* 

'a o 

stituting these values, the equation of the ellipse may be written 

^" + 3^ = 1 

Since we may choose whichever axis we please for the axis 
of Xj we shall suppose that we have chosen the axes so that a 
may be greater than b. 

The equation of the hyperbola, which we saw only differs 
from that of the ellipse in the sign of the coefficient of y\ may 
be written in the corresponding form : 

"~5 ~" 7« "~ *• 

a o 

The intercept on the axis of x is evidently =^ ± a, but that on 
the axis of y, being found from the equation y^^^b*^ is imaginary ; 
the axis of y, therefore, does not meet the curve in real points. 

Since we have chosen for our axis of x the axis which meets 
the curve in real points, we are not in this case entitled to 
assume that a is greater than b. 

161. To find the polar equation of the ellipse^ the centre being 
the pole. 

Write pcos^ for a:, and psind for y in the preceding equa- 
tion, and we get 

1_ _ cos*5 sin'g 
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an equation which we maj write in anj of the equivalent forrasi 

, g'y aV aV 

'^ "a«Bin'tf + ycos'd"y+(a«-6»)8in«d "^ a* - (a* - J«) cos'tf • 

It is cufltomarj to use the followin;^ abbreviations : 

' a ' 

and the quantity e is called the eccentricity of the curve. 

Dividing by a' the numerator juid denominator of the fraction 
last found) we obtain the f&rtii most commonly used, viz. 

^ "l-c«cos*^' 

162. To investigate the figure of ike ellipse* 

The least value that J* + (a' — i") sin*d, the denominator in 
the value of p*} can have^ is when 0^0] therefore the greatest 
value of p is the intercept on the axis of Xj and is = a. 

Again, the greatest value of V -f {a* * &*) sin*d is when 
sin^sl, or ^ = 90''; hence, the least value of p is the intercept 
on the axis of y^ and is s^ b. The greatest line, therefore, that 
can be drawn through the centre is the axis of Xy and the least 
line the axis of y. From this property these lines are called 
the axis major and the axis minor of the curve* 

It is plain that the smaller d is, the greater p will be ; hence, 
the nearer any diameter is to the aon's 
major^ the greater it loiU be. The 
form of the curve will, therefore, be 
that here represented. 

We obtain the same value of p 
whether we suppose tf = a, or 5 =» - a. 
Hence, Two diameters which make 
equal angles unth the axis vyill be equal. And it is easy to show 
that the converse of this theorem is also true. 

This property enables us, being given the centre of a conic, 
to determine its axes geometrically. For, describe any concen* 
trie circle intersecting the conic, then the semi-diameters drawn 
to the points of intersection will be equal ; and by the theorem 
just proved, the axes of the conic will be the lines internally 
and externally bisecting the angle between them. 
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163. The equation of the ellipse can be put into another 
foiTOi which will make the figure of the curve still more 
apparent. If we solve for y we get 

CL 

Now, if we describe a concentric circle with the radius a its 
equation will be 

Hence we derive the following construction : 

^^ Describe a circle on the axis major ^ and take on each ordinate 
LQ a point P, such that LP may he to 
L Q in the constant ratio h : a, then the 
locus of P will he the required ellipse,^^ 

Hence the circle described on the 
axis major lies wholly without the curve. 
We might, in like manner, construct the 
ellipse by describing a circle on the axis 
minor and increasing each ordinate in 
the constant ratio a : h. 

Hence the circle described on the axis minor lies wholly 
within the curve. 

The equation of the circle is the particular form which the 
equation of the ellipse assumes when we suppose b^a. 

164. To find the polar equation of the hyperbola* 
Transforming to polar coordinates, as in Art. 161, we get 

, ^ ^ aV 

^ " J" cos«^-a* sin-e " J^- [a* + V) sin«d "" (a' + J") C08«d- o** 

Since formulsB concerning the ellipse are altered to the corre- 
sponding formnhe for the hyperbola by changing the sign of b\ 
we must in this case use the abbreviation c* for d^-\-b* and 

e* for — 5 — , the quantity e being called the eccentricity of the 
a 

hyperbola. Dividing then by a* the numerator and denominator 
of the last found fraction, we obtain the polar equation of iht 
hjrperbola, which only differs from that of the ellipse in the sign 
of J", viz. 
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165. To investigate the figure of the hyperbola. 

The terms axis major and axis minor not being applicable 
to the hyperbola (Art. 160), we shall call the axis of x the 
transverse axis, and the axis of y the conjugate axis. 

Now V — (a* + J*) sin*^, the denominator in the value of p*, 
will plainly be greatest when d = 0, therefore, in the same case, 
p will be least ; or the transverse axis is the shortest line which 
can he drawn from, the centre to the curve. 

As 6 increases, p continually increases, until 

sintf =-77-5 — TiTi (or tan^=-) , 

when the denominator of the value of p becomes = 0, and p 
becomes infinite. After this value of 0, p' becomes negative, and 
the diameters cease to meet the curve in real points, until again 

^"^^^-il^^y (ortan5=-|), 

when p again becomes infinite. It then decreases regularly as 
B increases, until becomes = 180°, when it again receives its 
minimum value = a. 

The form of the hyperbola, therefore, is that represented by 
the dark curve on the figure, next article. 

166. We found that the axis of y does not meet the hyper- 
bola in real points, since we obtained the equation ^ = — 5* to 
determine its point of intersection with the curve. We shall, how- 
ever, still mark off 
on the axis of y por- 
tions (75, CB'=±b^ 
and we shall find 
that the length CB 
has an important 
connexion with the 
curve, and may be conveniently called an axis of the curve. 
In like manner, if we obtained an equation to determine the 
length of any other diameter, of the form p*« — 5*, 
this diameter cannot meet the curve, yet if we m< 
from the centre lengths = ± 22, these lines may be ooj 
spoken of as diameters of the hyperbola. 
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The locus of the extremities of these diameters which do not 
meet the curve is, bj changing the sign of p* in the eqoation of 
the curvci at once found to be 

1 _ sin'g cos'g 

&-? = !• 

This is the equation of a hyperbola having the axis of y for 
the axis meeting it in real points, and the axis of a; for the axis 
meeting it in imaginary points. It is represented by the dotted 
curve on the figure, and is called the hyperbola conjugate to the 
given hyperbola. 

167. We proved (Art. 165) that the diameters answering to 

tan tf = ± - meet the curve at infinity ; they are, therefore, the 

same as the lines called, in Art. 154, the asymptotes of the curve. 
They are the lines CK^ CL on the figure, and evidently separate 
those diameters which meet the curve in real points from those 
which meet it in imaginary points. It is evident also that two 
conjugate hyperbol® have the same asymptotes. 

The expression tan ^ » ± - enables us, being given the axes 

in magnitude and position, to find the asymptotes, for if we 
form a rectangle by drawing parallels to the axes through B 
and A^ then the asymptote CK must be the diagonal of this 
rectangle. 

Again costf=-77-3 — n7=-. 

But, since the asymptotes make equal angles with fhe axis of x^ 
the angle which they make with each other must be »S0. 
Hence, being given the eccentrxcity of a hyperbola^ we are given 
the angle between the asymptotes^ which is double the angle whose 
secant is the eccentricity. 

Ex. To find ihe eocentridtj of a oonlc given by ihe general equation. 

We can (Art. 74) write down the tangent of the angle between the lines denoted 
by ffx* 4- 2hxif + 6y* = 0, and thence form the expreesion for the secant of its half i 
or we may proceed by the help of Art. Ib7, Ex. 8« 



WebETt 



CONJUGATE DIAMETERS. 165 
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when 12* = 4A* + (a - »)* = 4A* - 4ad + (a + &)<. 

CONJUGATE DIAMETERS. 

168. We DOW proceed to inyeBtigate some of the properties 
of the ellipse and hyperbola. We shall find it convenient to 
oonsider both carves together, for, since their equations onlj 
differ in the sign of i*, they have many properties in common 
"which can be proved at the same time, by considering the sign 
of b* as indeterminate. We shall, in the following Articles, use 
the rigns which apply to the ellipse. The reader may then 
obtain the corresponding formulas for the hyperbola by changing 
the sign of b\ 

We shall first apply to the particular form -? + t? = 1, some 

of the results already obtained for the general equation. Thus 
(Art. 86) the equation of the tangent at any point x^ being 
got by writing afx and i/'y for a? and y is 

a« ■*" 6' "■ ^• 

The proof given in general may be repeated for this particular 
case. The equation of the chord joining any two points on 
the curve is 

{x-of){x-ar') , {y-i/)iy-l/') _^^ , y ■ 

or ^ + p ^_+__ + l, 

which, when a^, \f^9l\ }f\ becomes the equation of the tangent 
already written. 

The argument here used applies whether the axes be rect- 
angular or oblique. Now if the axes be a pair of conjugate 
^ameters, the coefficient of os^y vanishes (Art. 143) ; the coefficients 
of X and y vanish, since the origin is the centre ; and if d and V 
be the lengths of the intercepts on the axes, it is proved exactly^ 
as in Art 160, that the equation of the curve may be written 

of y _ 
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And it follows from this article that in the same case the 
equation of the tangent is 

169. The equation of the polar, or line joining the points 
of contact of tangents from any point ^\f^ is similar in form to 
the equation of the tangent (Arts. 88, 89), and Is therefore 

^« + j« - I, or ^^ + j^ - 1 , 

the axes of coordinates in the latter case being any pair of 
conjugate diameters, in the former case the axes of the curve. 

In particular, the polar of any point on the axis of a; is — 7^- «= 1. 

Hence the polar of any point P is found by drawing a diameter 
through the point, taking CP, CP' = to the square of the semi- 
diameter, and then drawing through P' a parallel to the 
conjugate diameter. This includes, as a particular case, the 
theorem proved already (Art. 145), viz.. The tangent at the 
extremity/ of any diameter is parallel to Ae conjugate diameter. 

Er. 1. To find the condition that Xo; + mv = 1 may toach -. 4. ^ — l. 

Comparing — 5- + ^ = 1, \x + /4y = 1, we find — = Xa, j = /ift, and o'X'-»- d»/i»= 1. 

Ex. 2. To find the equation of the pair of tangents from a;V to the cazre (lee 
Art. 92). 

Ex. 8. To find the angle between the pair of tangents from x'y' to the cnnre. 

When an equation of the second degree represents two right lines, the three highest 
terms being put = 0, denote two lin^ through the origin parallel to the two former ; 
hence, the angle included by the first pair of right lines depends solely on the three 
highest terms of the general equation. Arranging, then, the equation found in the 
last Example, we find, by Art. 74, 

Ex. 4. Find the locus of a point, the tangents through which intersect at right 
angles. 

Equating to the denominator in the value of tan0, we find a:* + y* =r a' + A*, the 
equation of a circle concentric with the ellipse. The locus of the iiitersectioin of 
tangents which cut at a given angle is, in general, a curve of the fourth degree. 

170. To find the equation^ referred to the axes^ of the diameter 
conjugate to that passing through any point odj/ on the curve. 
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The line required passes through the origin, and (Art. 169) is 
parallel to the tangent at x'^f ; its equation is therefore 

a* ^ i- ""• 
Let O^ff \i% the angles made with the axis of x\xj the original 

diameter and its conjugate; then plainly tan^= ^ ; and from 

the equation of the conjugate we have (Art. 21) tan 0=3 ^, 

6" . "^ * 

Hence tan 6 tan ff ^ — ^ , as might also be inferred from Art. 143. 

The corresponding relation for the hyperbola (see Art. 168) is 

tantf tan^= -=. 

a 

171. Since in the ellipse tan d tan d' is negative, if one of 
the angles d, ff be acute (and, therefore, its tangent positive], 
the other must be obtuse (and, therefore, its tangent negative). 
Hence, ocmjugate diameters in the ellipse lie on different sides of 
the axis minor (which answers to = 90"^. 

In the hyperbola, on the contrary, tan d tan d' is positive; 
therefore 6 and ff must be either both acute or both obtuse. 
Hence, in the hyperbola^ conjugate diameters lie on the same side 
of the conjugate axis. 

In the hyperbola, if tan be less, tsxiff must be greater thaa 

- 1 but (Art 167) the diameter answering to the angle whose 

tangent is -, is the asymptote, which (by the same Article) 

separates those diameters which meet the curve from those which 
do not intersect it. Hence, if one of two conjugate diameter9 
meet a hyperbola in real points^ the other will not. Hence also 
it may be seen that each asymptote is its own conjugate* 

172. To find the coordinates x"y" of the extremity of the 
diameter conjugate to that passing through x'y\ 

ThesQ coordinates are obviously found by solving for x and y 
between the equation of the conjugate diameter and that of 
the curve, viz. 



/ 
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Sabstitating in the second the values of x and y found from the 
first equation, and remembering that a/, y^ satisfy the equation 
of the curvoi we find without difficulty 

a *6 ' b *a • 

173. To express the lengths of a diameter (</), and its eonju* 
gate {J/)^ in terrns of the abscissa of the extremity of the diameter, 

(1) We have a'*^ar+g'\ 
But y^ = -.(a"-a^). 

Hence 0^ = ^+ ^-^a^«y + e»a^. 

a 

(2) Again, we have 

rt 

or «(a*-aJ^)4-«aJ^; 

hence V^^cf^ e'o;'*. 

From these values we have 

or, The sum of the squares of any pair of conjugate diameters of 
an ellipse is constant (see Ex. 3, Art. 159). 

174. In the hyperbola we must change the signs of V and 
6", and we get 

or, The difference of the squares of any pair of conjugate diameters 
of a hyperbola is constant 

If in the hyperbola we have a = 5, its equation becomea 

u!'-y'^a\ 

and it is called an equilateral hyperbola. 

The theorem just proved shows that every diameter of an 
equilateral hyperbola is equal to its conjugate. 

The asymptotes of the equilateral hyperbola being given by 
the equation 



i 
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wt at right angles to each other. Hence this hjrperbola is often 
ealled a rectangular h}rperl)ola. 

The condition that the general equation of the second degree 
should represent an equilateral hyperbola is a s=— i ; for (Art. 74) 
this is the condition that the asymptotes {aa? '\'2hxy-\'hy*) 
should be at right angles to each other ; but if the hyperbola be 
re tangular it must be equtlateralj since (Art. 167) the tangent 

of half the angle between the asymptotes » - ; therefore, if 
this angle ^ 4t5*'^ we have 

175. To find the length of the perpendicular from the centre 
en the tangent 

The leng^ of the perpendicular from the origin on the line 

bat we proved (Art 173) that 

. ab 

hence l>= -jr * 

176. To find the angle between any pair of conjugate dia* 
meierSm 

The angle between the diameters Is equal to the angle be* 
tween either, and the tangent parallel to .^.^m 

the other. Now 




Hence sin6 (or PCP') = ^, . 

^ ^ ' - ab 

The equation a'V %m^^ab proves that the triangle formed 
hjf joining the extremities of conjugate diameters of an eUipse 
hjg^erbola has a constant area (see Art. 169, Ex. 3). 
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177. The sum of the squares of any two conjugate diameters 
of an ellipse being constant, their rectangle is a maximum when 
they are equal ; and, therefore, in this case, sin^ is a minimum ; 
hence the acute angle between the two equal conjugate dia- 
meters is less (and, consequently, the obtuse angle greater] than 
the angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making a' = i' in the equation a'* + i'* = a* + J*^ whence a'* is half 
the sum of a* and &^, and in this case 

. , 2ab 

The angle which either of the equi-conjugate diameters makea 
with the axis of x is found from the equation 

tSLuO tan^= i, 

a 

by making tan^ = - tan ^; for any two equal diameters make 
equal angles with the axis of x on opposite sides of it (Art. 162J. 

Hence tan^ = - . 

a 

It follows, therefore, from Art. 167, that if an ellipse and hyper- 
bola have the same axes in magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equl-conjugate 
diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 
diameters (Art. 168), becomes ic' + y^^a'*, when a' = i'. We 
sec, therefore, that, by taking the equi-conjugate diameters for 
axes, the equation of any ellipse may be put into the same form 
as the equation of the circle, a? -\-y* = r*^ but that in the case of 
the ellipse the angle between these axes will be oblique, 

178. To express the perpendicular from the centre on the 
tangent in terms of the angles which it makes with the axes* 

If we proceed to throw the equation of the tangent 

(— r+^ =l) ^^^^ ^^ ^0^°^ a?C08a + y sina=2' (Art. 23), 
we iind immediately, by comparing these equations. 



^ 
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Substituting in the equation of the curve the values of x\ y\ 
hence obtained, we find 

JO* = a" cos* a + V sin* a.* 

The equation of the tangent may, therefore, be written 

X cosa + y sin a — V(«* cos'a + J* sin" a) = 0. 

Hence, by Art. 34, the perpendicular from any point {x'y') on 
the tangent is 

V(«* cos'a + i* sin' a) — x' cosa — y' sin a, 

^here we have written the formula so that the perpendiculars 
shall be positive when x'y' is on the same side of the tangent 
«B the centre. 

Ex. To fiod the locus of the intersection of tangents which cut at right angles. 
Let/>| p* be tlie perpendiculars on those tangents, then 

/»» = o' C08»a + ^ 8in*o, p*^ = «* sin«a + i« cos'a, />» + /j** = a« + i*. 

3tit the square of the distance from the centre, of the intersection of two lines which 
«at at right angles, is equal to the sum of the squares of its distances from the lines 
thenudTen. The distance, therefore, is constant, and the required locus is a circle 
<aee p. 166, Ex. 4). 

179. The chords which join the extremities of any diameter 
to any point on the curve are called supplemental cJiords. 

Diameters parallel to any pair of supplemental chords are 
conjugate* 

For if we consider the triangle formed by joining the extre- 
Biittes of any diameter AB to any point on the curve D ; since, 
by elementary geometry, the line joining the middle points of 
two sides must bo parallel to the third, the diameter bisecting 
AD will be parallel to BD^ and the diameter bisecting BD will 
be parallel to AD. The same thing may be proved analytically, 
by forming the equations of AD and BD^ and showing that the 
prodnct of the tangents of the angles made by these lines with 

the axis is = — s . 

a 

• This property enables us to draw geometrically a pair of 

jugate diameters making any angle with each other. For if 

describe on any diameter a segment of a circle, containing 



* In like manner, p^ = a** cos'a + b'^ cos'/3, a and /3 being the angles tbt 
tjiffr^*^^ makM with any pair of conjugate diameters. 
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given angle, and join the points where it meets the carve to the 
extremities of the assumed diameter, we obtain a pair of supple- 
mental chords inclined at the given angloi the diameters parallel 
to which will be conjugate to each other. 

Ex. 1. Tangents at the extremitieB of any diameter axe paralleL 
Their eqoatiOQs are ~« -^ ^ = ± !• 

This also follows from the first theorem of Art. 146, and from conaidering that the 
centre is the pole of the line at infinity (Art. 164). 

Ex. 2. If any raiiable tangent to a central conio section meet two fixed parallel 
tangents, it will intercept portions on them, whose rectangle it constant, and equal 
to the square of the eemi-diameter parallel to them. 

Let U3 take for axes the diameter parallel to the tangents and Iti conjugate, then 
the equations of the cnrre and of the rariable tangent will be 

The intercepts on the fixed tangents are found by making w alternately ^-^a! in the 
latter equation, and we get 

and, therefore, their product is Z*t (^ — ?) ' 

which, Bubstitnting for /* from the equation of the curre, reduces to &*■. 

Ex. 8. The same oonstmctlon remaining, the rectangle under the segments of the 
Tsriable tangent is equal to the square of the semi-diameter parallel to it. 

For, the intercept on either of the parallel tangents is to the adjacent segment 
of the Tsrlable tangent as the parallel semi«diameten (Art. 149) ; therefore, the rect- 
angle under the intercepts of the fixed tangent is to the rectangle under the segments 
of tbe variable tangent as the tquartt of these semi-diameters; and, since the first 
YecLangle is equal to the vquare of the semi«diameter parallel to it, the second rect* 
angle muit be equal to the square of the semi-diameter paiaUel to iL 

Ex. 4. If any tangent meet any two conjugate diameters, the rectangle under its 
segments is equal to the square of the parallel semi-diameter. 

Take for axes the semi-diameter parallel to the tangent and its conjugate ; then 
th6 equations of any two conjugate diameters being (Art, 170) 

l' = 5*' ■75 + ^ = "' 

the intercepts made by them on the tangent are fonn^, by making x s a', to be 

y = L«', andy = -^^, 

whose rectangle is eridcntly = b**. 

We might, in like manner, have giren a purely algebraical proof of Ex. 8. 

Hence, also, if the centre be joined to the points where two parallel tangents meet 
any tangent, the joining lines will be conjugate diameters. 

Ex. 5. Given, in magnitude and position, two conjugate semi-diameters, Oa, Oh^ 
of a central conic, to determine the position of the 
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The folknring oootbniction is founded on the theorsm 
Biamplo-Thzou^ a the extremity of either diameter, 
dimw a parallel to the other; It must of oonzae be a tan- 
gni to the earn. Now, <m Oa take a point P, each 
that the leotangle Oa.aP =: (^ (<m the side remote from 
O for the eUipee, on the same side for the hyperbola), 
and deacribe a circle through 0, P, baring its centre on 
mC, then the linei OA^ OB toe Hm axes of the cnrre; 
f6r, since the rectangle Aa,aB = Oa.aP = 0^, the lines 
OA, OB are oonjogate diameters, snd since AB is a dia- 
meter of the cinde^ the an^ AOB is right. 

Bx. 8. Given any two semi-diameters, if from the extremity of each an ordinate 
be drawn to the other, the triangles so formed will be equal in area. r* ; 

Ix. 7. Or if tangents be drawn at the extremity of each, the trianglee so l^med ^ 
win be eqnal in aiean i 
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180. A line drawn throogh any point of a cunre perpen- 
dicular to the tangent at that point is called the Normal. 

Formingi by Art 32| the equation of a line drawn through 

(iijf) perpendicular to f'-i- "f* ^ ^ 1 ) i ^^ ^^^ ^oi* the equation 
of the normal to a conic 



or 



a'x 






h2y 

^ being used, as in Art. 161, to denote a* — &*. 

Hence we can find the portion ON intercepted by the normd 
on either axis ; for, making y = in 
the equation just given, we find 

«« -ifl/* or »ss«V. 

We can thus draw a normal to 
an ellipse from any point on the atis, 
for given GN we can find a<, the abscissa of the point through 
which the normal is drawn. , 

The circle may be considered as an ellipse whose eccentricity 
■» 0, rince «■ = ci^ - J' = 0. The intercept CN^ therefore, is eoiH 
Btantly «= in the case of the circle, or emry nartnal te a 
paaaea (krongh its centre. 
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181. The portion Miff intercepted on the axis between the 
normal and ordinate is called the SubnormaL Its length is, by 
the last Article. 

OS ~" "^ SD — '"^ US • 

a a 

The normal, therefore, cuts the abscissa into parts which are in 
a constant ratio. 

If a tangent drawn at the point P cut the axis in Tj the in* 
tercept MT is, in like manner, called the SubtangenJt. 

Since the whole length CT^--, (Art. 169), the subtang^nt 

a , a — a? 



= -7-05 



X X 

The length of the normal can also be easily found. For 

PiV« = PJf • + iVif =y^ + ^« a;^ = ^. (^V + ^ a?') . 

But if V be the semi-diameter conjugate to C7P, the quantity 
within the parentheses <= V* (Art. 173). Hence the length of the 

normal P^= — . 

a 

If the normal be produced to meet the axis minor| it can be 

proved, in like manner, that its length = -j- • HencCi the rectr 

angle under the segments of the normal is equal to the square of 
the conjugate semi-diameter. 

Again, we found (Art. 175) that the perpendicular firom the 

centre on the tangent = -77 . Hence, the rectangle under the 

normal and the perpendicular from the centre on the tangent is 
constant and equal to the square of the semi-'axis minor. 

Thus, too, we can express the normal in terms of the angle 
it makes with the axis, for 

pV-i' *L___rArt 178^- =»--PiL"^*^- 

^" ;> ~ ^/[a'cos'a + b'Bm'a) ^^^' ^^^^' V(l-«'8in«a) " 

Ex. 1. To draw a normal to on ellipse or hyperbola passing through a given point.' 

The equation of the normal, aVy — *Vy = cVy*, expresses a relation between 

the coordinates x't/ of any point on the ciure, and ry the coordinates of any point 

on the normal at xy. We express that the point on the normal is known, and the 

point on the curve songht, by removing the accents from the coordinates of the latter 
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point, and acoentuatiiig those of the fonner. Thna we find that the points on tho 
conre, whose nonnals will pus through {pcfjf) are the points of interaection of the 
giren canre with the hyperbola 

•*xy = o*x'y — bh/x, 

Ex. 2. If throngh a given point on a oonic any two lines at right angles to each 
other be drawn to meet the corre, the line joining their extremities will pass through 
a fixed point on the normal. 

Let us take for axes the tangent and normal at the given point, then the equation 
of the curye must be of the form 

oaf* + Vixy + 6y» + 2/y = 0, 

ffor = 0, because the origin is on the curve, and ^ = (Art. 144), because the tan- 
gent is supposed to be the axis of x, whose equation is y = 0). 
Kow, let the equation of any two lines through the origin be 

0^ + 2pa?y + jy* = 0. 

Moltiply this equation by a, and subtract it from that of the curve, and we get 

2 (* - a/>) a:y + (* - og) y» + 2/y = 0. 

This (Art. 40) is the equation of a locus passing through the points of intersection 
of the lines and oonic ; but it may evidently be resolved into y = (the equation of 
the tangent at the given point), and 

2 (* - op) a? + (3 - oj) y + %f= 0, 

which must be the equation of the chord joining the extremities of the given lines. 

2/ 
The point where this chord meets the normal (the axis of y) is y = — ^-^ ; but if 

€iq — 

the lines are at right angles ^ = — 1 (Art. 74), and the intercept on the normal has 

theooofltant length 

"■ a+b' 

If the curve be an equilateral hyperbola, a + 3 = 0, and the line in question lis 
oODstantly parallel to the normal Thus then, if through any point on an equilateral 
hyperbola be drawn two chords at right angles, the perpendicular let fall on the line 
Joining their extiemltiee is the tangent to the curve. 

Ex. 8. To find the coordinates of the intersection of the tangents at the points 
The ooordinatea of the intersection of the lines 

, q* (y - y'O _ ^ (z' - x") 

•- y'x"-y'V' ^" »'y"-yV 
Ex. 4. To find the coordinates of the intersection of the nonnals at the po&its 

**''ilf' ^^ {a^-b'^:^2^'X (&« - a«) yYY 



* This theorem will be equally true if the lines be drawn so as to make with tho 

QOimal angles tho product of whose tangents is constant, for, in this case, q la 

2/* 
ooOBstant, and, therefore, tho intercept -,'' . is constant. 
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when X, r •» ih« cooidinatee of the inteMection of UngentB, foimd in Uie Iwi 

Bxample. 

The TiJuee of Z and F m»y be written in other fonne. Sinoe by oomWning the 

equation. ^ ^ ^tl^. 

we get the lesnlte, ^rV" - y^" = ** (*^ - *"^ = - ** &^ - 1^*^ » 



hente 



We can also ptote 
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181 (a). Let CP, CO be a pair of coDJugatc scmi-diametcrB 
of an ellipse; let the normal 
PiV^ meet CQ in R] take PD, 
Fjy each equal to CQ ; then 
the lengths of the lines CD^ 
CU are a — i, a + J respec- 
tively. 

For 

CIP^ CP'^PIP'^2Piy. PR, 
but 
CP'^PIT^cf'^V (Art. 178), 

and 2PZy. PB « 2aft (Art. 175). 

Hence Cir=^(a + h)\ SimiUrly for CD. 
The axis-major bisects the angle DCtf, For the line 

Zyjtf'«2yp+PY=J'+ — = -(a4&). 

Similarly DN= — (a - i). At the point N, therefore, the 

base of the triangle DCU is divided in the ratio of the aides, 
and, therefore, CN is the internal bisector of the vertical angle* 
In like manner, it is proved that CN' is the external bisector. 

Hence then, being given two conjugate semi-diameters 
C7P, CQ in magnitude and position, we are given the axes in 
magnitude and position. For we have only from P to let fidl 
on CQ the perpendicular PR ; to take PD^ Plf each equal CQ ; 
then the axes are in direction the bisectors of the angle DOU \ 
while their lengths are the sum and difference of CD, CU. 
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THE FOCI. 

182. If on tbe axis major of an ellipse we take two points 
equidistant from the centre whose com- T) 
mon distance 

= ±V(«*-ft*), or «±c, 
these points are called the foci of the 
dure. 

The foci of a hyperbola are two points on the transverse 
aziS| at a distance from the centre still ^±c^ c being in the 
hyperboU 

To express the distance of any point on an ellipse from the 
focus. 

Since the coordinates of one focus are (x^-^-c^ y = ^)} ^^^ 
iqiiare of the distance of any point from it 

But (Art. 173) 

a;'^ + y'« = y+e««'", and V-\'C^ = a\ 
Hence FF* = a* - 2cx' + e'a?'* ; 

and recollecting that c = ae, we have 

FF^a-ea^. 

[We reject the value [ea^ — a) obtained by givmg the other 
sign to the square root. For, since of is less than a, and e less 
than 1| the quantity ea^^a is constantly negative, and there- 
fine does not concern us, as we are now considering, not the 
direction, but the absolute magnitude of the radius vector FF,] 

We have, similarly, the distance from the other focus 

jP'P= a + ej^, 

UDoe we have only to write — c for + o in the preceding formulas. 

Hence FF-\-F'F^2a, 

or, The sum of the distances of any point on an ellipse from the 
fod is constant^ and equal to the axis major. 

183. In applying the preceding proposition to the hyperbola, 
we obtain the same value for FP^ \ but in extracting the square 

AA 



/ 
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root we must change the sign in the value of FP^ for In the 
hyperbola x' is greater than a and e is greater than 1. Hence, 
a — eo^ is constantly negative; the absolute magnitude there- 
fore of the radius vector is 

FP^ex' -a. 

In like manner F'P = ex + a. 

Hence F'P- FP= 2a. 

Therefore, in the hyperhola^ the difference of the focal radii is 
constant^ and equal to the transverse axis. 

The rectangle uuder the focal radii =±(a* — cV), that is, 
(Art. 173) = }>\ 

184. The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle, if the base and 
either sum or difference of sides be given. 

Taking the middle point of the base (=s 2c) for origin, the 
equation is 

V{/ + (c + xy] ± V{y + (c - a:)'} = 2a, 
which, when cleared of radicals, becomes 

a a - c 

Now, if the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than c, therefore 
the coefficient of y^ is positive, and the locus an ellipse. 

If the difference be given, a is less than c, the coefficient of y* 
is negative, and the locus a hyperbola. 

185. By the help of the preceding theorems we can describe 
an ellipse or hyperbola mechanically. 

If the extremities of a thread be fastened at two fixed points 
F and F^ it is plain that a pencil moved about so as to keep the 
thread always stretched will describe an ellipse whose foci are F 
and F\ and whose axis major is equal to the length of the thread. 

In order to describe a hyperbola, let a ruler be fastened at 
one extremity {F)j and capable of moving 
round it, then if a thread, fastened to a 
fixed point i^, and also to a fixed point on 
the ruler (jB), be kept stretched by a ring 
at P, as the ruler is moved round, the point 
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P will describe a hyperbola ; for, since the sum of F'P and Pit 
is constant, the difference of FP and F'P will be constant. 

186. The polar of either focus is called the directrix of the 
conic section. The directrix must, therefore 
(Art. 169), be a line perpendicular to the axis 

major at a distance from the centre = + — . 

c 

Knowing the distance of the directrix from 

the centre, we can find its distance from any 

point on the curve. It must be equal to 

^-a?',or=^(a-eaJ') = -(a-eaO. 

Bnt the distance of any point on the curve from the focus 
ssa — ea^. Hence we obtain the important property, that the 
distance qf any point an the curve from the focus is in a constant 
ratio to its distance from the directrix j viz. as e to 1. 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point (the focus) is in a con- 
stant ratio to its distance from a fixed line (the directrix). On 
this definition several writers have based the theory of conic 
sections. Taking the fixed line for the axis of a?, the equation 
of the locus b at once written down 

which it is easy to see will represent an ellipse, hjrperbola, or 
parabola, according as 6 is less, greater than, or equal to 1. 

Ex. If a curve be snch that the distance of any point of it from a fixed point 
can be expreBsed as a rational function of the first degree of its coordinates, then the. 
curve must be a conic section, and the fixed point its focus (see O'Brien's Coordinate 
Gtometiy, p. S5). 

For, if the distance can be expreesed 

since Ax -{■ By -{■ C ia proportional to the perpendicalur let fall on the right line whoee 
equation is {Ax + By+ C—0) the equation signifies that the distance of any point of 
the corre from the fixed point is in a constant ratio to its distance from this line. 

187. To find the length of the perpendicular from thefocm on 

the tangent. 

The length of the perpendicular from the focus (+ o, 0) 
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the line (^ + ^ « l) is, by Art. 34, 

but, Art. 175, y(J + ^)=:^. 

Hence (see fig. p. 177) 

Likewise i^r = |, (a + e*'; = p F'P- 

Hence FT.FT^ b* (since a* - e'a/' » 6"). 

or, 7%^ rectangle under the focal perpendiculars on ike tangent i$ 
constant, and equal to the square of the semi-axia minor. 

This property appUes equally to the ellipse and the hyperbola. 

188. The focal radii make equal angles with the tangent. 
For we bad FT= ^ FP, or jj = |/ } 

but ^^smFPT. 

Hence the sine of the angle which the focal radios vector FP 

makes with the tangent st>. But we find| in like mannery 

the same value for sin^P!r, the sine of the angle which the 
other focal radius vector F'P makes with the tangent. 

The theorem of this article is true both for the ellipee and 
hyperbola, and, on looking at the 
figures, it is evident that the tangent 
to the ellipse is the external bisector 
of the angle between the focal radii, 
and the tangent to the hyperbola the 
internal bisector. 

Hence, if an ellipse and hyperbola^ 
having the aamefod^ pass through the same pointy they wiU cut 
each other at right angles^ that is to say, the tangent to the ellipso 
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at that point will be at right angles to the tangent to the 
hyperbola. 

Ex. 1. PxoY6 aoalytically that oonfocal oonicB cat at right angles. 
The coordinates of the intexsection of the conios 

satisfy the rdation obtained by subtracting the equations one from the other, Tiz. 
But if the conies be confbca], a* — a'* = ^ — 6^*, and this relation becomes 
But this is the condition (Art 82) that the two tangents 

ahoold be perpendicular to each other. 

Ex. 2. Find the length of a line drawn through the centre parallel to either focal 
xadiuB vector, and terminated by the tangent. 

Thia length is found by dividing the perpendicular from the centre on the tangent 

( ^ j , by fr; J the sine of the angle between the radius vector and tangent, and is 

thneCorB = a. 

Bx. 8. Verify that the normal, which is a bisector of the angle between the focal 
radii, divides the distance between the fod into parts which are proportional to the 
local radii (Eoc. ti. 8). The distance of the foot of the normal from the centre is 
(Alt. 180) = Ae\ Henoe its distances from the foci are c + eV and e — sV, quantities 
which are evidently a times a-k-eai^ and a — eaf, 

Bz. 4. To draw a normal to the ellipse from any point on the axis minor. 

An§. The circle through the given point and the two foci, will meet the curve at 
the pdnt whence the normal is to be drawn. 

189. Another important consequence may be deduced from 
the theorem of Art. 187, that the rectangle under the focal per- 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have (see figure, next 
page) 

FT.F'T = Ft . J-Y, or ^ = -p^ ; 

bnt -^c IS the ratio of the sines of the parts into which the line 

^' -FY 

FP divides the angle at P, and wm^ is the ratio of the sines of 
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the parts into which F'P divides the same angle ; we have, there- 
fore, the angle TPF^ fPF\ 

If we conceive a conic section to pass 
through P, having F and F" for foci, it 
was proved in Art. 188, that the tangent 
to it must be equally inclined to the lines 
FP^ F'P'j it follows, therefore, from 
the present Article, that it most be also 
equally inclined to PTj Pt ; hence we learn that if through any 
point {P)ofa conic section we draw tangents [PT^ Pt) to a con- 
focal conic section^ these tangents will he equally inclined to the 
tangent at P, 

190. To find the locus of the foot of the perpendicular hifaU 
from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 
the angles it makes with the axis by patting a/ = c, y » in the 
formula of Art. 178, viz., 

p = ^/(a' co8"a + i* sin* a) — a/ cosa — y' sino. 

Hence the polar equation of the locus is 

p = V(«* cos*a + J' sin* a) ^c cos a, 

or p* + 2cp cos a + c* cos* a^^a* cos* a + ft* sm* a, 

or /)* + 2cp cos a = i*. 

This (Art. 95) is the polar equation of a circle whose centre 
is on the axis of a;, at a distance from the focus ^ —c] the circle 
is, therefore, concentric with the curve. The radius of the circle 
is, by the same Article, = a. 

Hence, If we describe a circle having for diameter the tranB^ 
verse axis of an ellipse or hyperbola^ the perpendicular from, the 
focus will meet the tangent on the circumference of this circle. 

Or, conversely, if from any point F (see figure, p. 177) we 
draw a radius vector FT to a given circle^ and draw TP perpen^ 
dicular to FT^ the line TPwill always touch a conic section^ having 
F for itsfocus^ which will be an ellipse or hyperbola^ according as 
F is within or without the circle. 

It may be inferred from Art. 188, Ex. 2, that the line OT^ 
whose length = a, is parallel to the focal radius vector F^P. 
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191. To find the angle subtended at the focus hy the tangent 
draum to a central conic from any point (ocy). 

Let the point of contact be {ixfy^)j the centre being the origin, 
then, if the radii from the focus F to the points {xy\ [x'j/)^ 
be Pi p\ and make angles 0^ ff^ with the axis, it is evident that 

y»aj4c .yiV /i/ic' + c .yi/V' 

coshes sin0=s-: cos^ = — j-. 8m^=S- 

P P P P 

XT ,A /vx (aj + c) (a/4 c) + vy' 
Hence co8(tf-^)=^^ — — , ' ^^ : 

PP 
but from the equation of the tangent we must have 

Substituting this value of yt/^j we get 

pp^ cos ( tf — ^) = X2f + cx + caf + c^ — -^xaf + l\ 

or = e'oa/ + car + caj' + a" = (a + ea?) (a + ex') ; 

or, since p' ^a-^ ex\ we have, (see O'Brien's Coordinate 

COS {0 — y) = . 

iSnce this value depends solely on the coordinates xy^ and does 
not involve the coordinates of the point of contact, either tangent 
drawn from xy subtends the same angle at the focus. Hence, 
The angle subtended at the focus by any chord is bisected by the 
line joining the focus to its pole. 

192. The line joining the focus to the pole cf any chord 
passing through it is perpendicular .to that chord. 

This may be deduced as a particular case of the last Article, 
the angle subtended at the focus being in this case 180"; or 
directly as follows : — The equation of the perpendicular through 

any point a^y to the polar of that point [ — ^ + ^^ = 1 j is, as in 
Art 180, a^x Vy _* 



a« 



But if a^^y be anywhere on the directrix, we have a;^ = — , and 

c 

it will then be found that both the equation of the polar and that 

of the perpendicular are satisfied by the coordinates of the focus 

(a; = c,y=0> 
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A¥hen in any carve we use polar coordinates, the portion 

intercepted by the tangent on a perpendicular to the radios vector 

drawn through the pole is called the polar subtangenU Hence 

the theorem of this Article may be stated thus: Thefocua being 

the polej the locus of the extremity of the polar subtangeni is the 

directrix. 

It will be proved (Chap, xii.) that the theorems of this and 

the last Article are true also for the parabola. 

Ex. 1. The angle is constant which ia robtended at the focos, by tfaa poition in- 
tercepted on a variable tangent between two fixed tangents. 

B7Art.l914t is half the angle subtended by the chord of contact of thftfixad tangents. 

Ex. 2. If any chord PP* cnt the direc- 
trix in Df then FDiathe external bisector 
of the angle PFP', For /Tis the internal 
bisector (Art 191) ; bat 2> is the pole of 
JFT(8ince it is the intersection of PP*, the 
polar of Tf with the directrix, the polar of 
F) ; therefore, DFin perpendicular to FT, 
and is therefore the external bisector. 

[The following theorems (communi- 
cated to me by the Rev. W. D. Sadleir) are 
founded on the analogy between the equations of the polar and the tangent.] 

Ex. 8. If a point be taken anywhere on a fixed perpendicular to the aziS| the per- 
pendicular from it on its polar will pass through a fixed point on the axia. For tfa* 
inteicept made by the perpendicular will (as in Art. 180) be <V, and wiU therefoie be 
constant when a^ is constant. 

Ex. 4. Find the lengths of the pexpendicular from the centre and from the foci on 
the polar of xy . 

Ex. 5. Prove CM. PN' = b\ This is analogous to the theorem that the rectangle 
under the normal and the central pexpendicular on 
tangent is constant. 

Ex.6. Prove PA". JVJV rr ~ (a« - eV*). When 

P is on the curve this equation gives us the known 

W 
expression for the normal = - (Art. 181). 

Ex.7. Prove F(?. -PC = car. JVJV. WhcnPis 
on the curve this theorem becomes FO.F'G* = 6*. 

193. To find the polar equation of the ellipse or hyperbolet^ 
the focus F' being the pole. 

The length of the focal radius vector (Art. 182) = o-€j^; 
but a/ (being measured from the centre) = /> cos tf + c 




Hence 



or 



p = a — ep cos tf — ec, 

^ a(i-6') ^y 1 

'^ l + ecostf a * l+ecostf* 



[ 



Q 



^v^- 



f »■ 

I 

'•J 



^2.^ 



V 



V 
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The double ordinate at the focns is called the parameter ; its 
half 18 found, by making = SO"* in the equation just given, to be 

= — =a(l — «?"). The parameter is commonly denoted by the 

letter p. Hence the equation is often written 

^ 2' l + ccostf' 
The parameter is also called the Lotus Bectum. 

Ex. 1. The hanDonic mean between the segmentB of a focal chord is constant, 

and equal to the semi-parameter. 

For, if the zadiua vector FP^ when produced backwards through the focus, meet 

p 1 

the enrre again in P*, then FP being^ . i-TeooTd* ^^* ^^*^ answers to (0+180°), 

FP ^ FP* ~p ' 

Ex. 2. The rectangle under the segments of a focal chord is proportional to the 
whole chord. 

Hub is merely another way of stating the result of the last Example ; but it may 
be proTed directly by calculating the quantities FP, FP*, and FP + FP', which are 
•nily seen to be respectively 

M 1 2y 1 

o« l-e»cofl»e' a 1 -e= 008=0 • 

Ex. 8. Any focal chord is a third proportioual to the transverse alis and the 
paziBel diameter. 

For it will be remembered that the length of a aemi-diameter making an angle 
with the tianiverBe axis is (Art. 161) 



JP = 



1 - c« cos20 • 



2/? 
Hence tiie length of the chord FP + FP' found in the last Example = — . 

/Bx. 4. The sun of two focal chords drawn parallel to two conjugate diameters If 
oomtant. 

For the sum of the squares of two conjugate diameters is constant (Art. 178). 

^ Ex 5. The sum of the reciprocals of two focal chords at right angles to each other 
is eonstant* 

194. The eqnation of the ellipse, referred to the yertez, is 

~i«- + p - 1, 

2*" b* . V 



or « = — X — -.x =px — zX 
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Hence, In tbe ellipse, the square of the ordinate is less than the 
rectangle under the parameter and abscissa. 

The equation of the hyperbola is found in like manner, 

y =P^ + -a ^ • 

Hence, in the hyperbola, the square of the ordinate exceeds the 
rectangle under the parameter and absciHsa. 

We shall show, in the next chapter, that in the parabola 
these quantities are equal. 

It was from this property that the names parabola^ hyperbola^ 
and ellipse^ were first given (see Pappus, Maili. ColL^ Book Vii.)* 

CONFOCAL CONICS * 

194(a). Since the distance between the foci is 2c, where 

(^ssa* — i*, two concentric and coaxal conies will have the same 

foci when the difference of the squares of the axes is the same 

for both; and if we take the ellipse whose semi-axes are a 

and &, any conic will be confocal with it, whose equation is 

of the form 

_x\ y" 

If we give the positive sign to \', the confocal conic will be 
an ellipse; it will also be an ellipse when V is negative as 
long as it is less than h^. When X^ is between b* and a*, the 
curve will be a hyperbola, and when V is greater than a*, the 
curve is imaginary. If \'' = i', the equation reducing itself 
to y* = 0, the axis of x is itself the limit which separates con- 
focal ellipses from hyperbolas. But the two foci belong to this 
limit in a special sense. In fact, through a given point can 
in general be drawn two conies confocal to a given one, since 
we have a quadratic to determine X', viz. 

or X* - X* (a» + 6» - a;'* - y") + a'i' - J'x" - 0^ = 0. 

When y' = 0, this quadratic becomes (X* - J*) (X" - «" + a/*) = 0, 
and one of its roots is X' = t", but if we have also x'*<=a* — t", 



* Tliis sgctiou may b« omitted on a first reading. 
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the second root is also \" = J', and therefore the two foci are in 
a special sense points corresponding to that value of X\ 

If in the quadratic for \* we substitute X" = a', we get the 
positive result (a'-i*)x'*; if we substitute X* = i' we get the 
negative result (i*— a*)y'*; if we substitute negative infinity we 
get a positive result ; hence, one of the roots lies between 
a* and b\ and the other is less than b^] that is to say, one 
of the conies is a hyperbola and the other an ellipse, as is 
evident geometrically. In fact, through a given point P can 
clearly be described two conies having two given points jP, F^ 
ibr foci ; viz. the ellipse, whose major axis is the sum of FP^ 
F'Pj and the hyperbola whose transverse axis is the diifercnce 
of the same lines. Conversely, if a', a'^ be the semi-axes major 
of the ellipse and hyperbola, FP and F'P are a-^-a' and 

194 (S), This theory can be made to furnish a kind of 
coordinate system which is sometimes employed ; viz. any point 
P is known when we know the axes of the two conies, confocal 
to a given one, which can be drawn through it ; and in terms 
of these axes can be expressed the ordinary coordinates of P, 
and the lengths of all other lines geometrically connected with 
it. Perhaps the easiest way of getting such expressions is 
to investigate anew the problem of drawing through P a conic 
with given foci, taking for unknown quantity the transverse 
axis of the conic. Then since c' is known, wo write «' — c* for 
&*i and have 



.1 -.1 



^ y 

or a*-a»{aj^+y« + c'') + c'a;'^ = 0. 

In like manner, if 1/ had been taken as the unknown quantity 
we should have had 

The products of the roots of these equations are respectively 
cV* and — c*y'*. Hence, wo have at once expressions for the 
coordinates of the intersections of two confocal conies, viz. 
c«a:'' = aV^, cSJ^^-W'^. The last value being negative, 
it'follows that one of the values of V^ is positive and the other 
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negative ; that is to say, that one of the conies is an ellipse 
and the other a liyperbola. Considering then V^ as containing 
implicitly a negative sign, the values we have obtained for the 
coordinates may be written symmetrically 

* - ^« _ j.« ) y - ij 



194(c). From the second term in either of the equations 
we get an expression for the square of the radius vector to 
the point P, viz. 

This also may be got by adding the expressions for x'* and y^ 
just found, since 

and a'*-6'» = a''*-&"' = c«. 

The square of the semi-diameter of the ellipse conjugate to 
CP is given by the equation ^ = a'' + J'* - (a'* + i""), and ia 
therefore V^ - V"" or a'* - a"". 

If jp' be the perpendicular on the tangent to the ellipse at P, 
we have Pp = a'i', and therefore 

a —a 

In like manner if y^ be the perpendicular on the tangent to 
the hyperbola we have 

The reader will observe the symmetry which exists between 
these values for 2?^, 2?^^, and the values already found for 
o;^, y^. If the two tangents at P be taken as axes of coor- 
dinates, p\ p'' are the coordinates of the centre C. The 
analogy then between the values for p\ p' and those for o^, \f 
may be stated as follows : With the point P as centre, two 
confocal conies may be described having the tangents at P 
as axes, and intersecting in G. The axes of the new system 
are a', al' ; V^ V ; and the tangents at G to the new system 
are the axes of the old system. 
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194 (rf). Returning to the quadratic of 194(a), if X", V" 

be the roots,' we have W^X'"* = a^V - Vx^ - a*y\ Now if x'j/ 

a? V* 
be a point external to -5 + ^, = 1, we have X'' = a'* — a*, 

X'^ssa"* — a'; and it will be observed that \"* is essentially 
negative, since the axis of any hyperbola of the system is less 
than that of any ellipse. Thus we have 

The expression given (Ex. 3, Art. 169) for the angle between 

the tangents to an ellipse from an external point may be thrown 

into the form 

2 V(a--a')(a» -a-) 

^'^ (a'«-a-)+(a"--a'') ' 
Now, when we have a formula tan A = ^^, „ , we have at once 

tan^^ = ^ , or in the present case = ./( ,,^ J . 

We have seen (Art. 189) that the tangents PT, Pt are 
equally inclined to the tangent to the confocal ellipse at P, or, 
in other words, that that tangent is the external bisector of the 
angle TPt, If then that tangent make an angle '^ with P7, 
^ will be the complement of ^0, and we have 

Cob. 1. We have always 

a? cos*^ 4 a'"" sln'^ = a\ 

Cob. 2. If on the tangents PT, Pt be taken from P 
portions, equal respectively to the focal distances PF^ PF\ 
the length of the line joining their extremities will be 2a. For 
if we consider the triangle whose sides are a' + a", a' — a" (see 
Art. 194a) and 2a, and apply the ordinary trigonometric formula 

tan'4C=» "y^ 7 — > we find for the angle between the first 
« (« - c) ' 

two lines the same value as that just found for ^. 

Cob. 3. If from a point P tangents be drawn to two fixed 
confocal ellipses, the ratio (sin >fr : sin ^') of the sines of the 
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angles which these tangents make with the tangent to the 
confocal ellipse passing through Pwill be constant while P moves 
on that ellipse. For if a and A be the semi-axea of the 
interior ellipses, we have, from what has been just proyed| 

sin>/r _ // g"* -- g* \ 

sin^r'" V W^^^=^7* 
an expression not involving a''*, and therefore the same for 
every point on the ellipse a\ 

THE ASYMPTOTES. 

195. We have hitherto discussed properties common to the 
ellipse and the hyperbola. There is, however, one class of pro- 
perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptoteSi 
which in the ellipse are imaginary. 

We saw that the equation of the asymptotes was always 
obtained by putting the terms containing the highest powers of 
the variables = 0, the centre being the origin. Thus the equation 
of the curve, referred to any pair of conjugate diameterSi being 

g'- i'» " ' 
that of the asymptotes is 

-/» - f^ = 0, or -7 - ^ = 0, and -> + f,^0. 
a b a h a b 

Hence the asymptotes are parallel to the diagonals of the paral- 
lelogram, whose adjacent sides are any pair of conjugate semi- 
diameters. For, the equation of 

oris- = -7 , and must, therefore, 
X a ^ ' 

coincide with one asymptote, while 



the equation of AB i- + ^,= 1 j 




is parallel to the other(sce Art.167). 

Plence, given any two conjugate diameters, we can find the 
asymptotes ; or, given the asymptotes, we can find the diameter 
conjugate to any given one; for if we draw AO parallel to one 
asymptote, to meet the other, and produce it till OB^AO^ we 
find B^ the extremity of the conjugate diameter. 



A 
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196. Thejfortion of any tangent intercepted hy the asymptotes 
%8 bisected at the curve^ and is equal to the conjugate diameter. 

This appears at once from the last Article, where we have 
proved AT^ V ^^AT \ or directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymp- 
totes is 

Hence, if we take x = a', we have y = ± J' ; but the tangent at 
A being parallel to the conjugate diameter, this value of the 
ordinate is the intercept on the tangent. 

197. If any line cut a hyperbola^ the portions DE^ FO^ in^ 
tercepted between the curve and its asymptotes^ are equal. 

For, if we take for axes a ,^ ^^ 

diameter parallel Xo DO and ^^ w^v^ 

its conjugate, it appears from 
the last Article that the por- 
tion DO \^ bisected by the 
diameter ; so is also the portion 
jEF; hence DE^ FO. 

The lengths of these lines can immediately be found, for, 

U S \ 

from the equation of the asymptotes [^^ - |,ii == j , we havo 
y{^DM^MO)^±^,x. 

Again, from the equation of the curve 

we have y{r^EM=FM)^±V J{^-1^. 
Hence J>E[^FO)^V^.- ^(^^l)], 

and ^^(=^^)=^'{l' + >v/(S'-0}- 

198. From these equations it at once follows that the rect- 
angle DE. DF is constant^ and = J'*. Hence, the greater DF is, 
the smaller will DE be. Now, the further from the centre we 
draw DF the greater will it be, and it is evident from the value 
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I 

priven in the last article, that by takiog x sufficiently large, we 
can make DF greater than any assigned quantity. Uencei 
the further from the centre we draw any line^ the leas will be the 
intercept between the curve and its asymptote^ and by increasing 
the distance from the centre^ we can make this intercept lees than 
any assigned quantity, 

199. If the asymptotes be taken for axes, the coefficients g 

and / of the general equation vanish, since the origin is the 

centre ; and the coefficients a and b vanish, since the axes meet 

the curve at infinity (Art. 138, Ex. 4) ; hence the equation r^ 

duces to the form 

ocys^H^. 

The geometrical meaning of this equation evidently is, that 
the area of the parallelogram formed by the coordinates is constants 

The equation being given in the form xy=^k\ the equation 
of any chord is (Art. 86), 

or aj'y + y"ic = i" + a?y '. 

Making x' ^oi' and %/ ^y'\ we find the equation of the tangent 

x'y + y'x = 2A:", 
or (writing a?y for W) 

From this form it appears that the intercepts made on the 
asymptotes by any tangent —It! and 2^'; their rectangle is, 
therefore, 4 A". Hence, the triangle which any tangent forms toith 
the asymptotes has a constant area^ and is equal to double the area 
of the parallelogram formed by the coordinates* 

Ex. 1. If two fixed points (xy, x"y") on a hyperbola be joined to any Tiiiable 
point on the curve {pc^"y^")i the portion which the joining lines intercept on either 
asymptote is constant. 

The equation of one of the joining lines being 

x"'y + y'x = y'x'" + i«, 

the intercept made by it from the origin on the axis of a; is fotmd, by malsing y = 0, to 
be x'" + gf. Similarly the intercept from the origin made by the other joining line is 

af" + 3f\ and the difEercnce between theee two (x' - x") is independent of the poeitioa 

of the point x"Y\ 
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JBs. 9. Find the ooordinates of the mteraeetion of the tangents at a</, o^V . 
Solve for x and jr from 

ndwefind «^= ar-^-y-x-^ ' 

which if we lobatitate for y*, y", -7 , -^, beoomee , ,, . 

fiimiUrly jr = ^ 4: T« • 

200. To express the quantity 1^ in terms of the lengths of the 
axes of the curve. 

Since the axis bisects the angle between the asymptotes, the 
ooordinates of its vertex are found| by putting x = i/ in tho 
equation xy^^k^jiohe x=y = k, 

HencCi if be the angle between the axis and the asymptote 

a = 2A;cos^, 

(since a is the base of an isosceles triangle whose sides = k and 
base angle =^0), but (Art. 165) 



cos^a 



«\ I 



V(a" + A*) 

hence *=^-t^. 

And the equation of the curvci referred to its asymptotes, is 

ary=— ^. 

201. The perpendicular from the focus on the asymptote is 
equal to the conjugate semi^axis b. 

For it is OF sui 5, but CF^ V{a" + &*), and sin 6 ^ ^ , • 

This might also have been deduced as a particular case of the 
property, that the product of the perpendiculars from the foci on 
any tangent is constant, and ^ — V. For the asymptote may be 
considered as a tangent, whose point of contact is at an infinite 
distance (Art. 154), and the perpendiculars from the foci oti it 
are evidently equal to each other, and on opposite sides of it. 

202. The distance of the focus from any point on the curve is 
equal to the length of a line drawn through the point parallel to an 
asymptote to meet the directrix. 

CO 
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FrM* the distance from the focus is e times the distance from 
the directrix (Art. 186), and the distance from the directrix is to 

the length of the parallel line as cosd f = - , Art. 167 ] ia to 1. 

Hence has been derived a method of describing the hyperbola 
by continued motion. A mier ABBj bent 
at B^ slides along the fixed line J9/X; a 
thread of a length = BB is fastened at the 
two points B and F^ while a ring at P keeps 
the thread always stretched ; then, as the 
ruler is moved along, the point P will do- 
scribe an hyperbola, of which P is a focus, 
Diy a directrix, and BB parallel to an 
asymptote, since FF must always = PP. 
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CHAPTER XII. 

THE PAEABOLA. 
REDUCTION OP THE EQUATION. 

203. The equation of the second degree (Art. 137) will re- 
present a parabola, when the first three terms form a perfect 
sqoarei or when the equation is of the form 

We saw (Art. 140) that we could not transform this equation 
80 as to make the coefficients of x and y both to vanish. The 
form of the equation, however, points at once to another method 
of simplifying it. We know (Art. 34) that the quantities 
ax-vffy^ 2^35 4 2/^ + c, are respectively proportional to the 
lengths of perpendiculars let fall from the point {xy) on the 
right lines, whose equations are 

aa? + i8y = 0, 2^j: + 2;^y + c = 0. 

Hence, the equation of the parabola asserts that the square of 
the perpendicular from any point of the curve on the first of 
these lines is proportional to the perpendicular from the same 
point on the second line. Now if we transform our equa- 
tion, making these two lines the new axes of coordinates, then 
i^ince the new x and y are proportional to the perpendiculars 
from any point on the new axes, the transtbrmed equation must 
be of the form y" ^px. 

The new origin is evidently a point on the curve ; and since 
for every value of x we have two equal and opposite values of y, 
our new axis of x will be a diameter whose ordinates are parallel 
to the new axis of y. But the ordinate drawn at the extremity 
of any diameter touches the curve (Art. 145) ; therefore the new 
axis of y is a tangent at the origin. Hence the line ouz; + /3y is 
the diameter passing through the origin, and 2gx 4 2^ 4 c is 
the tangent at the point where this diameter meets the curve. 
And the equation of the curve referred to a diameter and 
tangent at its extremity, as axes, is of the form y* =^px. 
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204. The new axes to which we were led in the last 
are in general not rectangular. We shall now show that it is 
possible to transform the equation to the form y* ^p3^ the new 
axes being rectangular. If we introdoce the arbitrary constant 
ky it is easy to verify that the equation of the parabola may be 
written in the form 

(aa; + %+A;)* + 2(^-aA;)aj + 2(/-/3i)y+c-*" = 0. 

UencCi as in the last articlci ouc + iSy-hA; is a diameteri 
2 ((7 — oA)a: + 2(/— /SA;)y + c-f b the tangent at its ex- 
tremity, and if we take these lines as axes, the transformed 
equation is of the form y^^px. Now the condition that these 
new axes should be perpendicular is (Art. 25) 

whence i = ^ — ^ . 

or + p" 

Since we get a simple equation for k^ we see that there is one 
diameter whose ordinates cut it perpendicularly! and this dia- 
meter is called the aocia of the curve. 

205. We might also have reduced the equation to the form 
y^^px by direct transformation of coordinates. In Chap. XI. 
we reduced the general equation by first transforming to parallel 
axes through a new origin, and then turning round the axes so 
as to make the coefficient of xy vanish. We might equally 
well have performed this transformation in the opposite order ; 
and in the case of the parabola this is more convenient, since 
we cannot, by transformation to a new origin, make the coeffi- 
cients of X and y both vanish. 

We take for our new axes the line ax + /%, and the Ime 
perpendicular to it fix — ay. Then since the new X and Y are 
to denote the lengths of perpendiculars from any point on the 
now axes, we have (Ai*t. 34) 

y ax + fiy ^ Y- ^^^^y 

Vla- + /£f)' VCa^ + A^-j* 

If for shortness we write a* + yS" = 7*, the formulsd of trans- 
formation become 

7r=ou:+i8y, yX^fix-ay^ 
hence 7ar = aF+/SX, yy = 0Y—aX, 
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Making these substittitions in the equation of the curve it becomes 

7T»+2(^i8-/a)X+2(^a+/i8) Y-¥yc^O. 
Thus, by turning round the axes, we have reduced the equation 
to the form by + 2g'x+ 2/y + c' = 0. 

If we change now to parallel axes through any new origin x'^y 
substituting x-^af^y-^j/'iovx and y, the equation becomes 

6y + 2/aj + 2(jy+/Oy+J'/" + 2/a;' + 2/y + c' = 0. 

The coefficient of x is thus unaltered by transformation, and 
therefore cannot in this way be made to vanish. But we can 
evidently determine sf and y', so that the coefficients of y and 
the absolute term may vanish, and the equation thus be reduced 
to j^^px. The actual values of the coordinates of the new 

origin arey^ =— "^^g'g *^ „, — ; andp is evidently - ■#, or 

in terms of the original coefficients 

i>= r- 

When the equation of a parabola is reduced to the form j^^^px^ 
the quantity p is called the parameter of the diameter, which is 
the axis of x ; and if the axes be rectangular, p is called the 
principal parameter (see Art. 194). 

Ex. 1. Find the principal parameter of the parabola 

9a5» + 24ary + 16y* + 22ar + 46y + 9 = 0. 

Fiat, if we proceed as in Art 204, we determine k = b. The equation may then 

D6 wncten 

(8r + 4y + 6)« = 2(4a?-8y + 8). 

Kow if the digtancee of any point from 8x + 4^ + 5 and 4x - 8y + 8 be F and Z, we 

liaTe 

6r = 8« + 4y + 5, 6X = 4a;-8y + 8, 

and the equation may be written Y* = IX, 

The procees of Art. 205 is first to transform to the lines Sx + 4y, 4>x - 8y as axes, 
when the equation becomes 

25F« + 60r-10X+9 = 0, 

or 25(F+1)« = 10.Y+16, 

which becomes F* = f X when tmnsformcd to parallel axes through (- f, - 1). 
Ex. 2. Find the parameter of the parabola 

a? 2xy y^ 2a: ^ 2y . A<W 

a* ab bf^ a b (d« + ^'. 

This Talne may also be deduced directly by the help of the following theonm, 
frhich will be proYcd afterwards :— " The focus of a parabola is the foot of ft 
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cular let fall from the intersection of two tangents which cnt at right angles on their 
chord of contact ;" and " The parameter of a conic is found by dividing foor times 
the rectangle nnder the segments of a focal chord by the length of that chord" 
(Art 193, Ex. 1). 

Ex. 3. If a and b be the lengths of two tangents to a parabola which intersect at 
right angles, and m one quarter of the parameter, proYe 

f? + *! = JL 
bs a» »i3 

206. If in tbe original equation gff =/a, the coefficient of x 
vanishes in the equation transformed as in the last article ; and 
that equation ty + 2/"y + c' = 0, being equivalent to one of the 

form i'(y-x)(y-/i) = o, 

represents two real, coincident, or imaginary lines parallel to the 
new axis of x. 

We can verify that In this case the general condition that 
the equation should represent right lines is fulfilled. For this 
condition may be written 

But if we substitute for a, hj 5, respectively, a*, ajS, iS", the left^ 
hand side of the equation vanishes, and the right-hand side 
becomes (/a— ^)8)". Writing the condition /a =^/9 in either 
of the form8/a* = (7ai9,/ai9=^/3*, we see that the general eqaa- 
tion of the second degree represents two parallel right lines 
when A* = aZ>, and also cither af—hg^ or/A = ty. 

*207. If the original axes were oblique, the equation is still 
reduced, as in Art. 205, by taking for our new axes the line 
ax-\-fil/j and the line perpendicular to it, whose equation is 

(Art. 26) ()8 - a cosft)) a; - (a - iS cosa>) y = 0. 

And if we write 7' = a'4)8' — 2ai8cos<», the formuls of trans- 
formation become, by Art. 34, 

yY={ax-^fi2/) sino), 7-3r=(/9 — acosft))a5— (a — i8co8»)y; 

whence yx sin a = (a - /S cos cd) F+ fiX sin cd ; 

7^ sinc0=:(/9 — a coseo) IT— aXsina. 

Making these substitutions, the equation becomes 

7T'' + 2sin'a>(i^/8-/a)-^ 

+ 2 sincD {^r (a - )8 cosw) 4/(^8 - a cos©)} Y-f-yc sin'» « 0. 
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And the transformation to parallel axes proceeds as In Art. 205. 
The principal parameter is 

P y j- 

(a* + )8'-2ai8co8ft)) 

Ex. find the prindpal pazameter of 

t^^^^^^^^^^l^O. Ans. ^'^^^" . 

a^ ab H' a b (o« + 4« + 2a6oofl«)* 

FIGURE OF THE CURVE. 

208. From the equation y*=^px we can at once perceive the 
figure of the curve. It must be symmetrical on both sides of the 
axis of 0?! since every value for x gives two 
equal and opposite for y. None of it can 
lie on the negative side of the origin, since 
if we make x negative, y will be imagi- 
naryi and as we give increasing positive 
values to or, we obtain increasing values 
for y. Hence the fig^ure of the curve is 
that here represented. 

Although the parabola resembles the hyperbola in having in- 
finite branches^ yet there is an important difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coincide with two diverg- 
ing right lines ; but this is not true for the parabola, since, if we 
seek the points where any right line [x=^ky-\-l) meets the 
parabola {y^^px), we obtain the quadratic 

whose roots can never be infinite as long as k and I are finite. 

There is no finite right line which meets the parabola in two 
coincident points at infinity; for any diameter (y = m)^ which 
meets the curve once at infinity (Art. 142), meets it once also in 




w» 



the point a; = — ; and although this value increases as m in- 
creases, yet it will never become infinite as long as m is finite. 

209. The figure of the parabola may be more clearly con- 
ceived firom the following theorem : If we suppose one vertex 
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and focuB of an ellipse given, while its axis major increases with- 
out limit, the curve will ultimately become a parabola. 

The equation of the el- p 

lipse referred to its vertex *p 
is (Art. 194) 

y = — aj-Tor", 
a a 

We wish to express b in terms of the distance VF{j=m\ 
which we suppose fixed. We have m = a — V(«* - ^') (Art. 182), 
whence V =« 2am — ir?^ and the equation becomes 

, /. 2r»*\ /2w m\ , 

Now, if we suppose a to become infinite, all but the first term of 
the right-hand side of the equation will vanish, and the equation 
becomes ^ ^ ^j^x^ 

the equation of a parabola. 

A parabola maj also be considered as an ellipse whose eooen- 

tricity is equal to 1. For e" =s I — g . Now we saw that -| , 

which is the coefficient of x* in the preceding equation, vanished 
as we supposed a increased, according to the prescribed condi- 
tions; hence e* becomes finally » 1. 

THE TANGENT. 

210. The equation of the chord joining two points on the 
curve is (Art. 86) (y-y') (y-y")=y«-px, 
or (y' + y") y=px-^ y'y". 

And if we make y"^y'j and for y** write its equal jpx, we haTe 
the equation of the tangent 

2yy =P [^ + a?')- 
If in this equation we put y = 0, we get r»=— ar', hence TAI 
(see fig. next page), which is called the Subtangent, is bisected 
at the vertex. 

These results hold equally if the axes of coordinates are 
oblique ; that is to say, if the axes are any diameter and the 
tangent at its vertex, in which case we saw (Art. 203) that the 
equation of the parabola is still of the form y* ^p'x. 
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This Article enables as, there- 
fore, to draw a tangent at any 
point on the parabola, since wo 
have only to take TV^ VM and 
join PTi or ag^in, having found 
this tangent, to draw an ordinate 
from P to any other diameter, 
unce we have only to take V'M'= T' FY and join PH\ 

211. The equation of the polar of any point x'l/ is similar 
in form to that of the*tangent (Art. 89), and Is, therefore, 

Fatting y = 0, we find that the intercept made by this polar 
on the axis o( x is ^af. Hence the intercept which the polars of 
any two points cut off on the axis is equal to the intercept between 
perpendiculars from those points on that axis ; each of these 
qaantities being equal to [of — a!'). 

DIABIETERS. 

212. We have said that if we take for axes any diameter 
and the tangent at its extremity, the equation will be of the 
form j^^p'x. 

We shall prove this again by actual transformation of the 
equation referred to rectangular axes (]/^=px)y because it is 
desirable to express the new p^ In terms of the (»ld p. 

If we transform the equation i/*=px to parallel axes through 
any point (a/y') on the curve, writing x + a^ and y +y for x and 
y^ the equation becomes 

y' + 2^^/ =^px. 

Now if, preserving our axis of x, we take a new axis of y, 
inclined to that of a; at an angle 0, we must substitute (Art. 9), 
yBinO for y, and x+y cosd for x^ and our equation becomes 

y* sin"5 + 2y'y siu0=px-]- py cos 0, 
In order that this should reduce to the form y^ =px^ we must 
have 

2y' sin ^p cos 0^ or tan = ^ , 

Now this is the very angle which the tangent makes with the 
axis of 0^1 as we see from the equation 

2y'y =P (a: + a?'). 

DD 
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The equation, therefore, referred to a diameter and tangent, 
will take the form 

The quantity p' is called the parameter corresponding to the 
diameter V'M\ and we see that the parameter of any diameter ta 
inversely proportional to the square of the sine of the angle which 

its ordinates make with the axis, since p' = -^^tb • 

We can express the parameter of any diameter in terms of the 

coordinates of its ^'ertex, from the equation tan^ = ~ ; hence 



hence 



p' z^p + \x\ 
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213. The equation of a line through {x'lf) perpendicular to 
the tangent 2yy' ^p [x + »') is 

i^(y-y') + 2y(a:-a?')=0. 
If we seek the intercept on 
the axis of x we have 

and, since K3/=a;', we must have 

MN (the subnormal J Art. 181) = Jp. 

Hence in the parabola the subnormal is constant^ and equal to 
the semi'parameter. The normal itself 

= V(PJ/* + MN') = V(y - 1 ip') = ^[p {x' 4 Ip)] = i V(i^')- 

THE FOCUS. 

214. A point situated on the axis of a parabola, at a distaixce 
from the vertex equal to one-fourth of the principal parameter, 
is called the focus of the curve. This is the point which, 
Art. 209, has led us to expect to find analogous to the focus 
of an ellipse ; and we shall show, in the present section, that a 
parabola may in every respect be considered as an ellipse, 
having one of its foci at this distance and the other at infinity. 
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To avoid fractions we shall often, in the following Articles, use 
the abbreviation m = J/?. 

To find the distance of any point on the curve from the focus. 

The coordinates of the focus being (m, 0), the square of its 
distance from any point is 

{x - mf+y'* = a;" - 2mx + w' + 4tmx' = (a^ + mf. 

Hence the distance of any point from the focus = x^ + m. 

This enables us to express more simply the result of Art. 212, 
and to say that the parameter of any diameter is four times the 
distance of its extremity from the focus, 

215. The polar of the focus of a parabola is called the 
directrix^ as in the ellipse and hyperbola. « 

Since the distance of the focus from the vertex = m, its polar 
is (Art. 211) a line perpendicular to the axis at the same dis- 
tance on the other side of the vertex. The distance of any point 
from the directrix must, therefore, =aj' + »n. 

Hence, by the last Article, the distance of any point on the 
curve from the directrix is equal to its distance from the focus. 

We' saw (Art. 186) that in the ellipse and hyperbola the 
distance from the focus is to the distance from the directrix in 
the constant ratio e to 1. We see, now, that this is true for the 
parabola also, since ill the parabola 6 = 1 (Art. 209). 

The method given for mechanically describing an hyperbola, 
Art. 202, can be adapted to the mechanical description of the 
parabola, by simply making the angle ABB a right angle. 

216. The point where any tangent cuts the aocisy and its point 
of contact J are equally distant from the focus. 

For, the distance from the veijex of the point where the 
tangent cuts the axis =3c^ (Art. 210), its dbtance from the focus 
is therefore x' + m. 

• 217. Any tangent makes equal angles with the axis and with 
the focal radius vector. 

This is evident from inspection of the isosceles ^triangle, 
which, in the last Article, we proved was formed by the axis, 
the focal radius vector, and the tangent. 

This is only an extension of the property of the ellipse 
(Art- 188), that the angle TPF^ TPF' ; for, if we suppose the 
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focus F' to go off to infinity, the line PF' will become parallel 
to the axis, and TFF^ FTF. (See figure, p. 200) 

Hence the tangent at the extremity of the focal ordinate cuts 
the axis at an angle of 45\ 

218. To find the length of the perpendicular from the focus on 
the tangent. 

The perpendicular from the point (ttz, 0) on the tangent 
\}f}/ = 27W [x + x)] is 

Hence (sec fig., p. 202) FR is a mean proportional between FV 
and FP. 

It appears, also, from this expression and from Art. 213 that 
FR is half the normal, as we might have inferred geometrically 
from the fact that TF^ FN. 

219. To express the perpendicular from the focus in terms of 
the angles which it makes with the axis. 

We have 

cosa = sinF2!S=(Art. 212) /LJ!^\ . 
Therefore (Art. 218) 



FR=^^{m{x■^m)} = 



m 



cos a 

The equation of the tangent, the focus being the origin^ can 

therefore be expressed 

• m ^ 

X cosa + V sm a H = 0, 

•^ cosa ' 

and hence we can express the perpendicular from any other 
point in terms of the angle it makes with the axis. 

220. Tlie locus of the extremity of the perpendicular from the 
focus on the tangent is a right line* 

For, taking the focus for pole, we have at once the polar 

equation 

m 

p= • pcosa = 9n, 

'^ cosa' 

which obviously represents the tangent at the vertex. 

Conversely, if from any point F we draw FR a radios vector 
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to a right line F2Z, and draw PR perpendicular to it, the line 
tR will always touch a parabola having F for its fociis. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than is sufficient to determine 
a line is given, and it is required to find its envelope^ that is 
to say, the curve which it always touches. 

We leave, as a useful exercise to the reader, the investiga- 
tion of the locus of the foot of the perpendicular by ordinary 
rectangular coordinates. 

221. To find the locus of the intersection of tangents which 
cut at right angles to each other. 

The equation of any tangent being (Art. 219) 

X cos*a +y sina cosa + w = ; 
the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle = 90*" + a with the axis) is found 
by substituting cosa for sina, and — sina for cosa, or 

X sin'a — y sina cosa -f m = 0. 
a Is eliminated by simply adding the equations, and we get 

aj + 2m = 0, 

the equation of the directrix^ since the dbtance of focus from 
directrix = 2m« 

222. The angle hetxoeen any two tangents is half the angle 
between the focal radii vectores to their points of contact. 

For, from the isosceles PFT^ the angle PTF^ which the tan- 
gent makes with the axis, is half the angle PFN^ which the focal 
radius makes with it. Now, the angle between any two tangents 
is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference 
of the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem : for if two tangents make with each 
other an angle of 90*", the focal radii must make with each other 
an angle of 180"*, therefore the two tangents must be drawn at 
the extremities of a chord through the focus, and, therefore, 
from the definition of the directrix, must meet on the directrix. 

223. The line joining the focus to the intersection of two tangents 
bisects the angle which their points of contact subtend at the focus. 
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Subtracting one from the other, the equations of two tan- 
gents, viz. 

X coB*a + y sin a cosa + wi = 0, x cos'/S + y 8in/8 cos/8 + m = 0| 

we find for the line joining their intersection to the focus, 

X sin (a + i8) - y cos (a + ^8) = 0. 

This is the equation of a line making the angle a + 13 with the 

axis of X, But since a and are the angles made with the axis 

by the perpendiculars on the tangent, we have VFP^2a and 

VFP' = 20 ; therefore the line making an angle with the oxis 

=*a + must bisect the angle PFP\ This theorem may also be 

proved by calculating, as in Art. 191, the angle {0 — 0^) subtended 

at the focus by the tangent to a parabola from the point xy^ when 

X "4" tn 
it will be found that cos (^ — ^) = , a value which, being 

H 

independent of the coordinates of the point of contact, will 
be the same for each of the two tangents which can be drawn 
through xy. (See O'Brien's Coordinate Oeometry^ p. 156.) 

Cor. 1 . If we take the case where the angle PFP' = 180% 
then PP' passes through the focus ; the tangents 2!P, TP' will 
intersect on the directrix, and the angle TFP^ 90* (See Art. 
192}. This may also be proved directly by forming the equa^ 
tions of the polar of any point (— m, j/) on the directrix, and . 
also the equation of the line joining that point to the focna. 
These two equations are 

yy = 2m(a:-7n), 2m (y-y') +y'(aj + m) = 0, 

which obviously represent two right lines at right angles to 
each other. 

Cor. 2. If any chord PP' 
cut the directrix in />, then FD 
is the external bisector of the 
angle PFP\ This Is proved as 
at p. 184. 

Cor. 3. If any variable tan- 
gent to the parabola meet two fixed tangents, the angle sab- 
tended at the focus by the portion of the variable tangent 
intercepted between the fixed tangents is the. supplement of - 
the angle between the fixed tangents. For (see next figure)... 
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the angle QBT is half pFq (Art. 222), and, by the present 
Article, PFQ is obviously also half^^i^j, therefore FFQ is=QBl\ 
or is the supplement of PBQ. 

Cor. 4. The circle drcuniacnbing the triavgle formed ly any 
three tangents to a 
parabola voill pass 
through the focus. 
For the circle de- 
scribed through 
PRQ must pass 
through Fj since 
the angle contained 
in the segment PFQ will be the supplement of that contained 
mPRQ. 

224. To find the polar equation of the parabola^ the focus 
being the pole. P 

We proved (Art. 214) that the focal 
radius 

^x'-\-m^V3f+m=^FM+2m=p cos0-\-2m. 

__ 2m 
^■" 1 -costf* 




Hence 




This is exactly what the equation of Art. 193 become?, if 
we suppose c=l (Art. 209). The properties proved in the 
JEIxamples to Art. 193 are equally true of the parabola. 

In this equation 6 is supposed to be measured from the side 
FM'y if we suppose it measured from the side FVj the equation 

becomes 

_ 2»i 
^^ i+cosfl ' 

This equation may be written 

p cos^^0==mj 
or p*cos^^ = (w)*, 

and is, therefore, one of a class of equations 

p*cos/i0 = a", 
some of whose properties we shall mention hereafter. 
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CHAPTER XIIL 

EXAMPLES AND MISCELLANEOUS PROPERTIES OP CONIO SECTIONa 

225. The method of applying algebra to problems relating 
to conic sections is essentially the same as that employed in the 
case of the right line and circle, and will present no diiBculty to 
any reader who has carefully woriced out the Examples given in 
Chapters ill. and vii. We, therefore, only think it necessary 
to select a few out of the great multitude of examples which 
lead to loci of the second order, and we shall then add some 
properties of conic sections, which it was not found convenient 
to insert in the preceding Chapters. 

Ex. 1. Through a fixed point P is drawn a line LK (see fig., p. 40) terminated liy 
two given lines. Find the Iocub of a point Q taken on the line, so that PL = QK, 

Ex. 2. Two equal nilers AB^ BC^ are connected by 
a pivot at B ; the extremity A is fixed, while the ex- 
tremity C is made to traverse tlie right Ime^C] find 
the locus described by any fixed xK>int P on BC, 

Ex. 8. Given base and the product of the tangents 
of the halves of the base angles of a triangle ; find the 
locus of vertex. 

Expressing the tangents of the half angles in terms of the sides, It will be found 
that the sum of sides is given ; and, therefore, that the locus is an ellipse, of which the 
extremities of the base are the foci. 

Ex. 4. Given base and sum of sides of a triangle ; find the locus of the centre of 
the inscribed circle. 

It may be immediately inferred, from the last example, and from Ex. 4, p. 47, that 
the locus is an ellipse, whone vertices are the extremities of the giv&a. base. 

Ex. 5. Given base and sum of sides, find the locus of the intersection of bisecton 
of sides. 

Ex. 6. Find the locus of the centre of a circle which makes given intcroeptB on 
two given lines. 

Ex. 7. Find the locus of the centre of a circle which touches two given circles, or 
which touches a right line and a given circle. 

Ex. 8. Find locus of centre of a circle which passes through a given point aod 
makes a given intercept on a given line. 

Ex. 9. Or which passes through a given point, and makes on a given line an in- 
tercept subtending a given angle at that point. 

Ex. 10. Two vertices of a given triangle move along fixed right linei; find ths 
locus of the tliird. 
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Ez. 11. A triangle ABC drctinMcribca a given circle ; the angle at C is given, and 
B movea along a fixed line ; find the locus of A, 

Let na nae polar ooordinateS) the centre heing the pole, and the nnprlG<« heing 
measured from the perpendicular on the fixed lino ; let the coordinates of .1. //. be />, 
B\p\ V. Then we have p' cos &'■=/>. But it is easy to see that the angle AUB is 
given (= a). And since the petpendicokr of the triangle AOB ib given, we have 

pp* sin CI 

~ J5*T7>'* - Ipp* cos cv) * 
But -f 0^ = « ; therefora the polar equation of the locus is 



p* cos* (a - 6) +/>> - 2/>p cos a cos (a - 0) * 
wUeh repnsents a conic. 

Ex. 12. Find the locus of the pole with respect to one conic A of any tangent to 
another oonic JB. 

Let o^ he an j point of the locus, and Xx + /ijf + v its polar with reftpect to the conic 
At then (Art. 89) X, ^ » aie functions of the first degree in «, /?. But (Art. 151) the 
condition that \x + iiy -^-i^ should touch JB is of .the second degree in X, ft, v. The 
locos is therefore a oonic. 

Ex. 18. Find the locus of the intersection, of the perpendicular from a focus on any 
tmgent to a central oonic, with the radius vector from centre to the point of contact. 

Ans, The corresponding dii-ectrix. 

Ex. 14. Find the locus of the intersection of the perpendicular from the centre on 
any tangent^ with the radius vector from a focus to the point of contact. A ns. A circle. 

Ex. 15. Find the locns of the intersection of tangents at the extremities of conju* 
gate diametera. . ^_l.v*_o 

This is obtained at once by squaring and adding the equations of the two tangcnt!«, 
attending to the relations, Art. 173. 

Ex. 16. Trisect a given arc of a circle. The points of trisection are found as the 
fat ir ifi!t^'»» of the circle with a hyperbola. See Ex. 7, p. 47. 

Ex. 17. One of the two parallel sides of a trapezium is given in magnitude and 
poaition, and the other in magnitude. The sum of the remaining two sides is given } 
And the locus of the intersection of diagonals. 

Ex. 18. One vertex of a parallelogram circamscribing an ellipse moves along one 
dixectrix ; prove that the opposite vertex moves along t)ie otlier, and tliat the two 
icmaining vertices are <m the circle described on tlie axis mujor as diameter. 

226. We give in this Article some examples ou the focal 
properties of conies. 

Ex. 1. The distance of any point on a conic from the focus is equal to the whole 
length of the ordinate at that point, produced to meet tlie tangent at the extremity of 
the focal ordinate. 

"K* 2. If from the focup a line be drawn making a ^vcn angle with any tangent, 
Jlnd the locns of the point where it meets it. 

Ex. 8. To find the locus of the pole of a fixed lino with regard to a ceii.s of con* 
oentrio and oonfocal conic sections. 

We know that the pole of any line T^ + ?| = 1 j , with rcgani to the conic 

I -^ + M = I >* found from the equations mx = a* and »y = i' (Art. ICO). 

KE 
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Now, if the foci of the conic are giveiii a* — i* = c° is giv^x ; henoe, the locus of the 

pole of the fixed line is 

fnx — ny = c*, 

the equation of a right line perpendicular to' the given line. 

If the given line touch one of the oouics, its pole will be the point of contact. 
Hence, given two oonfocal conies, if we draw any tangent to one and tangents to the 
second where this line meets it, these tangents will intersect on the normal to the 
first conic 

Ex. 4. Find the locus of the points of contact of tangents to a seriea of con focal 
ellipses from a fixed point on the axis major. Ant, A rirclp. 

Ex. 5. The lines joining each focus to the foot of the perpendicular from the other 
focus on any tangent intersect on the corresponding normal and bisect it. 

Ex. 6. The focus being the pole, prove that the polar equation ol the chord 
through points whoso angular coordinates are a + /?, a — /3, is 

|- = e cos 4- sec /3 cos (0 — a). 

This eTpi-p«<»if)n is dne to Mr. Frost {Cambridge and Dublin Jfath. Journal^ I^ 68, 
cited by Walton, Examples, p. 375). It follows easily from Ex. 3, p. 37. 

Ex. 7. The focus being the pole, prove tliot the polar equation of the tangent, at 

p 
the point whose angular coordinate is a, is »~ = « cos + cos (0 - a). 

This expression is due to Mr. Davies {Philoiophiccil Magazine for 1842, p. 192, 
cited by Walton, Examples, p. 368). 

Ex. 8. If a chord PP* of a conic pass through a fixed point Of then 

tOLniPFO.t&niP'FO 
is constant. 

The reader will find an investigation of this theorem by the help of the equation ol 

Ex. 6 (Walton's Examples, p. 377). I insert here the geometrical proof given by 

Mr. Mac Cullagh, to whom, I believe, the theorem is due. Imagine a point O taken 

anywhere on PP* (see figure p. 206), and let the distance FO be e' times the distance 

of from the directrix : then, since the distances of P and O from the directrix are 

proportional to PJ) and OJJf we have 

yP , FO _t Bin PDF . smODF _ e 

FD ^ OD'e"^^ sin PFJ) "*" sin OFD "" e' * 

cos OFT e 
Hence (Art. 102) ^PFT "" «' ' 

or, since (Art. 191) PFT is half the sum, audOFT half the diffei-ence, of PFO and PTOf 

tan ^PFO . tan ^P'FO = *^ , 

It is obvious that the product of these tangents remains constant if (7 be not fixed, but 
be anywhere on a conic having the same focus and directrix as the given conic. 

Ex. 9. To express the condition tliat the chord joining two points x'^, x^'j^ on the 
curve passes through the focus. 

This condition may be expressed in several equivalent forms, two <if the moet 
useful of which are got by expressing that 0" = 0' + 180°, where 0', 0" are the anglw 
made with the axis by the lines joining the focus to the points. The condition 
sin 0" = — sin 0* gives 

a -12' + a-Sj- =0; « c^' ^- *"> = ' (''*" + ""sr 
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The oonditioii oos 9^ = — cos 6' gives 

^f^ + ^^:=^=0; 2ex'a:"-(a + «)(*' + «") + 2ac=0. 

Ex. 10. If normals be drawn at the extremities of any focal chord, a line draTm 
fhiongh their intersection parallel to the axis major will bisect the chord. [This 
soliitiaii is by Larroee, Nouvelles Annaktf zix. 85.] 

Since each normal bisects the angle between the focal radii, the intersection of 
normals at the extremities of a focal chord is the centre of the circle inscribed in the 
triangle whose base is that chord, and sides the lines joining its extremities to the other 
focus. Now if a, 6, e be the sides of a triangle whose vertices are a^if'f x^y, x"'y'^% 
then, Ex. 6, p. 6, the coordinates of the centre of the inscribed circle are 



~ a + b + o ' ^^ a + b + e 



In the present case the coordinates of the vertices are a/, \f \ iif\^*\ — c» ; and 
the lengths of opposite sides are a + ex", a + «x', 2a — ex' — ex". We have therefore 

(a + eaOy" + (g + ex")y ' 

or, redodng by the first zdation of the last Example, y = i C/ + iDt which proves the 
tlieorem. 

In like manner we have 



(g + esf) g* -f (o -I- exQ x" - (2a - ex' - ex") c 

4a 



wUcfai reduced by the second relation, beoomee 

(g + eg) (x* 4- sf') - 2ca 

We oonld find, similarly, expressions for the coordinates of the intersection of 
tengenlB at the extremities of a focal chord, since this point is the centre of the circle 
exscribed to the base of the triangle jost considered. The line joining the intersection 
ol tangents to the corresponding intersection of normals evidently passes through a 
focnsi being the bisector of the vertical angle of the same triangle. 

Ex. 11. To find the loons of the intersection of normals at the extremities of a 
focal chord. 

Let a, /9 be the coordinates of the middle point of the chord, and we have, by tho 
last Example^ 

If, then, we knew the equation of the locos described by a/3, we shonld, by making 
the above substitutions, have the equation of the locus described by xy. Now the 
pobu: equation of the locus of middle point, the focus being origin, lb (Art. 193) 

which, tnuuformed to rectangular axes, the centre being origin, becomes 

^o* + g«/S» = b^ca. 
TbB eqnatioii of the locus sought is, therefore, 

a**» (x + c)« + (g» + e»)y = 4«c (a* + c^ (x + c). 
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Ex. 12. If be ibe angle between the tangents to tn ellipee from any pobit P, 
and if Pf p* be the distances of that point from the p 

foci, prove that co86 = i- ~— j (see also ^^-^ 

Art. 194rf). %^ y \ TS^^ 

For (Art. 189) 

FT F'T' *• 

But cos FPF' - cos m = 2 sin TPF. sin tPF\ 

and 2pp' cos FPF' = ^« + p** - 4<!«. 

Ex. 18. If from any point two lines be drawn to the fod (or touchiiig anj 
confocal conic) meeting the conic in if, iS*; 8, S*; then (see also Ex. 16, Alt, 281) 

OR'~OB^^Oa~"OS'' [Mr. M. Bobcrta.] 

It appears from the quadratic, by which the radios vector is determined (Art. IM)^ 
that the difference of the reciprocals of the roots will be the sama lor two Talua 
of 0, which give the same value to 

{flc - ^«) cos«0 + 2 {eh^sf) cosO 8in6 + {he -/«) sm«0. 
Kow it is easy to see that A coe'6 + 2JJ cos sin 6 + £ sin*0 haa equal valiiet for any 
two values of 0, which correspond to the directions of lines equally inclined to the 
two represented by Ax"^ + %Hxy + Bt/^ s 0. But the function we aie oonaidering 
becomes = for the direction of the two tangents through (Art. 147) ; and tangents 
to any confocal are equally inclined to these tangents (Art. 189). It fbUowa from tliis 
example that chords which touch a confocal conic are proportional to the aqnaxCBof 
the parallel diameters (see Ex. 15, Art. 231). 

227. We give in this Article some examples on the parabola. 
The reader will have no difSculty in distinguishing those of the 
examples of the last Article, the proofs of which apply equally 
to the parabola. 

Ex. 1. Find the coordinates of the intersection of the two tangenta at the pointa 

ipy,a;'y', to the parabola y* = 1MB, y' + y' fW 

AM, y = — I — , m — "- • 

Ex. 2. Find the locus of the intersection of the perpendicular from focoa on taa« 
gent with the radius vector from vertex to the point of oontact. 

Ex. 8. The three perpendiculars of the triangle formed by three tangenta inteaed 
on the directrix (Steiner, Gergonne, Annales^ Xix. 59 ; Walton, p. 119). 
The equation of one of those perpendiculars is (Art. 82) 

which, after dividing by y^ — y", may be written 

The symmetry of the equation shows that the three perpendiculan intersect on tho 
directrix at a height. 

!f—^i—+ 2 • 

Ex. 4. The area of the triangle formed by three tangents is half that of the til« 
angle formed by joining their points of oontact (Gregory, Cambru^ Jcwmal, VU la 
Walton, p. 187. See also Lettons on Higher Algebra^ Ex. 12, p. 15). 
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SnbstitiitiDg the ooordiDateB of the Tertioos of the triangles in the expression of 
Izt. S6» we find for the latter area 1 (y'-y") iif'-j^") {^'-tTii ^^ ^^ ^e former 
half this qnantitj. 



Bz. 6. Find an expression for the radins of the circle drcnmscribing a triangle 
i nscribed in a parabola. 

The xadina of the drde drcnmscribing a triangle^ the lengths of whose sides are 

^ s^/, and whose area = £ is easily prored to be ^. But if tf be the length of the 

dkoid joining the points x'y, x^V", and V the angle which this chord makes with 
the axis, it is obvions that <f sin O' = y^ — y^. Using, then, the expression for the 

area found in the last Example, we haye R- ^ , ^ F ,^„ . ,^„ . We might ex- 

2 sin r sm &" sm &"' 

pran the radios, also, in terms of the focal chords parallel to the sides of the 

triangle. For (Art. 198, Ex. 2) the length of a chord making an angle 6 with the axis 

!§•=-/,-. Hence iP=--i — . 

It follows &om Art. 212 that c', €^\ e'" are the parametens of the diameters which 
bisect the rides of the triangle. 

"Sx. 6. Express the radins of the circle drcnmscribing the triangle formed by three 
tangenta to a parabola in terms of the angles which they make with the axis. 



•JmJfmJ*t 



^ ^ = 8«ln>'ri^(rrin(r ' " **=^W^' ^^^f'^f'''" •« *« P"- 



<tf the diametera throngh the points of contact of the tangents (see Art. 212). 

Ex. 1, Find the angle contained by the two tangents through the point a:y to 
the parabola y* = 4m«. 

Ite eq[oatloii of the pair of tangents is (as in Ait. 92) found to bo 

(y^ - 4«jrO (y« - 4«i») = (yy* - 2bi (» + aOl*. 

A paiallei pair of lines throngh the origin is 

asV - y'ary + ma* = 0. 

The aarie contained by which is (Art. 74) tan <» = J- ^^^"" ^^'^ . 

St. 8. Find the locna of intersection of tangents to a parabola which cut at 
ag^venangle. 

Jas. The hyperbola, y*- Amx = (a? + m)« tan»0, or y«+ (x - «)«= (« + m)*8eG^. 
Rom the latter form of the equation it is evident (see Art. 186) that the hyperbola 
his the same focus and directrix as the parabola, snd that its eccentridty = sec 0. 

Ex. 9. Find the locus of the foot of the perpendicular from the focus of a parabola 
on the normal. 

The length of the perpendicular from (m, 0) on 2» (y - yO + y* (x - aO = ^ »• 






Bat if bo the angle made with the axis by the perpendicular (Art 212) 



-"•=J(^)' -^'-Ur^' 



Beooe the polar equation of the locus is 



^ mcosO , _ 
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ary, x'Y. 



Ex. 10. Find the coordinates of the intersection of the normals at the pdnts 

Am * ^ 8»« 

Or if a, /3 be the coordinates of the corresponding InteFsectlon of tangenti^ 
then (Ex. 1) 

ar = 2fn + ^ — a, «f = —, 

Ex. 11. Find the coordinates of the points on the curve, the normals at which 
pass through a given point xy. 

Solving between the equation of the normal and that of the cnrre, we find 

2y> + (|i«-2/w:')y=i>y, 

and the three roots are connected by the relation ^i + ^s + y^ = 0. The geometric 
meaning of this is, that the chord joining any two, and the line joining the tliixd to 
the vertex, make equal angles with the axis. 

Ex. 12. Find the locns of the intersection of normals at the extremities of choidfl 
which pass through a given point x'jf. 

We have then the relation /Sy = 2m (a/ + a) ; and on substituting in the veBoIts 
of Ex. 10 the value of a derived from this relation we have 

2mx + /V = 4to' + 2/3* + 2m«' ; 2mV = S/Sm** - /Sy j 

whence, eliminating /3, we find 

2 {2W (y-y') + y' («-aO}«= (4ina'-y^ (y'y + 2*'*-4fM:'-2x^ 

the equation of a parabola whose axis is perpendicular to the polar of the giTOi 
point. If the chords be parallel to a fixed line, the locus reduces to a ri^t line^ as 
is also evident from Ex. 11. 

Ex. 13. Find tiie locus of the intersection of normals at right angles to each other. 

In this case az^ — my « = 8m + ^} y = A y* = fn(x — 8m), 

m 

Ex. 14. If the lengths of two tangents be a, 6, and the an^ between them «, 
find the parameter. 

Draw the diameter bisecting the chord of contact ; then the panuneter of that 

diameter isp' = ^, and the principal parameter is^ = ^ = ^^ (where m is the 

length of the perpendicular on the chord from the intersection ol the tangents). But 
2wy = ab sinoi, and IGjc* = a' + ^ + 2a6 cosm ; hence 

jp = ' (see p. 199). 

(a« + *' + 2a^cos«)» 

Ex. 15. Show, from the equation of the circle dicumscribing three tangents tft 
a parabola, that it passes through the focus. 

The equation of the circle circumscribing a triangle being (Art 124) 

/Sysiuii + 7aBin£ + a/9sinC=0; 

the absolute term in this equation is found (by writing at full length lor a, 
a cos a + y sin a -/I, Ac.) to be p'p" sin (j9 - y) +p'> sin (y - o) + j>p' Bin(a — /3). 
But if the line a be a tangent to a parabola, and the origin the focus, we haye (Art* 219) 

« = -^ , and the absolute term 
*^ coea 

= "*-^ (sin (/9 - y) coso + Bin (y - a) cob/3 + Bin(a -/3) OMy}y 

oosaoos/Soosy ^ v- #/ \f s f- \ 

which vanishes identically. 
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Ex. 16. Find ihe locna of the intenection of tangents to a panboLk bdcff giren 
either (1) the product of sines, (2) the product of tangents. J9) the sozn or ^4) diSeiexKe 
oi cotangents of the angles they make with the axis. 

Ams, (1) a cizde, ^2; a cgh: line, (3; a xi^b: li^e, [4] a parabola. 

228. We add a few miscellaneous examples. 

Ex. 1. If an eqoilatenl hyperbola circsnucribe a triangle, it will also poE? throngh 
the intenection of its peipendicolaxs (Brianchon and Poncelet ; Gergonne, AmnaUi, 
XI., 205 ; Walton, p. 2S3). 

The equation of a conic meeting the axes in given points is (Ex. 1, p. 148) 

/i/iV + 2Ajcy + XXy-/iM'(X + X.')«-AV0* + M')y + X\V = O. 

And if the axes bo rectangular, this will represent an equilateral h3rperboIa (Art^ 

174) if XX' = — ftfi,'. If, therefore, the axes be any side of the given triangle, and 

the perpendicular on it from the opposite vertex, the portions X, \\ fi are given, there- 

W 
iorei/ti' is also given; or the curve meets the perpendicular in the fixed point y = — - , 

which is (Ex. 7, p. 37) the intersection of the perpendiculars of the triangle. 

Ex. 2. What is the locus of the centres of equilateral hyperbolas through three 
given points? 

Am, The cirele through the middle points of sides (see Ex. 3, p. 153). 

Ex. 8. A conic being given by the general equation, find the condition that tho 
pole of the axis of x should lie on the axis of y, and rice cersa. Arts, he =/ff* 

Ex. 4. In the same case, what is the condition that an asymptote should pass 
through the origin ? Ant. af* - 2jgh + £^ = 0. 

Ex. 5. The cirele circumscribing a triangle, self-conjugate with regard to an equi- 
lateral hyperbola (see Art. 9!)), passes through the centre of the curve. (Brianchon 
and Poncelet; Gergonne, xi. 210 ; Walton, p. 304). [This is a particular case of the 
theorem that the six vertices of two self -conjugate triangles lie on a conic (see Ex. 1, 
Art. 876).] 

The condition of Ex. 8 being fulfilled, the equation of a circle passing through 
the origin and through the pole of each axis is 

A (a» + 2a:y COB «• + y«) -H >» -I- ^y = 0, 

or »{1ix + hy +f) -^^ y {ax ■\- hy ■\- g) - {a + b - 2h cm m) ry, 

an equation which will evidently be satisfied by the coordinates of the centre, pro 
Tided we have a -|- 6 = 2A cos «, that is to say, provided the curve be an equilateral 
hyperbola (Arts. 74, 174). 

Ex. 6. A circle described throngh the centre of an equilateral hyperbola, and 
through any two points, will also pass through the interscctiuu of lines di-awu thruugU 
each of these points parallel to the polar of the other. 

Ex. 7. Find the locus of the intersection of tangents which intercept a given 
length on a given fixed tangent. 

The equation of the pair of tangents from a point x'tf' to a conic given by the 
general equation is given Art. 92. Make y = 0, and wc have a (^uadruiio whose roots 
aze the intercepts on the axis of x. 

Forming the difference of the roots of this equation, and putting it equal to a 
constant^ we obtain the equation of tho locus required, which will be in general of 
tlie fourth degree ; but if </' = ae^ the axis of x will touch tlic given conic, and tho 
equation of the locus will become divisible by y', and will reduce to tho second 



/ 
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degree. We oonld, by the help of the same equation, find the locm of the inteneotioii 
of tangents ; if the sum, product, Ac., of the intercepts on the axis be given. 

Ex. 8. Given four tangents to a conic to find the locus of the centre. [The 
solution here given is by P. Serret, Nouve'les Annales^ 2nd series, iv. 145.] 

Take any axes, and let the equation of one of the tahgents be x cos a +y sin a —p = 0, 
then a is the angle the perpendicular on the tangent makes with the axis of x ; and 
if he the unknown angle made with the same axis by the axis major of the oonic^ 
then a ~ 6 is the angle made by the same perpendicular with the axis major. If thea 
and y be the coordinates of the centre, the formula of Art. 178 gives ns 

(flf cos o + y sin o — />)• = a* cos* (a — 0) + 4* sin* (o — 0). 

We have four equations of this form from which we have to eliminate the 
three unknown quantities a\ &*, 0. Using for shortness the abbreviation a for 
(B cos a + y sin a — j> (Art. 68), this equation expanded may be written 

Q^-{fl* C08«6 + ^* Bin«0) coe«o + 2 (a« - i«) cos0 sm0 ooso sina + (o« Bin«6+ *• ooi(*0) rin««. 

It appears then that the three quantities a< co8*0 + h^ sin^O, (a* — &*) cos sin 0, 
a* Bin'6 + d* cos'6, may be eliminated linearly from the four equations; and the 
result comes out in the form of a determinant 



«', 



cos* 



sin* a 



= 0, 



a, COS a sin a, 
/S*, COS*/?, cos /3 sin /3, sin*/? 
y*, oos*y, cos 7 sin y, sin'y 
^, cos* d, cos d sin d, sin* i 

which expanded is of the form Aa* + B^ + Cy* + I)S^ = 0, where A, ^, C, 2> are 
known constants. But this equation, though apparently of the second d^p^ is in 
reality only of the first; for if, before expanding the determinant, we write a*, te* 
at full length, the coefficients of «* are oo6*a, cos*/?, co8*y, cos*3 ; but these being 
the same aa one column of the determinant, the part multiplied by a:* vanishes on 
eacpandon. Similarly, the coefficients of the terms sry and y* vanish. The locus is 
therefore a right line. The geometrical determination of the line depends on prin- 
ciples to be proved afterwards ; namely, that the polar of any point with regard to 
the conic is 

Aa*a + B^^ + Cy'y + i)i'« = 0; 

and, therefore, that the polar of the point a/3 passes through yd. Bnt ^iHien a conio 
reduces to a line by the vanishing of the three highest terms in its equation, the polar 
of any point is a parallel line at double the distance from the point. Thus it is seen 
that the line represented by the equation bisects the lines joining the points o/S, yi ; 
oy, /33; ad, /3y. Conversely, if we are given in any form the equations ol four 
lines a = 0, dec, the equation of the line joining the three middle points of diagonals 
of the quadrilateral may, in practice, be most easily formed by determining the 
constants so that Aa* + ^/3* 4- Cy* + />d* = shall represent a right line. 

Ex. 9. Given three tangents to a conic and the sum of the squares of the axes, 
find the locus of the centre. We have three equations as in the last example, and 
a fourth a* + ^ = A**, which may be written 

it* = (a* CO8*0 + 6* sin«0) + (a* sin«0 + ft* oo8«fl), 

and, as before, the result appears in the form of a determinant 

a*, cos* a, cos a sin a, sin* a 
/3*, cos*/3, cos /3 sin /9, sin*/? 
y*, oos*y, cosy sin y, 8in*y 
A*, 1 , 0,1 =0, 
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wbkh OKpttDded is of the f6nn Aa* + B/3* + Cy* + D = 0. It Is seen, as in the last 
eiampite, that the coefficient of xy TaDiBhea in the expanrion, and that the coefficienta 
of «^ and jf* aM the same. The locos is therefore a circle. Now if Aa^ + B^ + Cy* = 
npnaenta a circle, it will afterwards appear that the centre is the intersection of 
perpendicolan of the triangle formed hy the lines a, /3, y. The present equation there- 
lore, which difEers from this by a constant (Art 81) represents a circle whose centra 
la the intersection of perpendicnlars of the triangle formed by the three tangents. 

If we consider the case of the equilateral hyperbola a* + &< = 0, we see that two 
equilateral hyperbolas can be described to touch four f^ren lines, the centres being 
the intenections of the line joining the middle points of diagonals with any one of 
four cizcIeB whose centres are the intersections of perpendiculars of the four triangles 
fonned by any three of the four given lines. From the fact that the four circles 
have two common points it follows that the four intersections of perpendiculars lie 
on a right line, perpendicular to the line joining middle points of diagonals (see 
Alt. 268, Ex. 2). 

Ex. 10. OiTen four points on a conic to find the locus of either focus. The 
dislianfift of one of the given points from the focus (see Ex., Art. 186) satisfies the equation 

p - Ax' ^ B\f ArC, 
We have four such equations from which we can linearly eliminate A^ B, C, and we 
get the determinant 

P' , ^' , y" , 1 
p'\ x"', y"', 1 

p'", X"", y"", 1 ! = 0, 
which expanded is of the form Ip + mp' + np" +pp"' = 0. If we look to the actual 
valnea of the coefficients I, m, n, p, and their geometric meaning (Art. 36), thia 
equation geometrically interpreted gives ns a theorem of Mobius, viz. 

OA.BCD + OC.ABD = OB.ACD+ OD.ABC, 
where la the focus, and BCD the area of the triangle fonned by three of the points 
(compare Art M). It is seen thus that / + m + n + p = 0. If we substitute for p 
iti valoe ^[{x — a^)* + (y — yO'}) ^c., and clear of radicals, the equation of the locus, 
tfaongfa apparently of the eighth, is found to be only of the sixth degree. In fact, 
we may clear of radicals by giving each radical its double sign, and multiplying 
together the eight factors Ip ± mp* ± np" ± pp'" ; and then it is apparent that the 
highest powera in x and y will be (2> + y^* multiplied by tlic product of the factors 
' jb "* ± * d: P ; <uid that these terms vanish in virtue of the relation / + m + n + j9:=0. 
If the four given points be on a circle, Mr. Sylvefitcr h»s remarked that the locus 
bceaks up into two of the third degree, as Mr. BurnsiJe has thus shewn. We have 
lij a theorem of Feuerbach's, given Art. 94, 

Ip^ + mp'^ + n/o"2 + pp'"^ = 0. 

We have then {I + m) ((o« + m/o'») = in + p) {np"^- + pp'"'), 

{ip + mpy = {np" + pp"'r-, 

whence, subtracting lm{p - /»')* = np {p" — p'")-, 

%hich obvioutfly breaks np into factors. 

THE ECCENTRIC ANGLE.* 

229. It is always advantageous to express the position of a 
point on a curve, if possible, by a single independent variable, 

* The nse of this angle was recommended by Mr. O'Brien, Cambridge Mathematical 
Jcwmalf vol. iv. p. 99. 

FF. 
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rather than by the two coordinates x'y'. We shall, therefore, 
find it useful, in discussing properties of the ellipse, to make a 
substitution similar to that employed (Art. 102) in the case of 
the circle, and shall write 

x' ^a cos (t>j y' = b sin <^, 

a substitution evidently consistent with the equation 



©■-©■-'• 




The geometric meaning of the angle (f> is easily explained. 
If we describe a circle on the axis major as diameter, and 
produce the ordinate at P to meet the circle at Q, then the angle 

0C2/=<^, for GL^ CQcosQCL, or x^acosif}] andPZ = -^2i 

a 

(Art.' 163) ; or, since QL = a sin <^, we have y' = 6 sin^. 

230. If we draw through P a parallel PxV to the radius CQ^ 
then PM: CQ :: PL : QL :: b : a, D 

but CQ = a, therefore PJ/= b. 

PW" parallel to CQ is, of course, =a. 

Hence, if from any point of an ellipse A{ 
a line = a be inflected to the minor axis, 
its intercept to the axis major =^b. If 
the ordinate PQ were produced to meet 
the circle again in the point Q\ it could 
be proved, in like manner, that a parallel through P to the 
radius CQ' is cut into parts of a constant length. HencOi con- 
versely, if a line MN^ of a constant length, move about in the 
legs of a right angle, and a point P be taken so that MP may 
be constant, the locus of P is an ellipse, whose axes are equal 
to J/Pand NP. (See Ex. 12, p. 47. J 

On this principle has been constructed an instrument for 
describing an ellipse by continued motion, called the Elltptio 
Compasses. CAj CU are two fixed rulers, MN a third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencil fixed at any point of MN will describe an ellipse. 

If the pencil be fixed at the middle point of MN^ it will 
describe a circle. (O^Brien's Coordinate Oeometry^ p. 112.) 
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231. The consideration of the angle ^ aflforda a simple 
method of constructing geometrically the diameter conjugate 
to a given one, for 

tan 5 = ^, = - tan <^ 

Hence the relation 



X 



V 



Let the ordi- 



tan^tanfl' = - -, (Art. 170) 

becomes tau^ tan0' = - 1, 

or - 0' = 90*. 

Hence we obtain the following construction. 
nate at the given point P, when produced, , 
meet the semicircle on the axis major at 
Q^ join CQ^ and erect CQ perpendicular 
to it ; then the perpendicular let fall on 
the axis from Q will pass through P\ a 
pomt on the conjugate diameter. 

Hence, too, can easily be found the coordinates of P given 
in Art 172| for since 




and since 



cos d! = sin 6, we have — = t • 

sin 6' = - cos A, we have t- = 

' b a 



From these values it appears that the areas of the triangles 
POJf, FCM' are equal. 

Ex. 1. To express the lengthB of two conjugate Bcmi-diameters in terms of the 
•Bgle ^. Ant, a*^ = a' cob'0 -H 6' shi'^ ; b*^^a^ ain*^ + ^ CO8*0. 

El 2. To expiess the equation of anj chord of the ellipse in terms of ^ and i^' 



(see p. 94). 



Ant, ^ cosi (</> + ^^O + T ani («^ + «^') = «»H0 - ^'). 
Ex. 8. To express simUarly the equation of the tangent. 

SB V 

Ant. -oosd»+f sin^ = l. 

Ex. 4. To express the length of the chord joining two points a, /S, 
lP — €fi (cos a - coe^)» + 4^ (sin a - Bin/f;«, 
D =2sin4 (a-/3) {a'sin^i (a + /3) + *» cos'Ho + /8))*. 
But (Ex. 1) the quantity between the parentheses is the semi-diameter conjugate to 
that to the point i (« + /9) ; <^<i (Ex. 2, 3) the tangent at the point ^ (a + /3) is parallel 
to the chord joining the points a, /3 ; hence, if h' denote the length of the semi* 
diameter panUel to the given chord, D = 2h' va\\[a- /?}. 



> 
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Ex. 5. To find the area of the triangle formed by three glTen points a, fi, y. 
By Art. 86 we have 

2£ = a6 {sin (a - /9) + sin (/3 - 7) + Bin (y - a)} 

= a6{2 8ini(a-/9)008i(a-/3)-2Bini(a-/3)00B|(a + /l- ty)] 

= 4ad Bin i (a - /3) sin |(/3 - y) Bin |(y - a) 

£ = 2a6 sin ^a - /9) Bin i (/3 - y) sin |(y - a). 

Ex. 6. If the bisectoxB of sides of an inscribed triangle meet in the centre its 
area is constant. 

Ex. 7. To find the radius of the circle drcnmscribing the triangle fbrmed by three 
given points a, /3, y. 

If d, e,/be the sides of the triangle formed by the three points, 

where b% V\ V" are the semi-diameters parallel to the sideB of the triangle. II 

€^, 0", tf" be the parallel focal chords, then (see Ex. 5, p. 213) iP =1^. . . (TheBe 

4p 

expressions are dne to Mr. MacCuUagh, Dvblin Exam. Paperif 1836, p. 22.) 
Ex. 8. To find the equation of the drcle circumscribing this triangle. 

_ 2(f-o«)y ^^ (o + /3) rinj (|J + y) sinj (y + «) 



= 4 (o» + *«) - J (o« - 6«) {cos (a + /3) + COB 03 + y) + COB (y + a)} 
From this equation the coordinates of the centre of this circle are at once obtained. 
Ex. 9. The area of the triangle formed by three tangents is, by Art. 89, 

a^ tan^ (a - /3) tan|03 - y) tan^ (y— a). 
Ex. 10. The area of the triangle formed by three normals is 

^ tani (o-/3) tanj (/3-y) tan J (y - a) {sin 03 + y) + sin (y + a) + Bin (a -HS))«, 

consequently three normaU meet in a point if 

Bin 03 + y) + sin (y + a) + sin (a + /3) = 0. [If r. Bumside.] 

Ex. 11. To find the locus of the intersection of the focal radius vector FT with 
the radius of the circle CQ. 

Let the central coordinates of P be a^y, of 0, «y, then we have, from the similar 
triangles, FON, FPU, ^ ^Q 

y __^_ _ ^8in0 
» + ~ stf -k-e "" a (e + cos ^) * 

Now, since ^ is the angle made with the axis by the 
radius vector to the point 0, we at once obtain the polar 
equation of the locus by writing ^ cos ^ for a;, ^ sin ^ for y, 
and we find 

c + pcoB<p a(e + oos<^)' 

or o = ,. . 

c+(a — 6)co80 

Hence (Art 193) the locus is an eUipse, of which C is one focuB, slid it cm easfly 
be proved that F is the other. 
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Ex. IS. The nonnal at P is prodooed to meet CQ ; the locna of tbcir intezsection 
li a dide coDoentric with the ellipse. 
The eqnatioB of the nonnal is 

008 tp sin <^ ' 

Ixit we maj, as in the last example, write pcoBtp and p sin ^ for s and y, and the 

equation becomes 

{a — b)p = €^, or p = a + ^. 

Ex.18. P.o„th.ttanJ/'/-C=J([^*)tanW. 

Ex. 14. If from the Tertex of an ellipse a radios vector be drawn to any point 
on the cunre, find the locus of the point where a parallel radius through the centre 
meets the tangent at the point. 

The tangent of the angle made with the axis by the radius vector to the vortex 

= --f^ — ; therefore the equation of the parallel radius through the centre is 

jf_ y _^ ban^t _3 1— coa<^^ 
« "" ar' + a ~a (i + CO80) ~ a bui^ ' 

or f-sm^ + -oos^ = - , 

b ^ a ^ a' 

and the locns of the intersection of this line with the tangent 

M gg 

T8in^ + -008^=:1, 

is, obviously, - = 1, the tangent at the other extremity of the axis. 

The same investigation will apply, if the first radius vector be drawn through 
any point of the curve, by substituting a* and ^ for a and b ; the locus will then be 
the tangent at the diametrically opposite point. 

Ex. 15. The length of the chord of an ellipse which touches a oonfocal ellipse, 

the squares of whose semiaxes are a* — h', b* — A', is — r- [Mr. Bumsidel. 

atf 

The condition that the chord joining two points a, fi should touch the oonfocal 

conic Is 

i!^ A* COS' i (« + /3) +-^^' Bin' i (« + /3) = cos^ n« - ^, 

or ■in«J(a-.ft = -*V{*«coe»H«+/9) + a'Bin'i(« + ^)} = ^^,y». (Ex.4). 

Bnt the length of the chord is 

2y8inH«-/3) = -^. 

By the help of this Example several theorems concerning chords through a focus 
may be extended to chords touching confucal conies. Hence also is immediately 
derived a proof of Ex. 18, p. 212, for OK . OR' is to OS, OS* as the squares of the 
parallel diameters (Art. 149), and it is here proved that the chords OB — OR, 
OS — OS' axe to each other in the same ratio. 

232. The methods of the preceding Articles do not apply to 
the hyperbola. For the hyperbola, however, we may substitute 

X =a sec ^, y =b tau ^, 
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This angle may be represented geometricallj by drawing 
a tangent MQ from the foot of 
the ordinate M to the circle de- 
scribed on the transverse axis, 
then the angle QCM= ^^ since 

We have also Qilf=atan^, but Pif=i tan ^. Hence, if 
from the foot of any ordinate of a hyperbola we draw a tangent 
to the circle described on the transverse axis, this tangent is in 
a constant ratio to the ordinate. 

Ex. If any point on the conjugate hyperbola be expressed similarly }f* ^h see^', 
a!' z^a tan </>', prove that the relation connecting the extremities of conjugate diA- 
meters is <^ = ^'. [Mr. Turner.] 

SIMILAR CONIC SECTIONS. 

233. Any two figures are said to be similar and atmilarltf 
placed if radii vectores drawn to the first from a certain point 
are in a constant ratio to parallel radii drawn to the second from 
another point o. If it be possible to find any two such points 

and 0, we can find an _P ^ 

infinity of others ; for, take 
any point (7, draw oc parallel 
to 0(7, and in the constant Q 

ratio y^, then from the similar triangles OCP^ acp^ cp is parallel 

to CP and in the given ratio. In like manner, any other mdins 
vector through c can be proved to be proportional to the parallel 
radius through G. 

If two central conic sections be similar and similarly placed, 
all diameters of the one are proportional to the parallel diameters 
of the other, since the rectangles OP.OQ^ op.oq are proper* 
tional to the squares of the parallel diameters (Art. 149). 

234. To find the condition that two conies, given by the 
general equations, should be similar and similarly placed. 

Transforming to the centre of the first as origin, we find 
(Art. 152] that the square of any semi-diameter of the first is 
equal to a constant divided by a cos*d + 2A cos d sin + 6 sin V| 
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and, in like manner, that the square of a parallel semi-diameter 
^f the second is eqaal to another constant divided by 

a cos'^ + 2A' cos ^ sin ^ + V sin'^. 

The ratio of the two cannot be independent of d unless 

a h h 
i" " A' - J' • 

Hence two conic sections will he similar and similarly placed^ 
if the coefficients of the highest powers of the variables are the 
same in loth or only differ by a constant multiplier. 

235. It is evident that the directions of the axes of these 

oonics must be the same, since the greatest and least diameters 

of one must be parallel to the greatest and least diameters of 

the other. If the diameter of one become infinite, so must also 

the parallel diameter of the other, that is to say, the asymptotes 

of similar and similarly placed hyperbolas are parallel. The 

same thing follows from the result of the last Article, since 

(Art. 154) the directions of the asymptotes are wholly determined 

by the highest terms of the equation. 

t __ If 

Similar conies have the same eccentricity; for — 5 — must 

be = =-T — • Similar and similarly placed conic sections 

«i a "^ ^ 

have hence sometimes been defined as those whose axes are 

parallel, and which have the same eccentricity. 

If two hyperbolas have parallel asymptotes they are similar, 

for their axes must be parallel, since they bisect the angles 

between the asymptotes (Art. 155], and the eccentricity wholly 

depends on the angle between the asymptotes (Art. 167}. 

236. Since the eccentricity of every parabola is =1, we 
should be led to infer that all parabolas are similar and similarly 
placed, the direction of whose axes is the same. In fact, the 
equation of one parabola, referred to its vertex, being y*=px^ or 

p cos^ 
^" sin'd ' 

it is plain that a parallel radius vector through the vertex of the 
other will be to this radius in the constant ratio p : p. 



^ 
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Ex. 1. If on any radios vector to a conic section throagh a fixed point Of OQ be 
taken in a constant ratio to OP, find the locns of Q, We have only to sabatitote 
mp for pm the polar equation, and the locus is found to be aoonic similar to the given 
ooniCi and similarly placed. 

The point may be called the centre oftimilitude of the two conies; and it is 
obyiously (see also Art. 116) the point where common tangents to the two ocmics 
intersect, since when the radii vectores OP, OP* to the first conic become equal, so 
must also OQ, OQ! the radii vectores to the other. 

Ex. 2. If a pair of radii be drawn through a centre of similitude of two similar 
conies, the chords joining their extremities will be either parallel, or will meet tm the 
chord of intersection of the conies. 

This is proved precisely as in Art. 116. 

Ex. 8. Given three conies, similar and similarly placed, their six centres of simili* 
tnde will lie three by three on right lines (see figure, page 108). 

Ex. 4. If any line cut two similar and concentric conies, its parts intercepted 
between the conies will be equal. 

Any chord of the outer conic which touches the interior will be bosected at the 
point of contact. 

These are proved in the same manner as the theorems at page 191, whidi are but 
particular cases of them ; for the asymptotes of any hyperbola may be oonsideied 
as a conic section similar to it, since the highest terms in the equation of the asymp- 
totes are the same as in the equation of the curve. 

Ex. 5. If a tangent drawn at any point P of the inner of two oonoentrio and 
similar ellipses meet the outer in the points T and T', then any chord of the inner 
drawn through P is half the algebraic sum of the parallel chorda of the outer 
through rand T\ 

237. Two figures will be similar, althougli not similarlj 
placed, If tbe proportional radii make a constant angle with 
each other, instead of being parallel ; so that if we could imagine 
one of the figures turned round through the given angle, they 
would be then both similar and similarly placed. 

To find the condition that two conic sections^ given hy the 
general equations^ should be similar ^ even though not similarly 
placed. 

We have only to transform the first equation to axes making 
any angle with the given axes, and examine whether any 
value can be assigned to which will make the new a^h^b pro- 
portional to a', h\ v. Suppose that they become ma\ mh\ fnb\ 

Now, the axes being supposed rectangular, we have seeo 
(Art. 157) that the quantities a + &, cd> — h\ are unaltered by 
transformation of coordinates ; hence we have 

a + 5 = m(a' + 6'), 
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and the required condition is evidently 

(a+6)-"(a-fft7' 

If the axes be oblique, it is seen in like manner (Art. 158) that 
the condition for similarity is 

gft-A* a'V - A^ 

(a + 6 - 2A cos «)■ (a + ft' - 2A' cos «)" ' 

It will be seen (Arts. 74, 154) that the condition found ex- 
presses that the angle between the (real or imaginary) asymptotes 
of the one curve is equal to that between those of the other. 

THE CONTACT OP CONIC SECTIONS. 

238. Two curves of the nC^ and n^ degrees respectively inter' 
sect in ran points. 

For, if we eliminate either x or y between the equations, the 
resulting equation in the remaining variable will in general be 
of the mvL^ degree {Higher Algebra^ Art. 73). If it should 
happen that the resulting equation should appear to fall below 
the mn^^ degree, in consequence of the coefficients of one or 
more of the highest powers vanishing, the curves would still 
be considered to intersect in mn points, one or more of these 
points being at infinity (see Art. 135). If account be thus 
taken of infinitely distant as well as of imaginary points, it 
may be asserted that the two curves always intersect in mn 
points. In particular two conies ahoays intersect in four points. 
In the next Chapter some of the cases will be noticed where 
points of intersection of two conies are infinitely distant; at 
present we are about to consider the cases where two or more 
of them coincide. 

Since four points may be connected by six lines, viz. 12, 34; 
13, 24 ; 14, 23 ; two conies have three pairs of chords of intersection. 

239. When two of the points of intersection coincide, the 
conies touch each other, and the line joining the coincident points 
is the common tangent. The conies will in this case meet in two 
real or imaginary points Z, M distinct from the point of contact. 
This is called a contact of the first order. The contact is said to 
h^ of the second order when three of the points of intersection 

Ga. 
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coincide, as, for instance, if the point M move up until it coincide 



T '''"^^ — ^ T tr?=.^T 





ivith T. Curves which have contact of an order higher than 
the first are also said to osculate; and it appears that conies 
which osculate must intersect in one other point. Contact of 
the third order is when two curves have four consecutive points 
common; and since two conies cannot have more than four 
points common, this is the highest order of contact they can 
have. 

Thus, for example, the equations of two conies, both passing 
through the origin and having the line x for a common tangent 
are (Art. 144) 

oof + 2hxy + J/ + 2gx = 0, a V + 2Kxy + jy + 2gx = 0. 

And, as in Ex. 2, p. 175, 

X {[aV - a'b) a: + 2 [hV - Kh) y^2{gV- g*h)] = 0, 

represents a figure passing through their four points of inter* 
section. The first factor represents the tangent which passes 
through the two coincident points of intersection, and the second 
factor denotes the line LM passing through the other two points. 
It uow gb'^^g'b J LM passes through the origin, and the conies 
have contact of the second order. If in addition hb'^h'b^ the 
equation of LM reduces to a; = ; LM coincides with the tangent, 
and the conies have contact of the third order. In this last 
case, if we make by multiplication the coefficients of y' the same 
in both the equations, the coefficients of xy and x will also be 
the same, and the equations of the two conies may be reduced 
to the form 

ax* + 2hxy + by* -f 2gx = 0, ax* + 2hicy + by* + 2gx = 0. 

240. Two conies may have double contact if the points of 
intersection 1, 2 coincide and also the points 3, 4. The condition 
that the pair of conies considered in the last Article should 
touch at a second point is found by expressing the condition 
(hat the line ZJ/, whose equation is there givenj should touch 
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either conic. Or, more simply, as follows: Multiply the equa- 
tions by g and g respectively, and subtract, and we get 

which denotes the pair of lines joining the origin to the two 
points in which LM meets the conies. And these lines will 
coincide if 

241. Since a conic can be found to satisfy any five conditions 
(Art. 133), a conic can be found to touch a given conic at a 
given point, and satisfy any three other conditions. If it have 
contact of the second order at the given point, it can be made 
to satisfy two other conditions; and if it have contact of the 
third order, it can be made to satisfy one other condition. Thus 
we can determine a parabola having contact of the third order 
at the origin with 

oaj* + 2Aa:y + Jy* + 2^ar = 0. 

Referring to the last two equations (Art. 239), we see that 
it is only necessary to write a' instead of a, where a is deter* 
mined by the equation ab = h\ 

We cannot, in general, describe a circle to have contact of the 
third order with a given conic, because two conditions must be 
fulfilled in order that an equation should represent a circle ; or, in 
other words, we cannot describe a circle through four consecutive 
points on a conic, since three points are sufficient to determine 
a circle. We can, however, easily find the equation of the 
circle passing through three consecutive points on the curve. 
This circle is called the osculating circle^ or the circle cf 
curvature. 

The equation of the conic to oblique or rectangular axes 
beingi as before, 

ax* + 2hxy + bf 4 2gx = 0, 
that of any circle touching it at the origin is (Art. 84, Ex. 8) 

«' + 2ay co8« + y" — 2nc sincosO. 
Applying the condition gV-gb (Art. 239), we see that the 
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condition that the circle should osculate is 

g^-.rl sin «, or r = ^ — JL^ .* 

6 sin C0 

The quantity r is called the radius of curvature of the conic 
at the point T. 

242. To find the radius of curvature at any point on a central 
conic. 

In order to apply the formula of the last Article the tangent 
at the point must be made the axis of y. Now the eqaatioii 
referred to a diameter through the point and its conjugate 

f-;5 + ^=ljis transferred to parallel axes through the given 

point, by substituting x-^a* for a;, and becomes 

Therefore, by the last Article, the radius of curvature is 
Now a' sin o) is the perpendicular from the centre on 




a Bin to 

the tangent, therefore the radius of curvature 

= -, or (Art. 175) = ^ . 

243. Let N denote the length of the normal PW, and let '^ 

denote the angle FFN between the normal ^^x*^- — ~ — ---^ 

and focal radius vector, then the radius of 

N bh' 

curvature is — ^r • For N=' — (Art. 181), 

cos^ a ^ " 

and cos'^=T> (Art. 188), whence the truth of the formula ia 
manifest. 

* In the Examples which follow we find the absolute magnitude of the radias of 
cnrrature, without regard to sign. The sign, as nsual, indicates the direction in which 
the radius is measured. For it indicates whether the given curre is oecokted by 
a circle whose equation is of the form 

X* + 2xy cos ctf + ^ 7 2rx sin » = 0, 
the upper sign signifying one whose centre is in the poaitive direction of the az» 
of X ; and the lower, one whose centre is in the negative direction. The formula in 
the text then gives a positive radius of curvature when the concavity of the corva 
ii turned in the positive direction of the axis of x, and a negative radius whea it is 
toxned in th» q^Doaita direction. 
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Thus we have the following construction: Erect a perpen- 
dicular to the normal at the point where it meets the axis ; and 
again at the point Q, where this perpendicular meets the focal 
radius, draw GQ perpendicular to it, then C will be the centre 
of curvature, and CP the radius of curvature. 

244. Another useful construction is founded on the principle 
that if a circle intersect a conicy its chords of intersection will 
make equal angles with the axis. For the rectangles under the 
segments of the chords are equal (Euc. ill. 35), and therefore 
the parallel diameters of the conic are equal (Art. 149), and 
therefore make equal angles with the axis (Art. 162). 

Now, in the case of the circle of curvature, the tangent at T 
(see figure, p. 226) is one chord of intersection and the line TL 
the other; we have, therefore, only to draw TL^ making the 
same angle with the axis as the tangent, and we have the point 
X; then the circle described through the points T, X, and, 
touching the conic at 7, is the circle of curvature. 

This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 

Sx. 1. Using the notation of the eccentric angle, find the condition that four 
points a, /3, 7, 3 should lie on the same circle (Joachimsthal, Crelle^ xxxvi. 95). 
The chord joining two of them most make the same angle with one side of the 
M the chord joining the other two does with the other ; and the chorda being 

|oosJ (a + /9) +f "in* (« + /3) = «»Ha - /9) ; 



- COB Hy + «) + 1 «m i (y + ^) = C08 4 (y " ^) I 

fr»haT«tinJ(« + /9) + t«'oi(y + *) = 0; a + /3 + y + 3 = 0; or = 2m'r. 



E. 2. Find the coordinates of the point where the osculating circle meets the 
oonic again. 

WehaTea = /8 = y; hcncea = -8o; or X = -^-8x'; r= ^--Sy*. 

Ex. 8. If the normals at three points a, /9, y meet in a point, the foot of the f earth ^ ^ . ' *] 
normal from that point is given bj the equation a + /3 + y + d = (2m + 1) v. ^ ■, ^ ■. / • ' 



Ex. 4. Find the equation of the chord of curvature TL, T 

-cosa-f 
a b 



Am, ^cosa — ?Bina = 00B2a. 



Ex. 6. There are three points on a conic whose osculating circles pass throngli 
a given point on the curve ; these lie on a circle passing through the point, and form 
a triangle of which the centre of the curve is the intersection of bisecton of lidei jj^^ 
(Steiner, CrelU, zxzii. 800 ; Joachimsthal, Crelle^ xxxvi. 95). ^^ 

Here we are given d, the point where the circle meets the curve again, tad teat^ 
tbe last Example the point of contact is a = - ^d. But since the rine tad 



t 
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of S would not alter if S were increased by 860*', we might also hxte o = — J^ + 120*, 
or = - ^d + 240^, and, from Ex. 1, these three points lie on a circle passing through d. 
If in the last Example we suppose X, Y given, since the cabics which determine 
of and y want the second terms, the sums of the three valaes of «' and of y' toe 
respectively equal to nothing ; and therefore (Ex. 4, p. 5) the origin is the interaectioii 
of the bisectors of sides of the triangle formed by the three points. It is easy to see 
that when the bisectors of sides of an inscribed triangle intersect in the centre, the 
normals at the verticea are the three perpendiculars of this triangle^ and therefon 
meet in a point. 

245. To find the radius of curvature of a paraboIcL 

The equation referred to any diameter and tangent being 

y*==pxj the radius of curvature (Art. 241) is . ^ | where 

N 
is the angle between the axes. The expression — ^ , and the 

construction depending on it, hold for the parabola, since 
JV= iy sin e (Arts. 212, 213) and yfr^dOT^O (Art. 217). 

Ex. 1. In all the conic sections the radius of curratnie is eqoal to the cnbe of the 
normal divided by the square of the semi'parameter. 

Ex. 2. Express the radius of curvatnre of an ellipae in terms of the angle whkh 
the normal makes with the axis. 

Ex. 8. Find the lengths of the chords of the dide of cnrratore which pass 

through the centre or the focus of a central conic section. . 2^ , 2^ 

Afu, —r , and — 

Ex. 4. The focal chord of curvature of any conic is equal to the focal dund of 
the conic drawn parallel to the tangent at the point. 

Ex. 5. In the parabola the focal ohord of curvature is equal to the pazameter of 
the diameter passing through the point. 

246. To find the coordinates of the centre of curvature of a 
central come. 

These are evidently found by subtracting from the coordi- 
nates of the point on the conic the projections of the radius of 
curvature upon each axis. Now it is plain that this radius is to 
its projection on y as the normal to the ordinate y. We find the 
projection, therefore, of the radius of curvature on the axis of 

y f by multiplying the radius — by ^j = -^ . The y of the 
centre of curvature then is — v^ — y\ But J** = 6" + 75 y*", there- 

fore the y of the centre of curvature is ,4 y**. In like 

manner its x is — .— x . 

a 
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We should have got the same values hy making a = /3 = y 
in Ex. 8, p. 220. 

Or, agaiD, the centre of the circle circumscribing a triangle is 
the intersection of perpendiculars to the sides at their middle 
points; and when the triangle is formed by three consecutive 
points on a curve, two sides are consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre of curvature of any curve is the intersec- 
tion of two consecutive normals. Now if we make x' = x'* = JT, 
yrsy"=. y, in Ex. 4, p. 175, we obtain again the same values as 
those just determined. 

247. To find the coordinates of the centre of curvature of a 
parabola. 

The projection of the radius on the axis of y is found in like 

manner (by multiplying the radius of curvature -:-^ by ^) 

~ sinV ' 
and subtracting this qaantity from y' we have 

f) 2? ~f 4tX 

In like manner its -Z is a;' + Tr^Th = «' + • - ^ — = 3j;' + i p, 

2 8iu^ 2 ^^ 

The same values may be found from Ex. 10, p. 214. 

248. The evohite of a curve is the locus of the centres of 
curvature of its different points. If it were required to find the 
evolnte of a central conic, we should solve for x'y' in terms of 
the X and y of the centre of curvature, and, substituting in the 

equation of the curve, should have (writing - = -d, t =5) i 

or' y 

In like manner the equation of the evolute of a parabola is found 

.to be 

27;?/=16(a;^^p)-, 

which represents a curve called the s&mi'Culical jparabcHau 
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CHAPTER XIV. 

METHODS OF ABRIDGED NOTATION. 

249. If 5=0, /S' = be the equations of two conies, then 
the equation of any conic passing through their four, real 
or imaginary, points of intersection can be expressed in the 
form 8=kS\ For the form of this equation shows (Art. 40) 
that it denotes a conic passing through the four points common 
to 8 and 8'] and we can evidently determine k so that 8=kS. 
shall be satisfied by the coordinates of any fifth point. It must 
then denote the conic determined by the five points.* 

This will, of course, still be true if either or both the quan- 
tities 8 J 8' be resolvable into factors. Thus 8=ka/3j being 
evidently satisfied by the coordinates of the points where the 
right lines a, meet 5, represents a conic passing through the 
four points where 8 is met by this pair of lines; or, in other 
words, represents a conic having a and fi for a pair of chords of 
intersection with 8. If either a or /3 do not meet S in real 
'points, it must still be considered as a chord of imaginary inter- 
section, and will preserve many important properties in relation 
to the two curves, as we have already seen in the case of the 
circle (Art. 106). So, again, ay^kjSS denotes a conic circom- 
scribing the quadrilateral a^ySj as we have already seen (Art. 
122).t It is obvious that in what is here stated, a need not 

* Since five conditions determine a conic, it is evident that the meet genenl 
equation of a conic satisfying four conditions most contain one independent constant^ 
whose Tolue remains undetermined until a fifth condition is given. In like maimer, 
the most general equation of a conic satisfying three conditions coDtBins two in* 
dependent constants, and so on. Compare the equations of a oomio passing thzongh 
three points or touching tlirce Unes (Arts. 124, 129). 

If we are given any four conditions, in the expression of each of which the co* 
efficients enter only in the first degree, the conic passes through four fixed pointi; 
for by eliminating all the coefficients but one, the equation of the conic ia rednced 
to the form S = kS^. 

t If a/3 be one jmir of chords joining four points on a conic 8, and yS another 
pair of chords, it is immaterial whether the general equation of a conic passing 
through the four points be expressed in any of the forms S — kafi, 8 — kyd^ afi — hy^ 
where k is indeterminate ; beoetuse, in virtue of the general principle^ 8 ii itaell of tht 
form a^ - kyd. 
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be restricted, as at p. 53| to denote a line whose equation has 
been rednced to the form a;cosa+y sina^j?; but that the 
argument holds if a denote a line expressed by the general 
equation. 

250. There are three values of k^ for which S—k8' re- 
presents a pair of right lines. For the condition that this shall 
be the case, is found by substituting a-^ka^ b^kh\ &c. for 

a,&| &C. in 

aJc+2^A-a/*- J/- cA' = 0, 

and the result evidently is of the third degree in k^ and is 
therefore satisfied by three values of k. If the roots of this 
cubic be *', F, k"\ then 8--k'8', 8-k"S\ 8-k"'8\ denote 
the three pairs of chords joining the four points of intersection 
of S and 8' (Art. 238). 



1. What is the equation of a conic passing throngh the points 'where a giyen 
oonic j8 meets t^ axes ? 

Here the axes x = 0, y = 0, are chords of intersection, and the equation must be 
of the form 3 = Axy, where k is indeterminate. See Ex. 1, Art. 151. 

Bx. 8. Form the equation of the conic passing throngh five giTen points ; for 
example (1, S), (8, 5), (— 1, 4), (~ 8, — 1) (— 4, 8). Forming the equations of the sides 
of the quadrilateral formed by the first four points, we see that the equation of the 
requiied oonio must be of the form 

(8ar-2y + l)(6«-2y + 13) = *(fl?-4y+17)(3a?-4y + 6). 

Substituting in this, the coordinates of the fifth point (- 4, 8), we obtain jl* = — ^, 
Substituting this Talue and reducing the equation, it becomes 

79x» - 820xy + 801y» + 1101* - 1665^^ + 1586 = 0. 

251. The conies 8j 8— ka/3 "wiU touch; or, in other words, 
two of their points of intersection will coincide ; if either a or /8 
touch 8j or again, if a and 13 intersect in a point on 8, Thus if 
T»0 be the equation of the tangent to iS at a given point on it 
xYj then 8=^TlJx-\-my-¥ n), is the most general equation of a 
conic touching 8 at the point x'y' ; and if three additional con- 
ditions are ^ven, we can complete the determination of the 
conic by finding Ij m^ n. 

Three of the points of intersection will coincide if 2x + my + n 
pass through the point x'y' ; and the most general equation of a 
conic osculating /Sat the point x'y' is 8= T{lx-\-my-lx — my'). 
If it be required to find the equation of the osculating circk^ 
we have only to express that the coefficient xy vanishes in this 
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equation, and that the coefficient of a?= that of ^*| when we 
have two equations which determine I and m. 

The conies will have four consecutive points common if 
Ix -\- my -\- n coincide with 7, so that the equation of the second 
conic is of the form S=kT\ Compare Art. 239. 

Ex. 1. If the axes ot S he parallel to those of S', bo will also the axes of 
S — kS\ For if the axes of coordinates be parallel to the axes of S, neither S nor 
S* will contain the term xy. If 5' be a circle, the axes of 8 — kS' are parallel to 
the axes of S. li S — kS* represent a pair of right lines, its axes become the internal 
and external bisectors of the angles between them; and we have the theorem of 
Art. 241. 

Ex. 2. If the axes of coordinates be parallel to the axes of 8, and also to those 
of 8 — kafit then a and /3 are of the forms Ix + my + n, Ix- my + n', 

Ex. 8. To find the equation of the circle osculating a central oonic The equation 
must be of the form 

Expressing that the coefficient of xy vanishes, we reduce the equation to the form 

and expressing that the coefficient of x* = that of y*, we find X = ^- , and 

o* — CI* 

the equation becomes 

tt* 6* 

Ex. 4. To find the equation of the circle osculating a parabola. 

Atu, {p* + 4px'){i/*-px) = {2yy'-'P {x + xT)} {2yy' -k-px-Spx^, 

252. We have seen that 8=koLl3 represents a conic passing 
^through the four points 
PyQ]Pj y, where a, 13 meei 
8'j and it is evident that 
the closer to each other 
the lines a, j3 are, the 
nearer the point P is to />, 
and Q to q. Suppose that the lines a and jS coincide, then 
the points P, 2? ; Qj q coincide, and the second conic will touch 
the first at the points P, Q. Thus, then, the equation 8^ka* 
represents a conic having double contact with Sj a being the chard 
of contact. Even if a do not meet Sy it is to be regarded as the 
imaginary chord of contact of the conies S and 8—ka?. la 
like manner ay = k0^ represents a conic to which a and 7 are 
tangents and ^3 the chord of contact, as we have already seen 
(Art. 123). The equation of a conic having double contact 
with 8 at two given points x'y, x'y' may be also written in the 
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form S^hTT^ where Tand T' represent the tangents at these 
points. 

253. If the line" a be parallel to an asymptote of the conic 
8^ it will also be parallel to an asymptote of any conic repre- 
sented by S^kaJSj which then denotes a system passing through 
three finite and one infinitely distant point. In like manner, 
if in addition 13 were parallel to the other asymptote, the system 
would pass through two finite and two infinitely distant points. 
Other forms which denote conies having points of intersection 
at infinity will be recognized by bearing in mind the prin- 
ciple (Art. 67) that the equation of an infinitely distant line is 
0.£+0.y+C7=0; and hence (Art. 69) that an equation, appa- 
rently not homogeneous, may be made homogeneous in form, if 
in any of the terms which seem to be below the proper degree of 
the equation we replace one or more of the constant multipliers 
by 0.0? + O.y + C7. Thus, the equation of a conic referred to its 
asymptotes xj^^k* (Art. 199) is a particular case of the form 
aYs/S" referred to two tangents and the chord of contact 
(Arts. 123, 252). Writing the equation a;y = (0.« + 0.y + A)*, 
it is evident that the lines z and y are tangents, whose points of 
contact are at infinity (Art. 154). 

254. Ag^in, the equation of a parabola y* =px is also a par- 
ticular case of ay^lS*. Writing the equation a; (0. a; + .y+ p) =y", 
the form of the equation shows, not only that the line x touches 
the curve, its point of contact being the point where x meets y, 
but also that the line at infinity touches the curve, its point of 
contact also being on the line y. The same inference'may be 
drawn from the general equation of the parabola 

(fluc + i8y)" + (2yaj -I- 2/y + c) (O.o; + O.y + 1) = 0, 

which shews that both 2qx + 2fy + c, and the line at infinity are 
tangentai, and that the diameter ax -\- fit/ joins the points of con- 
tact. Thus, then, every parabola has one tangent altogether at an 
infinite distance. In fact, the equation which determines the 
direction of the points at infinity on a parabola is a perfect 
square (Art. 137); the two points of the curve at infinity 
therefore coincide; and therefore the line at infinity is to bo 
regarded as a tangent (Art. 83). 



A 
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Ex. The general M|nation 

m^j \m regMxkd m a pertionlar one of the form (Art 182) ay = kfid. For the iint 
thive tenne denole two lines «, y peaiing thiongh the origin^ and the last three tenna 
ilonote the line at infinity fi^ together with the line i, S^w-f 2/'y+e. The form of the 
vqnatii^ then thowa that the linee «, y meet the cnrre at infinity, and abo that d 
rtn^mmu the Uae ioining the finite pohita in whioh ay meat the onrfe. 

• 

SW In nccordimce with Art. 953, the equation S^kff is to 
W n^nM M A piurticttkur cum of 8^ ofi^ and denotes a sjstem 
of <^Mik« (MiMnir tkrottgh the two finite points where fi meets Bj 
and aba thr\>^|th th<^ two infinitelj distant points where 8 is 
wiM'l bv iV#4iVjr^^« Now it is pbdn that the coefficients of 
*\ ^'i^ aiid \4i\t\ aw tho ftamo in 4$ and in S-W, and there- 
to vAh^ ^$4> thai th«4^ <M|«ations denote conies similar and 
•i^wUr^y i^^*^ W* Wans therefore, that two conies similar 
imU ^ittAi^ ^^AkW m^ ¥mi oAtr in two infinitely distant 
fNik^ <aW irvmaif^fm^jf mfy wt two finite points. 

'XWi^ ¥ft aW (iioonietrically evident when the cnrves are 
HxiMM'WIa*; (ior the asymptotes of similar conies are parallel 
(AH% ^M)» that is, they intersect at in- 
i^XkXifl but each asymptote intersects 
iU owu curve at infinity ; consequently 
tW infinitely distant point of intersec- 
tion of the two parallel asymptotes is 
$im> a point common to the two carves. 
Thus, on the figure, the infinitely distant 
point of meeting of the lines OXj Ox^ 
and of the lines OY^ Oy, are common to the curves. One of 
their finite points of intersection is shown on the figure, the 
other is on the opposite branches of the hyperbolas. 

If the curves be ellipses, the only difference is that the 
asymptotes are imaginary instead of being real. The directions 
of the points at infinity, on two similar ellipses, ai*e determined 
from the same equation (cu;* + 2Aa:ry + fty* = 0) (Arts. 136,234). 
Now, although the roots of this equation are imaginary, yet 
they are, in both cases, the same imag^ary roots, and therefore 
the curves are to be considered as having two imaginary points 
at infinity common. In fact, it was observed before, that even 
when the line a does not meet ^5 in real points, it is to be re- 
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garded as t chord of imaginary intersection of S and S-hxJ3^ 
and this remains true when the Ime a is infinitely distant. 

If the curves be parabolas, they are both touched by the line 
at infinity (Art. 254) ; but the direction of the point of contact, 
depending only on the first three terms of the equation, is the 
same for both. Hence, ttoo similar and similarly placed para* 
bolas touch each oAer at infinity. In short, the two infinitely 
distant points common to two similar conies are real, imaginary, 
or coincident, according as the curves are hyperbolas, ellipses, 
or parabolas. 

256. The equation /S=»i, or flf«A(0.aj + 0.y + l)" is mani- 
festly a particular case of S^ka% and therefore (Art 252) de- 
notes a conic having double contact with 8^ the chord of contact 
being at infinity. Now 8^k differs from 8 only in the constant 
term. Not only then are the conies similar and similarly placed, 
the first three terms being the same, but they are also con- 
centric. For the coordinates of the centre (Art. 140) do not 
involve c, and therefore two conies whose equations differ only 
in the absolute term are concentric (see also Art. 81). Hence, two 
similar and concentric conies are to be regarded as touching each 
other at tioo infinitely distant points. In fact, the asymptotes of 
two such conies are not only parallel but coincident ; they have 
therefore not only two points at infinity common, but also the 
tangents at those points ; that is to say, the curves touch. 

K the curves be parabolas, then, since the line at infinity 
touches both curves, 8 and 8—^ have with each other, by 
Art. 251, a contact at infinity of the third order. Two para- 
bolas whose equations differ only in the constant term will be 
equal to each other ; for the curves y* —px^ y* ^p [x + n) are 
obviously equal, and the equations transformed to any new axes 
will continue to differ only in the constant term. We have seen, 
too (Art. 205), that the expression for the parameter of a para- 
bola does not involve the Absolute term. The parabolas then, 
8 and 8—J^ are equal, and we learn that two equal and similarly 
placed parabolas whose axes are coincident may be considered as 

having toith each other a contact of the third order at infinity. 

257. All circles are similar curves, the terms of the second 
degree being the same in all. It follows then, from the last 
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Articles, that all circles pass through the same two xmagiinary 
points at infinity^ and on that account can never interBect in more 
than two finite points, and that concentric circles touch each other 
in two imaginary points at infinity / and on that accooDt can 
never intersect in any finite point. It will appear hereafter 
that a multitude of theorems concerning circles are bat parti- 
cular cases of theorems concerning conies which pass through 
two fixed points. 

258. It is important to notice the form W + m'/8* = n V, 
which denotes a conic with respect to which o^ /3, 7 are the 
sides of a self-conjugate triangle (Art. 99}. For the equation 
may be written in any of the forms 

The first form s'lows that ny-^ml3j ny^mfi (which intersect 
in ^87) are tangents, and a their chord of contact. Consequently 
the point fiy is the pole of a. Similarly from the second form 
7a is the pole of j3. It follows, then, that a/S is the pole of 7; 
and this also appears from the third form, which shows that the 
two imaginary lines 7a ± m0 V(— 1) &i'e tangents whose chord 
of contact is 7. Now these imaginary lines intersect in the 
real point oeiS, which is therefore the pole of 7 ; although being 
within the conic, the tangents through it are imaginary. 
It appears, in like manner, that 

aa* + 2*a)8 4 6/8* = C7* 

denotes a conic, such that a^S is the pole of 7 ; for the left-hand 
side can be resolved into the product of factors representing 
lines which intersect in ayS. 

Cor. If Pa' + m*/3^ = n'y* denote a circle, its centre most be the interaecticm of 
perpendiculars of the triangle aj3y. For the perpendicular let fall from any point 
on its polar must pass through the centre. 

258*(a). If a; = 0, y = be any lines at right angles to each 
other through a focus, and 7 the corresponding directrix, the 
equation of the curve is 

a particular form of the equation of Art. 258. Its form shows 
that the focus (xy) is the pole of the directrix 7, and that the 




* This Article waa numbered 279 in the pievioiu editioui. 
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polar of any point on the directrix is perpendicular to the line 
joining it to the focus (Art. 192) ; for y, the polar of (0:7) is per- 
pendicular to 0?, but X maj be any line drawn through the focus. 
The form of the equation shows that the two imaginary 
Unes of+i^ are tangents drawn through the focus. Now, since 
these lines are the same whatever 7 be, it appears that all conies 
vikich have the same focus have two imaginary common tangents 
passing through this focus. All conies, therefore, which have both 
foci common, have four imaginary common tangents, and may 
be considered as conies inscribed in the same quadrilateral. The 
imaginary tangents through the focus (a^ + y' = 0) are the same 
as the lines drawn to the two imaginary points at infinity on any 
circle (see Art. 257). Hence, we obtain the following general 
conception of foci : " Through each of the two imaginary points 
at infinity on any circle draw two tangents to the conic ; these 
tangents will form a quadrilateral, two of whose vertices will be 
real and the foci of the curve, the other two may be considered 
as imaginary foci of the curve.'' 

Ex. To find the foci of the oonic given by the general equation. We hare 
only to expreu the condition that x — ac^ + (jf — $^) 4{— 1) should touch the curve. 
Sabstitnting then in the formnli^ of Art. 161, for X, /«, v respectively, 1, 4{- 1)» 
- {2^ + y J(— 1)} ; and equating separately the real and imaginary parts to cypher, 
«a find that the foci are determined as the intersection of the two loci 

^(^-^ + 2Fy-2Cx + -4-B = 0, Cxy-Fx-Gy + n = 0, 

which denote two equilateral hyperbolas concentric with the given conic. Writing 
theeqnatione 

(Cx - (;)« - (Cy - F)» = (;» - ilC - (/^ - J5C) = A (a - b), 

{Cx - €) {Cy - F) = FG - CH = Ah; 

the oooirflinatflB of the fbd are immediately given by the equations 

(Cx-C7)« = |A(/2 + a-6); (Cy- f)«= |A (R + ft-a), 

where A has the same meaning as at p. 153, and i2 as at p. 158. If the cnrre is a 
panbola, C = 0, and we have to solve two linear equations which give 

(F* -h G*) x = Fir + \ {A -- JH) G i {F*+G^y=Gn+h{B'-A)F. 

259. We proceed to notice some inferences which follow on 
interpreting, by the help of Art. 34, the equations we have 
already used. Thus (see Arts. 122, 123) the equation ay »k/3^ 
implies that the product of the perpendiculars front any paint of 
a conic on two fixed tangents is in a constant ratio to the sqwsn 
qf the perpendicular on their chord of contact 

The equation ay^^kfiS^ similarly interpreted, leads to 
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important theorem : The product of the perpendicuJars let fall 
from any point of a conic on tioo opposite sides of an inscribed 
quadrilateral is in a constant ratio to the product qf the perpen* 
diculars let fall on the other two sides. 

From this property we at once infer, that the anharmome 
ratio of a pencil^ whose sides pass through four fixed points of a 
conicj and whose vertex is any variable point ofit^is oonstanL 

For the perpendicular 

OA.OB. 8in^05 OC.OD.AnCOD 

, 7« 



a = 



AB 



CD 



&0. 



Now if we substitute these values 
in the equation 07+ kjSS^ the con- 
tinued product OA.OB.OC.On 
will appear on both sides of the 
equation, and may therefore be 
suppressed, and there will remain 

sin^OJS.sinCOZ) 




= k. 



AB.CD 



BinBOCBinAOB BC.AD' 

but the right-hand member of this equation is constant, while 
the left-hand member is the anharmonic ratio of the pencil OA^ 
OB, OCj OD. 

The consequences of this theorem are so numerous and im- 
portant that we shall devote a section of another chapter to 
develope them more fully. 

260. If 5=0 be the equation to a circle, then (Art 90) 8 is 
the square of the tangent from any point xy to the circle ; hence 
8" &aj3 = (the equation of a conic whose chords of intersectioa 
with the circle are a and P) expresses that the locus of a pointy 
such that the square of the tangent from it to a fixed circle is in a 
constant ratio to the product of its distances from two fixed lines^ 
is a conic passing through the four points m which the fixed lines 
intersect the circle. 

This theorem is equally true whatever be the magnitude of 
the circle, and whether the right lines meet the circle in real or 
imaginary points ; thus, for example, if the circle be infinitely 
small, the locus of a pointy the square of whose distance from a 
£xed ooint is in a constant ratio to the product qf its distances from 
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two Jbced lines^ fs a conic section ; and the fixed lines may bo 
coDsidered as chords of imaginary intersection of the conic witli 
an infinitely small circle whose centre is the fixed point. 

261. Similar inferences can be drawn from the equation 
flf- fta* = 0, where iff is a circle. We learn that t/ie locus of a 
pointj such that the tangent from it to a fixed circle is in a constant 
ratio to its distance from a fixed linCj is a conic touching the circle 
at the two points where the fixed line meets it; or, convei-sely, that 
if a circle have double contact with a conic^ the tangent drawn to 
the circle from any point on the conic is in a constant ratio to the 
perpendicular from the point on the chord of contact 

In the particular case where the circle is infinitely small, we 
obtain the fundamental property of the focus and directrix, and 
we infer that the focus of any conic may be considered as an in" 
finitely small circle^ touching the conic in two imaginary points 
situated on the directrix. 

262. In general, if in the equation of any conic the coordi" 
nates of any point be substituted j the result will be proportional to 
the rectangle under the segments of a chord drawn through the 
point parallel to a given line,* 

For (Art. 148} this rectangle 



c' 



a cob'0 + 2A cos sin + b siu*5 * 

where, by Art. 134, c' is the result of substituting in the equa- 
tion the coordinates of the point ; if, therefore, the angle bo 
constant, this rectangle will be proportional to c^ 

Bx. 1. If two oonics have double contact, the square of the perpendicular from 
ny point of one upon the chord of contact is in a constant ratio to the i-ectangle 
under the legments of that perpendicular made by the other. 

Ex. S. If a line parallel to a given one meets two conies in the points P^ Q, />, q, 
and we take on it a point 0, such that the rtctangle OP. OQ may he to Op. Oq in 
a coDBtant ratio, the locus of C^ is a conic through the points of intersection of the 
given oonics. 

Ex. 8. The diameter of the circle circumscribing the triangle formed by two 

b'b" 
ttngenta to a central conic and their chord of contact is — ; where V, V are the 

semi'dlameterB parallel to the tangent^ and p is the perpendicular from the centre 
on the chord of contact. [Mr. BumridcJ. 



♦ This is equally true for curves of any degree. 



/ 
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It will be convenient to suppose the equation divided by each a oonatant that tlie 
result of substituting the coordinates of the centre shall be unity. Let f, t" be the 
lengths of the tangents, and let S* be the result of sabstituting the oooxdiziateB 
of their intersection ; then 

But also if o be the perpendicular on the chord of contact from the vertex of the 
tiiangle, it is easy to see, attending to the remark, Note, p. 154, 

„ tT b'b" 

Hence ■ — = — •• 

«r p 

But the left-hand side of this equation, by Elementary Geometry, rgproaeu ts the 
diameter of the circl^ircumscribiiig the triangle. 

Ex. 4. The expression (Art. 242) for the radius of curvature may be deduced 
if in the last example wc suppose the two tangents to coincide, in which case the 
diameter of the circle becomes the radius of curvature (see Art. 398) ; or also from 
the following theorem due to Mr. Roberts : If n, n' be the lengths of two in- 
tersecting normals ; p, p' the corresponding central perpendiculars on tangents ; ^ 
the semi-diameter parallel to the chord joining the two points on the cnrrey then 
np + n'p* = 2b*^. For if S' be the result of substituting in the equation the coordi- 
nates of the middle point of the chord, o, o' the peri)endiculars from that point 
on the tangents, and 2/J the length of the chord, then it can be proved, as in the 
last example, that /S^ = b"^S\ o = pS', o' = p'S^^ and it is very easy to see that 
nra + n'ts' = 2/3«. 

263. If two comes have each double contact with a thirds their 
chords of contact with the third conic^ and a pair of their chorde 
of intersection with each othcr^ will all pass through the same 
pointy and will form a harmonic pencil. 

Let the equation of the third conic be /S^=0, and those of 
the first two conies, 

Now, on subtracting these equations, we find U — IP = 0, 
which represents a pair of chords of intersection {L±M=0) 
passing through the intersection of the chords of contact [L and 
M)y and forming a harmonic pencil with them (Art. 57). 

Ex. 1. The chords of contact of two conies with their common tangents pass 
tlux>ugh the intersection of a pair of their common chords. This is a particalar case 
of the preceding, S being supiK>scd to reduce to two right lines. 

Ex. 2. The diagonals of any inscribed, and of the corresponding circumaciibcd 
quadrilateral, pass through the same point, and form a harmonic pencil. This is 
also a particular case of the preceding, S being any conic, and S + I^, 8 -^ IH being 
supposed to reduce to right lines. The pi-oof may also be stated thus : I^t ^u ^> <?i > 
f,. <4, c, be two i)airs of tangents and the corresponding chords of contact. In other 
words, Cij C2 are diagonals of the corresponding inscribed quadrilateraL Then the 
equation of S may bo written in either of the forms 
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The eecond equation mart therefore be identical with the first, or can only differ 
from it by ft conatant multiplier. Hence *,«, - XV4 ™«8t be identical with e^ - X^,*. 
Now «i' — \c^ = represents a pair of right lines pwwing through the inten«ction of 
C|, e^ and harmonically conjugate with them ; and the equivalent form ahows that 
these right lines join the points f |f„ t^^ and {1^4, V,. For </, - X/^ =: must denote 
a locus passing through tlicse points. 

Ex. 8. If 2a, 2/3, 2y, 23 be the eccentric angles of four points on a central conic, 
form the equation of tho diagonals of the quadrilateral formed by their tangents. 
Here wehaTe 

<. =z ? COS 2a + ? 6in 2o - 1, f, = - co82fl + ? sin 2/3 - 1, 

C| = - COB (a + /9) + ? sin (a + /3) - cos (a - /3), 
and we easily yerif y "^ 

r.r,-c.« = -8in«(«-/5){^ + f]-i}. 

Hence reasoning, as in the last example, we find for the equations of the diagonals 



= + - 



sin (a - /3) - sin (y - 3) ' 

264. If three conies have each double contact with a fourth^ 
SIX of their chords of intersection vrill pass three by three through 
the same points^ thus forming the sides and diagonals of a 
quadrilateral. 

Let the conies be 

By the last Article the chords will be 

jt + J/=0, Jir+iV=0, N-L = 0; 

Z + il/ = 0, M--N=0, JV+Z = 0; 

i-Jf=0, Jlf+iV=0, N+L = 0. 

As in the last Article, we may deduce hence many particular 
theorems, by supposing one or more of the conies to break up 
into right lines. Thus, for example, if S break up into right 
lines, it represents two common tangents to /S + Jf, S+N*; 
and if L denote any right line through the intersection of those 
common tangents, then S-hL* also breaks up into right lines, 
and represents any two right lines passing through the intersec- 
tion of the common tangeuts. Hence, if through the intersection 
of the common tangents of two conies we draw any pair of right 
lineej the chords of each conic joining the extremities of those lines 
toiU meet on one of the common chords of the conies. This ib the 



Y 
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extension of Art 116. Or, again, tangents at the extremities of 
tith(r of these right lines will meet on one of the common chords* 

205. If 5+Z*, 5+ir, /g+J^", all break op into pairs of 
right lines, they will form a hexagon cireamscribing B, the 
oliords of intersection will be diagonals of that hexagon, and 
we get Brianchon's theorem : " The three opposite diagonals of 
t%yrg hexagon circumscribing a conic intersect in a poinU'^^ By 
the opposite diagonals we mean (if the sides of the hexagon be 
uuinbercd 1, 2, 3, 4, 5, 6) the lines joining (1, 2) to (4, 5), (2, 3) 
to (5, 6), and (3, 4) to (6, 1); and by changing the order in 
which we take the sides we may consider the same lines as 
forming a number (sixty) of different hexagons, for each of 
which the pi^sent theorem is true. The proof may also be stated 
as in Ex. 2, Art. 263. If 

be equivalent forms of the equation of 8^ then o, s c, = c, re- 
presents three intersecting diagonals.* 

266. If three conic sections have one chord common to all^ their 
three other chords will pass through the same point. 

Let the equation of one be iS = 0, and of the common chord 
Z ss 0, then the equations of the other two are of the form 

/8 + i3f=0, 8'\-LN=0j 

which must have, for their intersection with each other, 

i(Jf-i^ = 0; 

but if - ^is a line passing through the point [UN), 

According to the remark in Art. 257, this is only an extension 
of the theorem (Art. 108], that the radical axes of three circles 
meet in a point. For three circles have one chord (the line at 
infinity) common to all, and the radical axes are their other 
common chords. 



* Mr. Todhanter has with jtistioe objected to this proof, that since no mle is giren 
which of the diagonals of ^<4Vs is c, = + «^ all that is in strictness proved is that the 
lines joining (1, 2) to (4, 5) and (2, 8) to (5, 6) intersect eiiher on the line joining 
(8, 4) to (6, 1), or on that joining (1, 8) to (4, 6). But if the latter were the case the 
triangles 123, 456 would be homologous (see Ex. 8, p. 59), and therefore the inter- 
sections 14, 25, 86 on a right line ; and if we snppose fire of these tangents fixed, the 
lixth instead of tonching a conic would paas through a fixed point. 
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The theorem of Art. 264 may be considered as a still further 
extension of the same theorem, and three conies which have 
each double contact with a fourth may be considered as having 
four radical centres, through each of which pass three of their 
common chords. 

The theorem of this Article may, as in Art. 108, be other- 
wise enunciated : Given four points on a conic section^ its chord of 
intersection toith a Jlxed conic passing through two of these points 
will pass through a fixed point. 

Ex. 1. If throagh one of the points of intenection of two conies we draw any line 
meeting the conies in the points P, p, and throogh any 
other point of intersection B a line meeting the eonies in 
the points Q, q, then the lines PQi pq will meet on CD^ 
the other chord of intersection. This is got by soppoeing 
one of the conies to reduce to the pair of lines OA, OB, 

Ex. 2. If two right lines, drawn through the point &t 
contact of two conies, meet the cnrves in points P, p, Q, q, 
then the chords PQi pq will meet on the chord of inter- 
section of the conies. 

This is also a particular case of a theorem given in Art. 264, since one intersection 
of common tangents to two conies which touch xednces to the point of contact 
(Cor., Art. 117). 

267. The equation of a conic circumscribing a quadrilateral 
(a7=3A;/8S) furnishes us with a proof of ^'PascaPs theorem," 
that the three intersections of the opposite sides of any hexagon 
inscribed in a conic section are in one ri(/ht line. 

Let the vertices be abcdef and let ai = denote the equation 
of the line joining the points a, b ; then, since the conic circum- 
scribes the quadrilateral abcdj its equation must be capable of 
being put into the form 

aJ.crf— Jc.aJ=0. 
But since It also circumscribes the quadrilateral defa^ the same 
equation must be capable of being expressed in the form 

de.fa-ef.ad=-0. 
From the identity of these expressions, we have 

ab.cd-- de.fa ss^jbc~ef) ad. 
Hence, we learn that the left-hand side of this equation (which 
from its form represents a figure circumscribing the quadrilateral 
formed by the lines oA, cfe, cc?, af) is resolvable into two factors, 
which must therefore represent the diagonals of that quadri- 
lateral. But ad is evidently the diagonal which joins the vertices 
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a and d^ therefore hc-ef must be the other, and most join the 
points [ah^ de)^ {cdj of) ; and since from its form it denotes a line 
through the point (5c, e/*}, it follows that these three points are 
in one right line. 

2G8. We may, as in the case of Brianchon's theorem, obtain 
a number of different theorems concerning the same six points, 
according to the different orders in which we take them. Thus, 
since the conic circumscribes the quadrilateral bce/^ its equation 
can be expressed in the form 

be.cf—hc.ef^O, 

Now, from identifying this with the first form given in the last 

Article, we have 

ab.cd— he.cf^ {ad— ef) be ; 

whence, as before, we learn that the three points (oJ, cf)y (a?, be)j 
(orf, ef) lie in one right line, viz. ad — ef^^ 0. 

In like manner, from identifying the second and third forms 
of the equation of the conic, we learn that the three points 
(rfe, c/"), (/a, Je), {ad^ he) lie in one right line, viz. bc^ad^O. 
But the three right lines 

he — ef^ 0, ef— ad=0^ ad-hc = Oy 
meet in a point (Art. 41). Hence we have Steiner's theorem^ 
that '' the three Pascal's lines which are obtained by taking the 
vertices in the orders respectively, ahcdef^ adcfeb^ (ifcbed^ meet 
in a point.'' For some further developments on this subject we 
refer the reader to the note at the end of the volume. 

Ex. 1. If a, b,c be three pointB on a right line; a\ b\ <f thiee points on another 
line, then the interaections {J)c\ h'c\ i^ca', tf'a), {ab\ a'h) lie in a right line. This is 
a particular case of Pascal's theorem. It remains trne if the second line be at infinity 
and the lioes ba'y ea' be parallel to a given line, and similarljr for eh\ ab' ; ac^^ b<f, 

Ex. 2. From four lines can be made four triangles, by leaving out in tnm one 
line : the four intersections of perpendiculars of these triangles lie in a right line. 
Let a, b^c^d\yQ the right lines ; a\ b\ c', (f lines perpendicular to them ; then the 
theorem follows by applying the last example to the three points of interBection of 
a, b, e with d^ and the three points at infinity on a', b'j c*.* 

* This proof was given me independently by Prof. De Morgan and by Kr. Bomside. 
The theorem itoelf, of which another proof has been given p. 217, may also be deduced 
from Steiner's theorem, Ex. 3, p. 212. For the four intersections of peipendfcnlani 
must lie on the directrix of the parabola, which has the four lines for tangents. The 
line joining the middle points of diagonals is parallel to the axis (see Ex. 1, p. 212). 
It follows in the same way from Cor. 4, p. 207, that the circles circumaciibing the four 
triangles pass through the same point, vis. the focus of the same parabola. If we aro 
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Ex. 8. SteiDer*8 theorem, that the perpendiculars of the triangle formed by three 
tangents to a parabola intersect on the directrix is a particnlar case of Brianchon's 
theorem. For let the three tangents be a, ^, c ; let three tangents perpendicular to 
them be a', ft', c*, and let the line at infinity, which is also a tangent (Art. 254) be oo . 
Then consider the six tangents a, ft, r, c', oo , a' ; and the lines joining ab, ^ao ; 
be, a'oD ; oc', aa' meet in a point. The first two are perpendiculars of the triangle, 
and the last ia the directrix on which intersect eyery pair of rectangular tangents 
(Art. 221). This proof is by Mr. John C. Moore. 

Ex. 4. Given five tangents to a conic, to find the point of contact of any. Let 
ABODE be the pentagon formed by the tangents; then, if ^^7 and BK intersect in 
O, BO passes through the point of contact of AB. This is derived from Brianchon's 
theorem by supposing two sides of the hexagon to be indefinitely near, s'nce any 
tangent is intersected by a consecutive tangent at its point of contact (Art. 147). 

269. PascaPs theorem enables us, given five points A^ B^ (7, 
D^ E^ to construct a conic; for if we draw any line ^P through 




c i> J* p 

one of the given points, we can find the point F in which that 
line meets the conic again, and can so determine as many points 
on the conic as we please. For, by Pascal's theorem, the points 
of intersection [AB^ DE\ [BC, EF), {CD, AF) are in one right 
line. But the points (AB, DE), {CD, AF) are by hypothesis 
known. If then we join these points 0, P, and join to E tlie 
point Q in which OP meets BC, the intersection of ^jEwith AP 
determines F» In other words, F is the vertex of a triangle 
FPQ whose sides pass through the fixed j^oints A,E^ 0, and whose 
hose angles P, Q mane along the fi^xed lines CD, CB (see Ex. 3, 
p. 42). The theorem was stated in this form by MacLaurin. 

Ex. 1. Given five points on a conic, to find its centre. Draw AP parallel to BC 
and determine the point F, Then AF and BC are two pnmllel chords and the lino 
joining their middle points is a diameter. In like manner, by drawing QE parallel 
to CD we can find another diameter, and thus the centre. 

given five lines, M. Augustc Miqnel has proved (see Catalan's Theoremet et Problemes 
de Giomctrie Elementaire, p. 93) that the foci of the five parabolas which have four 
of the given lines for tangents lie on a circle (see Higher Plane Curves, Art. 146}. 
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Ex. 2. OiTen fiye points on a conic, to draw the tangent at any one of them. 
The point F must then coincide with A, and the line QF drawn thxongh E nrast 
therefore take the position qA, The tangent therefore most hejp^. 

Ex. 8. Inyestigate by trilinear coordinates (Art. 62) MacLanrin's method of 
generating conies. In other words, find the locos of the Tertex of a triangle whose 
sides pass through fixed points and base angles more on fixed lines. Let a, fi, y 
be the sides of the triangle formed by the fixed points, and let the fixed Unes be 
la + mp + ny = Of Ta + m'/S + n'y = 0. Let the base be a = ^. Then the lino 
joining to /Sy, the intersection of the base with the first fixed line, is 

{Ifi + m) /S + ny = 0. 
And the line joining to ay, the intersection of the base with the second line^ k 

{I'fi + mO o + n'fiy = 0. 
Eliminating fi from the last two equations, the equation of the locos is found to be 

hn'afi •= (m/3 + ny) {Fa + n'y), 
a conic passing through the points 

/3y, yo, (a, /o + m/3 + ny), (/3, Ta + m'fi + n'y). 

EQUATION BEFERRED TO TVV'O TANGENTS AND THEIR CHORD. 

270. It much facilitates computation (Art. 229) when tho 
position of a point on a curve can be expressed by a single 
variable ; and this we are able to do in the case of two of the 
principal forms of equations of conies already given. First, let 
£, M be any two tangents and B their chord of contact. Then 
the equation of the conic (Art. 252) is LM=^B?\ and if /*Z = j5 
be the equation of the line joining LR to any point on the 
curve (which we shall call the point ^), then substituting in the 
equation of the curve, we get JU=fiR and fi^L^M tor the 
equations of the lines joining the same point to MR and to LAL 
Any two of these three equations therefore will determine a 
point on the conic. 

The equation of the chord joining two points on the carve 

A*> /, is 

fifiL~(fi + fi') B + Jf =0. 

For it is satisfied by either of the suppositions 

{fiL = R, fiR = M), {fi'L^R, fi'R^M). 
If fA and f/ coindde we get the equation of the tangent, vis. 

fi^'L - 2fiR + Jf = 0. 

Conversely, if the equation of a right line {fi*L--2fiR+M^0) 
involve an indeterminate fi in the second degree^ the line will 
always touch the conic LM^ JS". 
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271. To find the equation of the polar of any point. 
The coordinates L\ if, R of the point substituted in the 
equation of either tangent through it give the result 

/*'i'-2/i2r + J/' = 0. 

if R 

Now at the point of contact ^i^sy , and /a = 7 (Art. 270). 

Therefore the coordinates of the point of contact satisfy the 
equation 

i/Zi'-2iZiZ'+iiir=o, 

which is that of the polar required. 

If the point had been given as the intersection of the lines 
aL = RjbB=a My it is found by the same method that the equa* 
tion of the polar is 

abL - 2aR + Jf = 0. 

272. In applying these equations to eiiamples it is useful to 
take notice that, if we eliminate R between the equations of 
two tangents 

/*•£ - 2^*5 + Jf = 0, aa'^Z - 2/ii 4- Jf = 0, 

we get iifkL^M for the equation of the line joining LM to 
the intersection of these tangents. Hence, if we are given the 
product of two ia\ iiy! = a, the intersection of the corresponding 
tangents lies on the fixed line aL = M. In the same case, sub« 
atitnting a for iai/ in the equation of the chord joining the points, 
we see that that chord passes through the fixed point {aL 4- M^ R)* 

Again, since the equation of the line joining any point fi to 
LM is |A*X = Mj the points •{- fi^— fi lie on a right line passing 
through LM. 

Lastly, if LM= jB*, LM^ R^ be the equations of two conies 
having £, M for common tangents, then since the equation 
/ft'XaJlf does not involve R or i2', the line joining the point 
+ AA on one conic to either of the points ± /a on the other, passes 
through LM the intersection of common tangents. We shall 
say that the point + a* on the one conic corresponds directly to 
the point + fh and inversely to the point — /k on the other. And 
we shall say that the chord joining any two points on one conic 
corresponds to the chord joining the corresponding points on 
the other. 

KlC. 
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Ex. 1. Corresponding chords of two conies intersect on one of the choxds of 
intersection of the conies. 

The conies LM — JC*, LM — R* have JP — Hf* tor ik pair of common choid0. 
But the chords 

/ii^'L-(M + M')'R+^ = 0, fifi'L-ifi + fTiir + M-O, 
evidently intersect on E— R. And if we change the signs of /a, ft' in the seoond 
equation, they intersect on jR + i^. 

Ex. 2. A triangle is cirenmscribed to a given conic ; two of its rertices more ou 
fixed right lines ; to find the locos of the third. 

Let us take for lines of reference the two tangents through the intersection of the 
fixed lines, and their chord of contact. Let the equations of the fixed lines be 

aL-M=0, bL-M^O, 
while that of the conic is LM — 7P = 0. 

Now we proved (Art. 272) that two tangents which meet on aL^M mutt hare 
the product of their ^a's = a ; hence, if one side of the triangle touch at the point /&, 

the others wUl touch at the points - , - , and their equations will be 

-*L-2-72 + 3/=0, ^L-2-i2 + if=0. 

fi can easily be eliminated from the last two equations, and the locos of the Tertez 
is found to be 

4ab 

(a + b)^ 
the equation of a conic having double contact with the given one along the line Jl*. 

Ex. 8. To find the envelope of the base of a triangle, inscribed in a conic, and 
whose two sides pass through fixed points. 

Take the line joining the fixed points for R, let the equation of the oooic be 
LM = IP, and those of the lines joining the fixed points to LM be 

aL-Jf=0, bL-M=0. 

Now, it was proved (Art. 272) that the extremities of any chord pairing through 
{aL — My R) must have the product of their fi's = a. Hence, if the vertex be ft, the 

base angles must be - and - , and the equation of the base must be 

MM 

abL -{a + b)fiR + fi'J/= 0. 
The base must, therefore (Art. 270), always touch the conio 

4ab ' 

a conic having double contact with the given one along the line joining the given 
points. 

Ex. 4. To inscribe in a conic section a triangle whose sides pass through three 
given points. 

Two of the points being aasumcd as in the last Example, we saw that the equa- 
tion of the base must be 

nAL - (a + b) fiR + fi« J/ = 0. 



[a + b)* ' 



♦ This reasoning holils even when the point LM is within the conic, and therefore 
the tangcnU L, 3/ imaginary. But it may also be proved by the methods of the 
Rcxt section, that wlien the equation of the conic is £« + i/« = /?«, that of the locoe 
is of the form X' + J/» = k^R^, 
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Kow, if thk line p«B throagh the point cL^ R = Of <f JS — If = 0, we must have 

ab — {a + b) fie + fi^ed = 0, 

an equation sufficient to determine n. 

Now, at the point fi we have fiL = R^ fi*L = M; hence the coordinates of this 
point must satisfy the equation 

abL -{a + b)cR + cdM- 0. 

The question, therefore, admits of two solutions, for either of the points in which thio 
line meets the cunre may be taken for the yertex of the required triangle. The geo- 
metric construction of this line is giyen Art. 297, Ex. 7. 

Ex. 5. The base of a triangle touches a given conic, its extremities move on two 
fixed tangents to the conic, and the other two sides of the triangle pass through fixed 
pointfi ; find the locus of the vertex. 

Let the fixed tangents be £, If, and the equation of the conic ZJ/= R^. Then 
the point of intersection of the line L with any tangent {/i*L — 2fiR + M) will have 
its coordinates L, /?, Af respectively proportional to 0, 1, 2/ia. And (by Art. 65) the 
equation of the line joining this point to any fixed point L'R'M' will be 

LM' - UM = 2/i {LR^ - UR), 

Similarly, the equation of the line joining the fixed point L"R'M" to the point 
(2, fLf 0), which is the intersection of the line M with the same tangent, is 

2 {RM" - R'M) = II {LM" - L"M), 

Eliminating ^ the locus of the vertex is found to be 

(LM' - L'M) {LM" - L"M) = 4 {LBf - UR) {RM" - R'M), 

the equation of a conic through the two given points. 

273. The chord joining the points /* tan^, /x cot^ (where 
^ b any constant angle) "will always touch a conic having double 
contact with the given one. For (Art. 270) the equation of the 
chord is 

ft'i - fiR (tan ^ + cot 4>) + 3/= 0, 

which, since tan^-f cot0==2 cosec2^, is the equation of a tan- 
gent to LM sin'^0 = ^ at the point ^ on that conic. It can be 
proved, in like manner, that the locus of the intersection of tan- 
gents at the points ^ tan^, fi, cot0 is the conic LM=B* sin'2^. 

Ex. If in Ex. 5, Art. 272, the extremities of the base lie on any conic having 
doable contact with the given conici and passing through the given points, find the 
locos of the vertex. 

Let the oouics be 

LSf-RT-zzO, LM an*2<p - R' = 0, 

then, if any line touch the latter at the point /u, it will meet the former in the points 
fi tan^ and /i oot^ ; and if the fixed points are /&', fi", the equatiofas of the sides aro 

fifi tan0L - C/t' + M tan0) R + M= 0, 

fifi" cot<pL -ifi^' + ii cot</>) R + M=z 0, 

Klimtnating /<, the locus is found to bo 

[M" ia'R) {ji"L - iZ) = tan«4> (if - /'-«) i/i'L - R). 
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274. Given four points of a conic^ the anharmanic ratio of Hie 
pencil joining them to any ffth point is constant (Art. 259). 

The lines joining four points ft', /*", /*'", ft"" to any fifth 
point fi, are 

/ (/ii - 5) + (JIf - M^) =« 0, A*" (AAi-5) + (Jf-AAJS) = 0, 

/" (/ii - ii) + (ilf - ijlR) = 0, m"" (/ii - fi) + (iif - m5) = 0, 
and their anharmonic ratio is (Art. 58) 

and is, therefore, independent of the position of the point /*. 

We shall, for brevity, use the expression, ^^ the anharmonic 
ratio of four points of a conic,*' when we mean the anharmonic 
ratio of a pencil joining those points to any fifth point on the 
aurve. 

275. Four fixed tangents cut any fifth in points whose anhar^ 
monic ratio is constant. 

Let the fixed tangents be those at the points /i', fjif'^ ii!'\ y!''\ 
and the Tariable tangent that at the point ft ; then the anhar- 
monic ratio in question is the same as that of the pencil joining 
the four points of intersection to the point LM. But (Art. 272) 
the equations of the joining lines are 
/i>2i^i/ = 0, /VZ;-Jlf=0, y:"i».L'-M^% iL'^'y^L^-M^^ 

a system (Art. 59) homographie with that found in the last 
Article, and whose anharmonic ratio is therefore the same. 
Thus, then, the anharmonic ratio of four tangents b the same 
as that of their points of contact. 

276. The expression given (Art. 274) for the anharmonic 
ratio of four points on a conic fi\ ii!\ il'\ fji!"' remains unchanged 
if we alter the sign of each of these quantities ; hence (Art. 372) 
if we draw four lines through any point LM^ the anharmonic 
ratio of four of the points {pLj fi\ fi'\ /i^") where these lines meet 
the conio^ is equal to the anharmonic ratio of the other four paints 
(— /x', — fi^\ — fi'\ — |a"") where these lines meet the conic. 

For the same reason, the anharmonic ratio of four points on one 
conic is equal to that of the four corresponding points on another; 
sinc e corresponding points have the same fA (Art 272). Again^ 
pression (Art. 274) remains unaltered, if we multiply each 




METHODS OF ABRIDGED NOTATION. 253 

/A either by tan or cot^; hence, we obtain a theorem of Mr. 
Townsend'B, ^ If two arnica have double contact j the anhamwnic 
ratio of /our of the points in which any four tangents to the one 
meet the other is tJie same as that of the othr four points in which 
the four iangetits meet the curve^ and also the same as that of the 
four points of contact. 

277. Conversely, given three fixed chords of a conic aa\ 
hb\ of \ 9l fourth chord dd^^ such that the anharraonic ratio of 
abed is equal to that of a'b'c'i^ will always touch a certain conic 
having double contact with the given one. For let a, 5, c, a\ b\ d 
denote the values of yk for the six given fixed points, and ^t, y! 
those for the extremity of the variable chord, then the equation 

(a-ft)(c-/* ) (g^ - V) (c' - mO 
(a-c)(A-A»)"{a'-c')(i'-/*0' 
when cleared of fractions, may, for brevity, be written 

-4 /i^' + J9|* + Ca*' + 2) = 0, 

where A^ Bj CjDbtc known constants. Solving for fi' from this 
equation, and substituting in the equation of the chord 

It becomes 

or /*"(J2L+^5)+/*{jDi+(C- £) JB- ^Jl/} - (2)£ + (71f) = 0, 
which (Art. 270) always touches 

{DL + {C'-B)B''AMY-¥4.(BL + AR){CM+DR):=^0j 
an equation which may be written in the form 

4 {BC^AD) {LM^BTj^ [DL-\-[B-¥ 0) i? + ^if}« = 0, 

showing that it has double contact with the given conic. 

In the particular case when £=(7, the relation connecting 
/ii §M,' becomes 

^/iAi' + 5(M + M') + ^ = 0, 
which (Art. 51) expresses that the chord iifjJL -^{ji + ijl) B-^ M 
passes through a fixed point. 

EQUATION R£F£IIEED TO THE SIDES OF A SELF-CONJUGATE 

TKI ANGLE. 

278. The equation referred to the sides of a self-conjugate 
triangle Ta* + t7i*/3* = 71*7* (Art. 256) also allows the position of 
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any point to be expressed by a single indeterminate. For if 
we write la = ny cos^, mfi^ny sin^, then, as at pp. 94, 219| 
the chord joining any two points is 

la cos^ (0 + ^') + mfi sini (^ + ^') ss n7 cos J (^ — ^'), 

and the tangent at any point is 

la cos (f> 4 rnfi sin ^ »= ny. 

If for symmetry we write the equation of the conic 

then it may be derived from the last equation, that the equation 
of the tangent at any point a'^7' is 

aaa' + 10/3" + 07^ = 0, 

and the equation of the polar of any point a'^7' is necessarily 
of the same form (Art. 89). Comparing the equation last 
written with Xa + /a)8 + V7 = 0, we see that the coordinates of 

the pole of the last line are - , ^ , - ; and, since the pole of 

any tangent is on the curve, the condition that Xa + |A)3+V7 

may touch the conic is h ^ + — = 0. When this condition 

a c 

is fulfilled the conic is evidently touched by all the four lines 

Xa ± /i/8 ± v% and the lines of reference are the diagonals of the 

quadrilateral formed by these lines (see Ex. 3, Art. 146). In like 

manner, if the condition be fulfilled aa" + 5/9^ + 07^* = 0, the 

conic passes through the four points a', ±)8', ±7^. 

Ex. 1. Find the locna of the pole of a giyen line Xa + fxfi + py with ngaxd to 
a oonio which pasBes through four fixed points a', ±fi^,±y'» 

o /3 y 

Ex. 2. I^nd the locus of the pole of a given line Xa + /<^ + r/y with vegaid to a 
conic which touches four fixed lines la ± mQ ± ny, . Pa . m'fl . ii*y _ 

\ fl w 

These examples also give the locos of centre ; since tbe centre is the pole of the 
line at infinity a sin^ + |d sin B + 7 sin C. 

Ex. 3. What is the equation of the circle having the triangle of reference for a 
self-con j ugatc triangle ? Ans. (See Ex. 2, Art. 1 28} a' sin 2^ + /S' sin 2£ + 7* 8in2C = 0. 

It is easy to sec (see Art. 258) that the centre of the circle ia the intenectkm of 
perpendiculars of the triangle, the square of the radius being the rectangle under the 
segments of any of the pexpendiculars (taken with a positive sign wl^n the txiang^e 
is obtuse angled, and with a negative sign when it is acute angled). In the latter 
caeei theceforei the circle is imaginaiy. 
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280*. The equation (Art. 258 (a)) a;' + y" = eV (where the 
origiD is a focus and 7 the corresponding directrix) is a parti- 
cular case of that just considered. The tangents through (7, x) 
to the curve are evidently ey + x and ey — x. If, therefore, the 
curve be a parabola, e — l] and the tangents are the internal 
and external bisectors of the angle {yx). Hence, '^ tangents to 
a parabola from any point on the directrix are at right angles 
to each other." 

In general, since x^ey cos^, y = ey sin ^, we have 

^ = tan <* ; 
X ' 

or ^ expresses the angle which any radius vector makes with x. 
Hence we can find the envelope of a cliord which subtends 
a constant angle at the focus, for the chord 

x cosi (^ + 0') + y sin i (<^ + 0') = ^7 cos J (<^ - <^'), 

if if}— if/ be constant, must, by the present section, always touch 

a.« + y = 6Vcos'i((^-f), 

a conic having the same focus and directrix as the given one. 

281. The line joining the focus to tlie intersection of two 
tangents is found by subtracting 

X cos^ +y sin A — e7 = 0, 

X cos ^' + y sin ^' — e7 = 0, 

to be X sin i (0 + ^') - y cos i (<^ + <^') = 0, 

the equation of a line making an angle ^ (<^ 4- <f>') with the axis 
of a:, and therefore bisecting the angle between the focal radii. 

The line joining to the focus the point where the chord of 
contact meets the directrix is 

X cos i{<f> + 4>')+!/ sin i (<^ + (f)') = 0, 

a line evidently at right angles to the last. 

To find the locus of the intersection of tangents at points whick 
subtend a given angle 2h at the focus. 

By an elimination precisely the same as that in Ex. 2, Art. 102 
the equation of the locus b found to be (ac* -f y*j cos* i = ^^^ 



* Art 279 of the older editions is now numbered Art. 25d (a). 
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wbich represents a conic having the same focus and directrix as 

the given one, and whose eccentricity = ^ • 

If the curve be a parabola, the angle between the taogenta is 
in this case given. For the tangent (re cos^ + y sin^ — 7) bisects 
the angle between x cos ^ -hy sin ^ and 7. The angle between the 
tangents is, therefore, half the angle between ascos^+ysin^ and 
X cos ^' + y sin <l>\ or = ^ (^ — 4>)* Hence, the angle between two 
tangents to a parabola is half the angle which the points of contact 
subtend at the focus / and again, the locus of the intersection of 
tangents to a parabola^ which contain a given angle^ is a hyperbola 
with the same focus and directrix^ and whose eccentricity is the 
secant of the given artghy or whose asymptotes contain double 
the given angle (Art. 167). 

282. Any ttoo conies have a common self-conjugate triangle. 
For (see Ex. 1, p. 148) if the conies intersect in the points 
Aj By (7, 2>, the triangle formed by the points Ej F^ 0, in which 
each pair of common chords intersect, is self-conjugate with 
regard to either conic. And if the sides of this triangle be 
a, fij 7, the equations of the conies can be expressed in the form 

aa* + 6i9*4-C7« = 0, a V + J'^S* + c V = 0. 

We shall afterwards discuss the analytical problem of reducing 
the equations of the conies to this form. If the conies intersect 
in four imaginary points, the lines a, ^9, 7 are still reaL For it 
is obvious that any equation with real coefficients which is 
satisfied by the coordinates a/ + a;"V(-l)j y' + y"V(-l)j will 
also be satisfied by a;'-a^V(- 1), y'-y'V(-l)i and that the 
line joining these points is real. Hence the four imaginary 
points common to two conies consist of two pairs x' ± as" V("- 1 )» 

y' ± y" V(- 1) ; «"' ± a/'" V(- i ), *'" ± i/"" V(- 1). Two of the 

common chords are real and four imaginary. But the equa- 
tions of these imaginary chords are of the form L±M*J{— 1), 
X'±Jf' V(-l)) intersecting in two real points LM^ UM\ 
Consequently the three points -B, jF, are all real. 

If the conies intersect in two real and two imaginary points, 
two of the common chords are real, viz. those joining .the two 
real and two imaginary points; and the other four common 
chords are imaginary. And since each of the imaginary chords 
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paaaes through one of the two real points, it can have no other 
real point on it Therefore, in this case, one of the three points 
£!jFj IB real and the other two imaginary ; and one of the 
aides of the self-conjagate triangle is real and the other two 
imaginaiy. 

Ex. 1. Find the loons of Tertez of a triangle whose base angles more along one 
eonicy and whose sides touch another. [The following solafcion is Mr. Bnmside's.] 
Let the oonio touched hy the sides be o^ -h jf* - s*, and the other eu^ + by*- e^. 
TheOy as at Sz. I, p. 94^ the coordinates of the intersection of tangents at points a, y 
are cos|(a + y)» sin |(a + y)) cos 4 (a - y) ; and the conditions of the problem give 

a ooS« J (o + y) + 6 sin* J (o + y) = c cos«i (o - y) ; 

or (a + &-'0} + (a — 6-0}cosaoosy+(6 — e — a)8inasiny=:0. 

In 1 ke manner 

{a + h'-e)^-{<i — h'~e)ooApQXMy^'{h-C'-a)taxkPtaiiy^Of 

whence (a 4- 6 - «) cos H<> + /^ = (^ + <^ - <>) ooei (« - /3) cos y, 

(a + &~c}dni(a + /3) = (a + c-^)cos|(a-/9)8iny; 

and, sfaice the coordinates of the point whose locns we leek are cos ) (a + /3), 
i^i (a + ffli o<M i (a " A* ^ equatioik of the locus is 

tfi y* a> 

(6 + c-a)« * (tf + a-*)« " (a + * - c)« • 

Ex. t. A tiianc^ is inscribed in the conio a^ + i^:=z'', and two sides touch the 
oooic aa^ -f fir' ^ ^ I f^^ the envelope of the third side. 

Am, (ea + a6 - dc)*a^ -f (ai + ^ - M)*y* -{bc + ca- abyai*, 

ENVELOPES. 

283. If the equation of a right line involve an indeterminate 
quantity in any degree, and if we give to that indeterminate a 
series of different values, the equation represents a series of 
different lineSi all of which touch a certain curve, which is called 
the envelope of the system of lines. We shall illustrate the 
general method of finding the equation of an envelope by 
proving, independently of Art. 270, that the line fi*L~2^B-{'Mj 
where |a is indeterminate, always touches the curve LM—IP. 
The point of intersection of the lines answering to the values 
fk and /» + & is determined by the two equations 

^"L - 2/xB + if = 0, 2(/iii-J?)4A;X = 0; 

the second equation being derived from the first by substituting 
/ft + A; for /*} erasing the terms which vanish in virtue of the first 
equation, and then dividing by k. The smaller k is, the more 
nearly does the second line approach to coincidence with the 

LL. 




258 METHODS OF ABRIDGED NOTATIOK. 

first ; and if we make X; = 0, we find that the point of meeting 
of the first line with a consecutive line of the system b de- 
termined by the equations 

or, what comes to the same thing, by the equations 

^i--B = 0, AtjB-Jf=0. 

Now since any point on a curve may be considered as the inter* 
section of two of its consecutive tangents (Art. 147), the point 
where any line meets its envelope is the same as that where 
it meets a consecutive tangent to the envelope; and therefore 
the two equations last written determine the point on the 
envelope which has the line fi*L — 2^R + M for its tangent. 
And by eliminating ^ between the equations we get the equa^ 
tion of the locus of all the points on the envelopCi namely 

A similar argument will prove, even if £, Jf, iS do not re- 
present right lines, that the curve represented by /i*Zr— 2/bk5-f M 
always touches the curve iif = JJ*. 

The envelope of Z cos^-l- Jf sin^ — £, where ^ is indeter- 
minate, may be either investigated directly in like manner, or 
may be reduced to the preceding by assuming tan^^ = /A, whea 
on substituting 

. 1-m" . . 2/x 

and clearing of fractions, we get an equation in which /» only 
enters in the second degree. 

284. We might also proceed as follows : The line 

is obviously a tangent to a curve of the second class (see notOi 
p. 147) ; for only two lines of the system can be drawn through 
a given point: namely, those answering to the values of fi 
determined by the equation 

where L\ R^ M' are the results of substituting the coordinates 
of the given point in £, iS, M. Now these values of /t* will 
vidently coincide, or the point will be the intersection of two 
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connecutiTe tangents, if its coordinates satisfy the equation 
LM — B^. And, generally, if the indeterminate /x enter alge* 
braically and in the n'^ degree, into the equation of a line, the 
line will touch a eurve of the n"^ class, whose equation is found 
by expressing the condition that the equation in /i shall have 
equal roots. 

Ex. 1. The Teitices of a triangle more along the three fixed lines a, /9, y, and two 
of the BideB pass through two fixed points a'^y', a"^*y\ find the envelope of the 
third side. Let a + /u/S he the line joining to a/9 the vertex which moves along y, 
then the equations of the sides through the fixed points are 

y(a + ;.^-(«' + /u^')y = 0, y"(a + Ai/8)-(a" + ,./3")y = 0. 

And the equation of the base is 

(«• + /liSO y a + (a- + /I/3") A*7'^ - («' + /^ (a" + f.^') y = 0, 

for it can be easily verified that this passes through the intersection of the first line 
with a, and of the second line with p. Arranging according to the powers of ft, we 
find lor the envelope 

{flpy" + /J/a" - ya'^' - ya'W = 4a'^' (ay^ - a'V) 0/ - /9'y). 

This example may also be solved by arranging according to the powers of a, the 
equation in Ex. 8, p. 49. 

Ex. 3. Find the envelope of a line such that the product of the perpendiculars^ 
en it from two fixed points may be constant. 

Take for axes the line joining the fixed points and a perpendicular through its 
middle point, so that the coordinates of the fixed points may bey = 0, x-=.±c\ then 
if the variable line bey — m« + » = 0, we have by the condition of the question 

(» •^me){ji^'' mo) = 6> (I + ««}, 

or m« = d« + W»« + «%»% 

but n' = y* - 2mxy + »V, 

thezefore m« (ai« - 6» - c*) - ^may + y» - 6» = ; 

and the envelope is «y = («»-^-0(y*-*^» 

Ex. 8. Find the envelope of a line such that the sum of the squares of the perpen- 
dicnlan on it from two fixed points may be constant. . Sx* , Sy* __ , 

Ex. 4. Find the envelope if the diiSerence of squares of perpendiculars be given. 

Ant. A parabola. 

Ex. 5. Through a fixed point any line OP is drawn to me^t a fixed line ; to find 
the envelope of PQ drawn so as to make the angle OPQ constant. 

Let OP make the angle 6 with the perpendicular on the fixed line* and its length 
k jp 8ec6; but the perpendicular from on PQ makes a fixed angle /3 with OP, 
therefore its length is =/> aec6 co6/9; and since this perpendicular makes an angle 
s 6 + /9 with the perpendicular on the fixed line, if we assume the latter for the axis 
of a^ the equation of PQ is 

« 008 (6 + /3) + y sin (6 + /9) = p seo 6 cos /?, 
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or •oo8(20 + /9)+y8ln(29 + /3) = 2poM/l-aiOM/l-|fifaiA 

an equation of the form Xccw^ + Afflin^ = J2^ 

whoae envelope, therefore, is 

a^ + y* = (« 008 /J + y ain/S - ^ ooe/S)*, 

the equation of a parabola hanng the point for its fbona. 

A B 

Ex. 6. Rnd the envelope of the line - + — = 1, wheie the indetermiiuita ars 

connected by the relation fi-^ fi* =C, 

We may eubstitnte for fi', C— /i, and dear of fractione; the envelope ia thoa 
found to be 4« + £» + C« - 2AB - 2il C7 - 25 C7 = 0, 

an equation to which the following form will be found to be equivalent, 

±4A±4B±4O^0. 

Thus, for example^^Oiven vertioal angle and earn of aides of a tiiangle to find tlio 
envelope of baae. 

The equation of the baae ia a "^ A ^' 

where'a + 3 = o. 

The envelope la, therefore, 

«* +y' - 2ay- 2«b - 2cy + c« = 0, 

a parabola touching the aides x and y. 

In like manner,— Given in position two conjugate diameters of an ellipie^ and the 
sum of their aquarea, to find ita envelope. 

If in the equation "^a ~^ f^ =^ ^» 

we have a'' -f ft** « «*, the envelope ia 

« ± y + « = 0. 
The ellipae, therefore, must always touch four fixed right lines. 

285. If the ooefficienta in the equation of any right line 
ka + fi^-^vy be oonneoted by any relation of the second order 
in X, ^, V, 

^\" + B/a" + Ci^ + 22?)^^ + 2 fl^vX + 2 JIX/A =» 0, 

the envelope of the line is a conic section. Eliminating y between 
the equation of the right line and the given relation, we have 

(^7»-2(77a + (7a")V + 2(-S7»-JPVa- ChiP •\- Ca&)\iu 

and the envelope is 

(^7«-2 IV+ Ca«)(57»-2i?V/S+ G/S") - {Sy'-Fy(i^Gyl3+ Oafi)\ 
Expanding this equation, and dividing bj y, we get 

{OH^AF)l3y'h2{HF''Ba)ya + 2{Fa'-CS)afi:^0. 



/-H' 
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The reaalt of this article may be stated thus : Any tangential 
equation of the second order in Xj f$^ v represents a conicj whose 
trilinear equation is found from the tangential by exactly the 
same process that the tangential is found from the trilinear. 

For it U proved (as in Art. 151) that the conditioii that 
Xa + /ii9 + Ky shall touch 

aa* -¥ bl3* + c/ + 2fffy + 2gyoL + 2ha0 ==^0j 

OTj ID other words, the tangential equation of that conic is 

(ftc-/«)X' + (ca-^) A*"+ (oft-A*) v^ 

+ 2(^A-q/')^v + 2(A/-J^)i/\ + 2(/7-cA)X/A = 0. 

Converselji the envelope of a line whose coefficients X, fij y 
fulfil the condition last written, is the conic aa* + &c » ; and 
this may be verified by the equation of this article. For, 
if we write for -4, -B, iScc, be — /*, ca - g\ &c., the equation 
{BO- -P) a" + &c. = becomes 

{abc + 2fgh - a/"- J/- ch*) (aa* + bff*+ cy" + 2/^7 + 2gya + 2hal3) = 0. 

Ez. 1. We may deduce^ as particular oaseB of the abore, the resiilts of Arts. 127, 

P Q rr 

180, namelj, that the enyelope of a Ime which fulfils the condition r- + - + — =0 
Sa 4(Fm) + J((?j9) + ^(ily) = ; and of one which fulfils the condition 

J(/'\)+J(CM) + J(ir«')^0 is ^+| + |'=0. 

Bz. S. What is the condition that Xa + /ia/3 + ry should meet the conic giyen by 
the general equation in real points ? 

Ant, The line meets in real points when the quantity (be —f) \* -f Ac. is 
negatiTe ; in imaginary points when this quantity is positive ; and touches when 
IfcTanishea. 

Ex. 8. What is the condition that the tangents drawn through a point a'^'/ 
•bonldbexeal? 

Aiu. The tangents are real when the quantity (J?(7— F^) a'* + dec. is negative ; 
or, in other words, when the quantities abc + 2fyh + dec and aa** + bpT^ + Ac. have 
opposite signs. The point will be inside the conic and the tangents imaginary when 
then qnantitim have like signs, 

286. It Is provedi as at Art. 76, that if the condition be 
fuiaied, ^50+ 2FQH^ AF^^BG^^OW^ 0, 
then the equation 

AK^ ^ B^^ -k- C^ •\-2FfAv •\-2GvK^-2H\tk^0 
may be resolved into two factors, and is equivalent to one of the 
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And Since the equation is satisfied if either factor vanishi it 
denotes (Art. 51) that the line Xa + /ii9 + vy passes throagh one 
or other of two fixed points. 

If, as in the last article, we write for -4, ic— /*, &c*, it will 
be found that the quantity ABO + 2FOH-{-6lc is the square 
of abc + 2/gh + &c. 

Ex. If a conic pass through two given points and have double contact with a fixed 
conic, the chord of contact passes through one or other of two fixed points. For let 
S be the fixed conic, and let the equation of the other be £F = (Xa + m/^ + 1^)'. Tbea 
substituting the coordinates of the two given points, we have 

whence (Xa' + /ip' + vy') 4{8") = ± (Xa" + /u/S" + »y") J(n 

showing that Xa + fifi + vy passes through one or other of two fixed points, aiioe 

8'f S" axe known constants. 

287. To find th^". equation of a conic having doable contact 
with two given conies, 8 and 8\ Let E and i^ be a pair of 
their chords of intersection, so that 5— 8' = EF] then 

represents a conic having double contact with 8 and ff^ for it 
may be written 

Since fi is of the second degree, we see that through any 
point can be drawn tioo conies of this system; and there are 
three such systems, since there are three pairs of chords E^ JFl 
If 8' break up into right lines, there are only two pairs of 
chords distinct from 8'j and but two systems of touching conies. 
And when both 8 and 8' break up into right lines there is but 
one such system. 

Ex. find the equation of a conic touching four given lines. 

Ans. n^JS* - 2fi (AC •¥ BL) -h F* s 0, 
where Af B, C^ Dare the sides ; JE, F the diagonals, and AC^ BD = EF, Or 
symmetrically if L, if, iNT be the diagonals, L±M ±N the sides, 

For this always touches 4L«if • - (L» + If « - JV«)« 

= {L+M+N){M'k-N-'L){L-^N-M){M+L-N). 

Or, agaiOi the equation may be written N* = jrp^ + ^^ ("^ ^^ ^^)' 
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288. The equation of a conic having doable contact with 
two circles aasumes a simpler form, viz. 

The chords of contact of the conic with the circles are found 
to be C7_0' + A* = 0, and C-O'-a* = 0, 

which are therefore parallel to each other, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form VC±VC' = Vm. 

Hence, the locus of a pointy the sum or difference of whose tangents 
to tioo given circles is constant^ is a conic having double contact 
unth the two circles. If we suppose both circles infinitely small, 
we obtain the fundamental property of the foci of the conic. 

If /I* be taken equal to the square of the intercept between 
the circles on one of their common tangents, the equation de- 
notes a pair of common tangents to the circles. 

Ez. 1. S(dT6 bj this method the Ezamplee (Aits. 118, 114) of finding common 
tangents to drdes. 

AnM. Ex. 1. /C+ /C = 4 or = 2. An9, Ex. 2. ^(7+ JC - 1 or = J - 79. 

Ex. 2. GiTen three drclee ; let X, L' be a pair of common tangents to C, C" ; 
MfM'toC'jCi N.N'toC, C) thenif i, 3/;A'meetinapoint,80wiIlX', Jf', iV'.* 
Lei the equations of the pairs of common tangents be 

Then the condition that Ly M, N should meet in a point is <' + < = t^ ; and it is 
obrions that when this condition is fulfilled, U, M', N' also meet in a point. 

Ex. 8. Three conies having double contact with a given one are met by three 
Qommon chords, which do not pass all thruugh the same point, in six points which 
lie on a conic. Consequently, if three of these points lie in a right line, so do the 
other three. Let the three conies be 8 - L*f 8— M\ 3 — N^; and the common 
chords L + Mf Sf+K, N-\- L, then the truth of the theorem appears from inspec- 
tioQ of the equation 

a-k-MX-h NL+LMzz (^- L«) + {L + 31) {L + A"). 



* This principle is employed by Steiner in his solution of Malfatti's problem, vii. 
'To inscribe in a triangle three circles which touch e«ich other imd each of which 
touches two sides of the triangle." Steiner's construction is, " Inscribe circles in the 
triangles formed by each side of the given triangle and the two adjacent bisectora 
of angles ; these circles having three common tangents meeting in a point will have 
three other common tangents meeting in a point, and these arc common tangents to 
the circles required. For a geometrical proof of tliis by Dr. Hart, see Quarterly 
Journal oj AIathematic»f vol. I., p. 219. We may extend the problem by substituting 
for the word "circles," "conies having double contact with a given one." In fchia 
intension, the theorem of Ex. 8, or its rociprocali takes the place of Ex. 2; 
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GENERAL EQUATION OF THE SECOND DEGREE. 

289. There is no conic whose equation may not be written 
in the form 

aa" + 5^ + oy' + 2/i87+25r7a4 2Aa/8«0. 

For this equation is obviously of the second degree ; and since 
it contains five independent constants, we can determine these 
constants so that the curve which it represents may pass through 
five given points, and therefore coincide with any given conic. 
The trilinear equation just written includes the ordinary Car- 
tesian equation, if we write x and y for a and ^3, and if we 
suppose the line 7 at infinity, and therefore write 7^1 (see 
Art. 69, and note p. 72). 

In like manner the equation of every curve of any degree 
may be expressed as a homogeneous function of a, iS, 7. For 
it can readily be proved that the number of terms in the cample 
equation of the n^^ order between two variables is the same as 
the number of terms in the homogeneous equation of the n^ 
order between three variables. The two equations then, con- 
taining the same number of constants, are equally capable of 
representing any particular curve. 

290. Since the coordinates of any point on the line joining 
two points a'/8'7', a^iS'Y' are (Art. 66) of the form foi' + wia", 
1/3^ -f wi/8", If/ + W7", we can find the points where this joining 
line meets any curve by substituting these values for a, 0^ 7, 
and then determining the ratio I : m hj means of the resulting 
equation.* Thus (see Art. 92) the points where the line meets 
a conic are determined by the quadratic 

r (aa'» + i^'* + C7'« + 2/J8'7' + 2^7^ + 2Aa'/80 
+ 2lm {aaV + J/3'/3" + cf/y'' 

+/(/3''/' + /S'V) -^g {Vol'' + T'V) + k [atff' + oT/SO} 
+ m*(aa'^+J/9'^ + c7"" + 2/i8'V + 2(77V' + 2Aflt"/3")«0; 

or, as we may write it for brevity, PS' + 2lmP'\-m*S'^=0. 
When the point a'13'y' is on the curve, 8' vanishes, and the 
quadratic reduces to a simple equation. Solving it for { : m. 



* This method was introdaocd by JoachimsthaL 
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we see that the coordinates of the point where the conic is met 
•gun by the line joining a^/S'V' to * point on the conic (kff^\ 
are flTV - 2 A'', S'ff - 2P/3", S'i - 2iV". These coordinates 
reduce to fiff'{ if the condition P= be fulfilled. Writing this 
at full length, we see that if a")8'V' satisfy the equation 

oad^ Ifi^-V or/-¥/{l3y + ffy) + g [ya' + 7'a) + A (ays' + a' 13) = 0, 

then the line joining a"^V' *<> «'/8''/ meets the curve in two 
points coincident with a'ffy'\ in other words, a'ff'y' lies on 
the tangent at (iffy. The equation just written is therefore 
the equation of the tangent. 

291. Arguing, as at Art. 89, from the symmetry between 
ttiSy, (iffy of the equation just found, we infer that when (iff^ 
is not supposed to be on the curve, the equation represents the 
polar of that point. The same conclusion may be drawn from 
observing, as at Art. 91, that P=0 expresses the condition that 
the line joining ^ffy\ d'ff'y' shall be cut harmonically by the 
curve. The equation of the polar may be written 

fl^ (oa + AiS +57) + /8' (Aa + Ji8 +/7) + 7' C^'a +/8 + <^) = ^• 
But the quantities which multiply a', ff^ y respectively, are half 
the differential coefficients of the equation of the conic with re- 
qiect to a, iS, 7. We shall for shortness write S^^ 8^, /S,, instead 

m dS dS dS m ,. •/•I1* 

of ^ , ^ , -y-; and we see that the equation of the polar is 

a'8, + ff8^ + yS,:=^0. 

In particular, \£ ffjf/ both vanish, the polar of the point I3y 
is 8^j or the equation of the polar of the intersection of two of the 
lines of reference is the differential coefficient of the equation of 
the conic considered as a function of the third. The equation of 
the polar being unaltered by interchanging a)97, (iffy\ may also 
be written a8{ + ^85; + 7^,' = 0. 

292. When a conic breaks up into two right lines, the polar 
of any point whatever passes through the intersection of the 
right lines. Greometrically, it is evident that the locus of har- 
monic means of radii drawn through the point is the fourth 
harmonio to the pair of lines and the line joining their intei^ 
lection to the given point. And we might also infer, from the 

UM. 



/ 
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formula of the last article, that the polar of any point with 
respect to the pair of lines afi is ffa + a'/8, the harmonic con- 
jugate with respect to a, P of yS'a-a'/S, the line joining <xfi to 
the given point. If then the general equation represent a pair 
of lines, the polars of the three points /Sy, 7a, 0)3, 

oa + A/S 4-^7 = 0, Aa + Jj8+/y = 0, ^a+/i8 + C7 = 0, 

are three lines meeting in a point. Expressing, as in Art. 38, 
the condition that this should be the case, by eliminating a, /8, 7 
between these equations, we get the condition, already found by. 
other methods, that the equation should represent right lines, 
which we now see may be written in the form of a determinant, 

a' A, g 

A, J,/ 

or, expanded, ahc + 2fgh - af* --b^ -ch^^O. 

The left-hand side of this equation is called the diacrtmtnani^ 
of the equation of the conic We shall denote it In what follows 
by the letter A. 

293. To find the coordinates of the pole of any line 
Xa + ^/S + V7. Let a'fff/ be the sought coordinates, then we 
must have 

Solving these equations for a', yS', 7', we get 

A)8' = X {fg- ch) 4 M (ca - g^) -^vigh- a/), 
A7' = X (A/- bg) -f fi igh-qf) + v [ab-h*) ; 

or, if we use A^ B^ (7,t &c. in the same sense as in Art. 151, 
we find the coordinates of the pole respectively proportional to 

AK-^Efi^-Ov^ HX + Bfi + Fv^ OX + Ftu-^-Cv. 
Since the pole of any tangent to a conic is a point on that 
tangent, we can get the condition that Xa + fifi + ^7 may touch 
the conic, by expressing the condition that the coordinates just 
found satisfy Xa + m^ + V7 =£ 0. We find thus, as in Art. 285, 
^X* + ^AA* + (7»^ + 2i?>AV -f 2 (7vX + 2^AA = 0. 

* See Lessons on Modem Higher Algebra, Leewon xr. 

t A, Bf Cf dbc. are the minors of the determinant of the last article. 



METHODS OP ABKIDUED NOTATION. 2G7 

If we write this equation 2 = 0, it will be observed that the 
coordinates of the pole are 2^ 2^, 2,, that is to say, the diffe- 
rential coefficients of 2 with respect to \ /x, v. Just, then, as the 
equation of the polar of any point is a/S/ + 08^' + 7^8,' = 0, so 
the condition that \0L + /il3 + vy may pass through the pole of 
X'a + /i^ff + vy (or, in other words, the tangential equation of 
this pole) is \2/ + /x2,' + v2/ = 0. And again, the condition 
that two lines Xa + ^iS+vy, X'a + /x'jS + v'7 may be conjugate 
with respect to the conic, that is to say, may be such that the 
pole of either lies on the other, may obviously be written in 
either of the equivalent forms 

\% + /2, + /2, = 0, X2/ + /i2/ + v2/ = 0. 

From the manner in which 2 was here formed, it appears that 
S is the result of eliminating a\ ^jY^ p between the equations 

aa' + A/8' + ^7' + pX = 0, Aa'+ i)8'+/7 -f p^ = 0, 
^a'+//3' + C7' + pv = 0, Xa' + A4/8'+ 1/7' = ; 
in other words, that 2 may be written as the determinant 



^A\^ + Bfi*+Cy' + 2Fiiv\-2ay\ + 2SKii. 



X, A*, V, 
a, A, ffy X 

*i *i /i /* 

If J A c, y 

Ex. 1. To find tho coordinates of the pole of Xa + /i/9 4- ry with respect to 
4{la) + ^(m/S) + 4{ny), The tangential equation in this case (Art. 130} being 

IfUf + BivX + nkfi ac 0, 
the ooordinateB of the pole are 

a' = my + flf^ /9' = fiX + fy| '/ = l/i + m\. 

Ex. 2. To find the locus of the pole of \a + fifi + vy with respect to a conio 
heing giren three tangents, and one other condition.* 

Solving the preceding equations for i^ tn, n^ we find /, m, n proportional to 

X(^ + iy-\a'), A« (iry' + Xa' - A</3'), y {Ka' + ^LfT - yy'). 

Now 4{fa) + J(m/9) + J(iiy) denotes a conic touching the three lines a, ^ y; and 
any fourth oonditlon establishes a relation between /, m, n, in which, if we substitute 
the yalnes just found, we shall have the locus of the pole of\a + ftfi + yy. It we 
write fot\jfif¥ the sides of the triangle of reference a» ^, c, we shall have the locna 
of the pole of the line at infinity aa + bfi + ey, that is, tlie locus of centre. Thus 

the condition that the conic should touch Aa-k'Bfi+ Cy being ~ 4. ^ + !L - 



* The method here used is taken from Heam*8 Retearehet on Conic SeeUam, 



J 
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(Art. 180), we infer that the locni of the pole of Xa + /i/9 + ry with respect to tt 
oonic toodiiiig the four lines a, p, y, Aa-^Bfi-^- Cy, ii the right line 

A ^ B •*■ C ""• 

Or, again, since the condition that the oonic should paas through m'fi^Y la 
4{la') + 4{m^) + 4{ny') = 0, the locos of the pole of Ka-k-fifi + vy with re^MCt to a 
conic which touches the three lines a, fi, y, and passes throng a point a'^Y, im 

J{Xa' 0*i3 + vy - Aa)} + ^{/*^ (n' + Xa - /*/3)} + J{iry' (Xa + M^ - iry)} = 0, 

which denotes a conic touching (1^ + ify — Xo, vy + \a — ftfi, \a + /tfi^ py. In the 
case where the locos of centre is sought, these three lines are the lines joining the 
middle points of the sides of the triangle formed by a, fi, y» 

Ex. 8. To find the coordinates of the pole of \a-h/ifi + py with veipeot to 
Ifiy + mya + na/3. The tangential equation in this case being, Art. 127, 

P\^ + TO V + »V - 2mn/iv - 2n/ifX - 2ijnX/i = 0, 

the coordinates of the pole are 

a =l{l\ — mfA — nif)y ^ = m {mfi — ny — ZX), y' = n {nw — ZX — m/i&)y 

whence my* + n/S* = — 2/mnX, no' + /y' = — 2/mnfA, Ifi^ + ma' = — 2immtf ; 
and, as in the last example, we find I, m, n respectiyely proportional to 

a' (^/S* + uy- - XaO, /S* (../ + X«' - A^, y' (X"' + A*^ - nO- 
Thus, then, since the condition that a conic drctmiscrilung afiy should pus through 

a fourth point o'/3'y' is - + ^ + -? = 0, the locus of the pole of Xa -f /i/9 + yy, with 

r^ y 

regard to a conic passing through the four points, is 

^,0«^ + vy-Aa)+|(vy + Xa-At^)+^(X« + ;i/J-ry) = O, 

which, when the locus of centre is sought, denotes a conic passing through th^ 
middle points of the sides of the triangle. The condition that the conic should 
touch Aa + Bfi+Cy being 4{Al) -i- 4{Bm) + 4{Cn) = 0, the locus of the pole of 
Xa + /ii/3 + r/i with regard to a oonio passing through three points and touching 
a fixed line, is 

4{Aa {fiLP+iryr- Xo)} + 4{Bp (vy + Xa - /ifi)} + JCy (Xa + fi/l - ry) = 0, 
which, in general, represents a curve of the fourth degree. 

294. If a'^/S'V' be any point on any of the tangents drawn 
to a curve from a fixed point a'/S'y'j the line joining o[ff^\ d'ff'^f 
meets the curve in two coincident points, and the equation in 
I : m (Art. 290), which determines the points where the joining 
line meets the curve, will have equal roots. 

To find, then, the equation of all the tangents which can be 
drawn through a'/S'*/, we must substitute h. + ma', Ifi + mff^ 
hi 4- m'/ in the equation of the curve, and form the condition 
that the resulting equation in 2 : m shall have equal roots. 
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Thna (see Art. 92) the equation of the pair of tangents to a 
conic is 88" = P", where 

5=aa" + &c., 5^ = 00^+ &c., P=aaa' + &c. 

This equation may also be written in another form ; for since 
BXkj point on either tangent through a^/3^f/ evidently possesses 
the property that the line joining it to a'/9^7^ touches the curve, 
we have only to express the condition that the line joining two 
pomts (Art. 65) 

a(/8'7"-/3'''/) + /3{7V'-yV) + 7(a'/S''-a''/S') = 

should touch the curve, and then consider ti'ff'^' variable, when 
we shall have the equation of the pair of tangents. In other 
words, we are to substitute i8'/-/3'7, 7a' — 7'a, o^ — a'/S for 
X| ft| V in the condition of Art. 285, 

Al^ + 5/i" + Ci^ + 2i?>v + 2 Ov\ + 2flX^ = 0. 

Attending to the values given (Art. 285) for A^ By &c., it may 
easily be verified that 

{aa? + &C.) {aa? + &c.) - {aaa' + &c.)» = A {I3Y - ff'yY + &c. 

Ex. To find the locns of intenectioii of tangents which cut at right angles to a 
conic giTen by the general equation (see Ex. 4, p. 169). 

We see now that the equation of the pair of tangents through any point (Art. 147) 
may also be written 

- 2^(af-xO (a^y'-y*') + 2(7 (y -sO (^' - «y) - 2/7 («- xO (y-yO = 0. 

This wiU represent two right lines at right angles when the sum of the coefficients 
of 2* and y* vanishes, which gives for the equation of the locus 

lliis dide has been called the director cirde of the conic. When the curve is a 
pazabolay C=: 0, and we see that the equation of the directrix ia Gx + Fy = ^{A + B). 

295. It follows, as a particular case of the last, that the 
pairs of tangents from ^7, yctj ad are 

as indeed might be seen directly by throwing the equation of 
the curve into the form 

(aa + Ai8+^)" + (CiS' + JBy-2F^7) = 0. 

Now if the pair of tangents through ^87 be i8 — A7, jS - ^^7, it 
appears from these expressions that hU^-^^ and that the coire- 
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C A 

spondmg quaDtities for the other pairs of tangents are -7 1 d i 

and these three multiplied together are = 1. Hence, recollecting 
the meaning of k (Art. 54), we learn that if ^, F^ Bj Z>, (7, E 
be the angles of a circumscribing hexagon, 
sin ^^jg.sin FAB.sin FBC.fim DBC.Bin DCA.Bin EGA 
smEACsinFAaamFBA.smDBA.smDCB.smECB^ 

Hence also three pairs of lines will touch the same conic if 
their equations can be thrown into the form 
2f »+ N'^ 2fMN^ 0, J^+ i«+ 2g'NL = 0, i' + JIT + 2VLM= 0, 
for the equations of the three pairs of tangents, already found 
ean be thrown into this form by writing Ls/[A) for a, &c. 

296. If we wish to form the equations of the lines joining 
to d'ff^ all the points of intersection of two curves, we have 
only to substitute la -f 7«a', //3 + wyS', Z7 + ^17' in both equations, 
and eliminate I : m from the resulting equations. For any 
point on any of the lines in question evidently possesses the 
property that the line joining it to (I'fff/ meets both curves in 
the same point ; therefore the equations in Z: m, which determine 
the points where one of these lines meets both curves, must 
have a common root ; and therefore the result of elimination 
between them is satisfied. Thus, the equation of the pair of 
lines joining to a'^y' the points where any right line L meets 5, 
is L'^S- 2LUP-{ US = 0. If the point a'/3'</ be on the curve 
the equation reduces to i'/S- 2ZP=0. 

Ex. A chord which anbtends a right angle at a given point on the cnire passes 

through a fixed point (Ex. 2, Art. 181 ). We nae the general equation, and by the formula 

last given, form the equation of the linea joining the given point to the intersection 

of the conic with \x-\- uy-\- v. The coordinates being supposed rectangular, these lines 

will be at right angles if the sum of the coefficients of x* and y* vanish, which gives the 

condition 

(Xa?' + /uy' + (a + *) = 2 {akaf + hfi^f). 

And since X, ;i, v enter in the first degree, the chord passes through a fixed pointy 

viz. . — x\ - — vy*. If the point on the curve vary, this other point will describe 

a conic. If the angle subtended at the given point be not a right angle, or if the 
angle be a right angle, but the given point not on the curve, the condition found in 
like manner will contain X, /i, v in the second degree, and the chord will envelope 
a conic. 

297. Since the equation of the polar of a point involves the 
coefficients of the equation in the first degree, if an indeterminate 
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j^e into the eqaation of a conic it will 
me into tbe equation of the polar. Thus, 
f ars of a point with regard to two conies 
|f the same point with regard to 8+Jci^ 



= aa.^ + &c. + k {a'la^ + &c). 
1 a nmt'c, the polar qf any given point 
hint [Ex. 2, Art. 151). 
[polara of another point with regard to 8 
]f this second point with regard to 8+k6' 
1 (see Art. 59), the polara of two points 
I of cotiica through four points form two 
I linea. 
'c pencils of lines, the loau of the inler- 
ming Itnef of the pencils is a conic through 
mila. for, if we eliminate k between 
Iget PQ^^P'Q. In the particnlar case 
1 intersection of P+kFj Q + kQ^ iathe 
f kS" of the line joining the two given 
bt, gtven four points on a conusj the locua 
a conic {Ex. 1, Art. 278). 
enter in the second degree into the 
must also enter in the second degree 
i polnr of a given point, which will then 
■us, if a conic have double contact with 
^olar of a fixed point will envelope one 
J for the equation of each system of conies 
I in the second degree. 
Jher chapter enter into fuller details re- 
Icquation, and here add a few examples 
Bciples already explained. 

a filed liuei And the locos of tbe intersection of ila 
»nlC8. li the polara of any two points a'fiy', a"^y 
to the tv.-o coDicabeF;!"; Q', Q"; then ■ny other 
, X/T + ^L^', xy + /iy" i and ila pohin KP + nF" 
lie conio /"O" = P"C 



of taai points oi 
■of the fonc pi^ta 



s right line ia the ii 
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U eridently the aame as that of the four lines 

Ex. 8. To find the equation of the pair of tangents at the points where a oonio 8 
is met by the line y. 

The equation of the polar of any point on y is (Art. 291) a'8i + fi^S^ = 0. But 

the points where y meets the curve are found by making y = in the general 

equation, whence 

aa** + 2Aa'/9' + 6/r» = 0. 

Eliminating a\ ^ between these equations, we get for the equation of the pair 

of tangents 

flV - 2ha^8^ + *5i« = 0. 

Thus the equation of the asymptotes of a oonic (given by the Cartesian eqnaticm) is 



0--(S)©-*(g)*-' 



for the asjrmptotea are the tangents at the points where the curre is met by the li 
at infinity s. 

Ex. 4. Given three points on a conic : if one asjrmptote pass through a fixed 
point, the other will envelope a conic touching the sides of the given triangle. If 
<i, (, be the asymptotes, aad aa + b^ + ey the line at infinity, the equation of tha 
conic is t^t^ = {aa + bfi + cy)\ But since it passes through /3y, yo, a/9, the equa- 
tion must not contain the terms a', /S*, y'. If therefore Ij be Xa + fi/9 + r/, t^ most 

a* 6* ^ 
beT-a+-/3+-y;andif(, pass through a'/9'y', then (Ex. 1, Art 285) f|toiicbei 

a 4{^a') + b 4(fi^ + c 4{yy') = O. The same argument proves that if a oonic peas 
through three fixed points, and if one of its chords of intersection with a conic given 

a b c 

by Che general equation aa'+ Ac. = be \a+M/3+vy, the other wiU be r a+ -/3 + -y* 

^ /■ If 

Ex. 5. Given a self conjugate triangle with regard to a oonic : if one chord of 
intemection with a fixed conic (given by the general equation) pass through a fixed 
point, the other will envelope a conic [Mr. Bumside]. The terms afi, /3y, ya are 
now to disappear from the equation, whence if one chord be \a + ^ + r/, the other 
is found to be 

\a{^-^yh- \f) + A»/3 {vh + V*- uff) + vy (X/+ ft^ - »4). 

Ex. 6. A and A* (a|^iyi, a^y^ are the points of contact of a common tangent 
to two conies U, V; P and P* are variable points, one on each oonic ; find the locus 
of Cj the intersection of AP, A'P*^ if PP" pass through a fixed point on the common 
tangent [Mr. Williamsion]. 

Let P and Q denote the polars of ai/3|yi, a^y^ with respect to 17 and F respec- 
tively ; then (Art. 290) if a^y be the coordinates of (7, those of the point P where 
AC meets the conic again, are Uoix " ^^^ ^fii — ^^A ^Vi — ^Py ; and those of the 
point P* are, in like manner, Va^ — 2Qa, Ac. If the line joining these points pass 
through Of which we choose as the intersection of a, /3, we must have 

U a^ - 2 Pa _ To, - 2Qa 
Ufi^ - 2P^ " V/a, - 2Q/3 * 

and when A, A\ are unrestricted in position, the locus is a curve of the fourth 
order. If, however, these points be in a right line, we may choose this for the line a» 
and making aj and a, = 0, the preceding eqTiation becomes divisible by a, and re- 
duoet to the curve of the third order PVfi^ = QUfii- Further, if the given pointa 
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are poixits of contact of a common tangent, P and Q represent the same line ; and 
anoUier factor diTidea ont of the equation which redooes to one of the form V •=. kV^ 
i c pr ea en ting a conic through the intenection of the given comes. 

Ex. 7. To inscribe in a conic, giren by the general equation, a triangle whose 
■dea pass through the three points fiy, ya, a/3. We shall, as before, write 5„ S„ S^ 
for the three quantities, aa + hfi+ gy, ha + bfi +/y, ya +Jp + cy. Now we have 
■eeo, in general, that the line joining any point on the curve a/3y to another 
point a'/S'y' meets the curve agi^n in a point, whose coordinates are S'a — 2P*a', 
STfi - 2P'/S', S'y - 2P'y, Now if the point o'/S'y' be the intersection of Unes /9, y, 
we may take a' = 1, /S* = 0, y' = 0, which gives 5^ = a, P* = Si^ and the coordinates 
of the point where the line joining a/9y to /3y meets the curve, are aa — 28^^ dfi, ay. 
In like manner, the line joining a/3y to ya, meets the curve again in 6a, bp - 2jS^ by. 
The line joining these two points will pass through a/9, if 



aa - 28, 



1 _ 



ba 



afi ~ bfi- 25, ' 

or, reducing 25^5^ = aaS^ + 6/l)5i, 

which is the condition to be fulfilled by the coordinates of the vertex. Writing in 
this equation aa = 5, ~ Aj3 — gy, bfi = 8^ — ha — /y, it becomes 

h (aflfj + /35!j) + y (/», + ^5,) = 0. 

But since afiy is on the curve, aSx + /95, + y5, = 0, and the equation last written 

redncca to 

y{/3x+9S^-h8t) = 0. 

Now the factor y may be set aside as irrelevant to the geometric solution of the 
problem ; for although either of the points where y meets the curve fulfils the con- 
dition which we have expressed analytically, namely, that if it be joined to /3y and 
to ya, the joining lines meet the curve again in points which lie on a line with a/3 ; 
yeti rinoe these joining lines coincide, they cannot be aides of a triangle. The vertex 
of the sought triangle is therefore either of the points where the curve is met by 
/8i-\-gSf — hSf. It can be verified immediately that fS^ =g8f = hSj denote the 
lines joining the corresponding vertices of the triangles a/3y, SiS^S^. Consequently 
(see 1^ 2, Art. 60), the line /8i + g8^ - hS^ is constructed as follows : " Form the tri- 
angle D£F whose sides 
are the polars of the 
given points A, B^ C; 
let the lines joiuing the 
corresponding vertices 
of the two triangles 
meet the opposite sides 
of the polar triangle in 
L,M, M; then the lines 
LM, MN, NL pass 
tfaronj^ the vertices of 
the required triangles.** 
The truth of this construction is easily shown geometrically : for if we suppose that 
we have drawn the two triangles 123, 45G which can be drawn through the points 
A, B^ C\ then applying Pascal's theorem to the hexagon 12345(), we see that the 
line BCpaasea through the intersection of 16, 34. But this latter point is the pole 
of AL (Ex. 1, Art. 146). Conversely, then, AL passes through the pole of BC, and L 
is on the polar of A (Ex. 1, Art. 146). 

rfaia construction becomes indeterminate if the triangle is selfoonjugate in which 
the problem admits of an infinity of solutions. 

NN. 




n 



d 
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Ex. 8. If two conies hare dotible contact, any tangent to tbe one is cot har- 
monically at its point of contact, the points where it meets the otheri and when 
it meets the choid of contact. 

If in the equation ^9 + i2* = 0, we snbstitate /a' + smT, l^-^m§f\ h^-^my, fof 
«i fit 7t (where the points a'^y', a"^'y*' satisfy the equation iSf = 0), we get 

Now, if the line joining a'fi'y% a'^'y", touch 5 + JK*, this equation must he m 
perfect square ; and it is evident that the only way this can happen is if P = — ^B^R\ 
when the equation becomes {JiJff — mR'y ■=: ; when the truth Of the theorem is 
manifest. 

Ex. 9. Find the equation of the conic touching five lines, Tis. a,fify,Aa+Bp+ Cy^ 
A'a + ^/3 + Cy, 

Ant, {lay + (m/9)^ + (ny) , where ( m, n are determined by the conditions 

Ex. 10. Find the equation of the conic touching the fiye lines, a, /S, y, a + /3 + 79 
2a + /9 - y. 

We have /+m + i» = 0, ^Z + m — n = 0: hence the required equation is 

2 (-«)* + (8/3)* + (y)* = 0. 

Ex. 11. Find the equation of the oonio touching a, /3, y, at their middle points. 

An$. {aa)^ + (*/9)* + (oy)* = 0. 

Ex. 12. Find the oondition that (£b)* -f (mfi)^ + (ny)* = should represent a para- 
bola. 

1 M ft 

Ant, The cunre touches the line at infinity when ^ + r '*' ~ = ^ 

Ex. Id. To find the locus of the focus of a parabola touching a, /9, y. 
Generally, if the coordinates of one focus of a conic inscribed in the triangle afiy 
be a'^y'f the lines joining it to the vertices of the triangle will be 

o'~i8" /3'"y" y'~a" 

and since the lines to the other focus make equal angles with the sides of the tziangia 
(Art. 189), these lines will be (Art. 55) 

a'arr/y/a, /T/^ = y'y, y'y = «'«; 

and the ooordinates of the other focus may be taken -> , ^ , -^ • 

Hence, if we are given the equation of any locus described by one focus, we can 
at once write down the equation of the locus described by the other; and if the 
second focus be at infinity, that is, if a" 8in.<i + /9" sin j9 + y" sin C= 0, the first 

siuil sin£ nnC 

must lie on the circle — 7- + — /y- + —7- = 0. The coordinates of the focus of 

a p y 

I m n 

a parabola at infinity are ^^ , ^,^ , mn'C' ""^^ (remembering the relation In 

Ex. 12) these values satisfy both the equations, 

asinil + ^Biu^ + ysinC=0, ^?a + ^/9 + Jay = 0. 

sinM Bin<^ flin*C7 

The coordinates, then, of the finite focus are — j— , ' 9 # 

( ma 
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Ex. 14. To find the equation of the directrix of this parabola. 
Forming, by Art. 291, the equation of the polar of the point whose ooordinatea 
have jost been giren, we find 

la (>in«i^ + 8in<C7^ tm*A) + mfi (Bin«C7+ sinM - ain'B) + ny (sin'^i + dn*B - 8in*C7) =0, 

or latmBaikCcoBA'k-mfitinCsiiAooBB-^nytmAnJiBooBC^Q* 

Sobstitnting for n from Ex. 12, the equation becomes 

/■inJ7BnC(acoeJ — y cosC) + mBinC8in^ (/9coflB-7CoeC)3=0; 

hence the directrix alwayi paases through the InterBcction of the perpendiculars of 
the triangle (ace Ex. 8, Art 54). 

Ex. 16. GiTen four tangents to a conic find the locus of the fod. Let the four 
tangents be a, ^ y, ^ ; then, sinoe any line can be expressed in terms of three others, 
these must be connected by an identical relation aa -k- bfi -k- ey •\- di =z 0, This relation 
must be satiHfled, not only by the coordinates of one focus a'^y'i', but also by those 

of the other i* SF* ^t v* The locus is therefore the dure of the third degreOi 

a b c d ^ 

-+0+ - + 1 = 0. 
^ fi y i 
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CHAPTER XV. 

THE PEINCIPLB OF DnAUTT; AND TEB METHOD 07 

BECIPBOCAIi POLABa 

298. The methods of abridged notatioD| explained in the 
last chapter, apply equally to tangential eqaations. Tho8| if 
the constants X, ft, v in the eqnation of a line be connected by 
the relation 

(a\ + bfi+ cv) (a'X-hJ> 4- c'v) = (a''X+6'>+(5"v) (d^'X+i'^/H-^^'O, 
the line (Art. 285) touches a conic Mow it is evident that one 
line which satisfies the given relation is that whose \j /a^v are 
determined by the equations 

a\ + bfi + cv = Oj a 'X + J'> + c"v = 0. 

That is to say, the line joining the points which these last 
equations represent (Art. 70), touches the conic in question. 
If then a, )8, 7, S represent equations of points, (that is to 
say, functions of the first degree in X, ft, v) ay^kfiS is 
the tangential equation of a conic touched by the four lines 
aiS, ^87, 78, Sa. More generally, if 8 and ff in tangential co- 
ordinates represent any two curves, 8~ kff represents a carve 
touched by every tangent common to 8 and 8. For, whatever 
values of X, ft, v make both 8—(i and /S^ = 0, must also make 
8-'k8' = 0. Thus, then, if 8 represent a conic, 8^ka/3 re- 
presents a conic having common with 8 the pairs of tangents 
drawn from the points a, fi. Again, the equation 07^^/8* 
represents a conic such that the two tangents which can be 
drawn from the point a coincide with the line ol/S ; and those 
which can be drawn from 7 coincide with the line y/3. The 
points a, 7 are therefore on this conic, and is the pole of the 
line joining them. In like manner, 8-0^ represents a conic 
having double contact with 8j and the tangents at the points 
of contact meet in a ; or, in other words, a is the pole of the 
chord of contact. 

So again, the equation ay = Jf/S' may be treated in the same 
manner as at Art. 270, and any point on the curve may be 
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represented by /i*a + 2^)9 + 7, while the tangent at that point 
joins the points /mc + hfi^ fikfi -¥ 7.* 

Ex. 1. 1^ find the locos of the centre of conies toncUng four given lines. Lei 
£ s 0^ £' = be the tangential equations of any two conies touching the fonr lines ; 
t^ym by Alt. 298, the tangential equation of any other i«! £ + Ar£'= 0. And (see 

Art. 161) the cooidinates of the centre aic (f:^j-Q»i c+kC ' *^® '^"^ ^' which 

■howi (Art. 7) that the centre of the Tariable conic is on the line joining the centres 

G F G' F' 
of the two assumed conies, whose coordinates axe ^ i ^> ^ > ^ > <"^ ^^^ ^^ dlTides 

the distaaoe between them in the ratio C : hC 

Ex. 2. T6 find the locos of the fod of conies touching fonr given lines. We have 
only in the equations (Ex. Art. 258a) which determine the fod to substitute A + kA' 
lor il, Ac, and then eliminate h between them, when we get the result in the form 
{C(*«-f^ +2/y-2(?« + J -B} {C'ary- rx- C'y + if} 

= {C (aj*-y«) + 2F>- 2C'« + il'- ^} {Cay- Fa?- (7y + ^. 

This represents a cnrve of the third degree (see Ex. 15, p. 275), the terms of higher 
order mutoally destroying. If, however, £ and £' be parabolas, £ + Ar£' denotes 
a ssTBtem of parabolas having three tangents common. We have then C and C both 
= 0, and the locos of fod reduces to a drcle. Again, if the conies be concentric, 
taking the centre as origin, we have Fy F*, (7 , (7 ' all = 0. In this ease £ + kZ* re- 
preaents a qrstem gf conies touching the four sides of a parallelogram and the locus 
of fod is an equflKeral hyperboIa.t 

Ex. 8. The director circles of conies touching four fixed lines have a common 
ndical axis. This is apparent from what was proved, p. 270, that the eqiution of 
tbe director dzde is a linear function of the coefficients A, B, Ac, and that therefore 
when we substitute A + kA' for A, dsc. it will be of the form 8 + kS' = 0. This 
theorem indudes as a particular case, ^ The drdes having for diameters the three 
diagmals of a complete quadrilateral have a common radical axis." 

299. Thus we see (as in Art. 70) that each of the equations 
used in the last chapter is capable of a double interpretation, 
according as it is considered as an equation in trilinear or in 
tangential coordinates. And the equations used in the last 
chapter, to establish any theorem, will, if interpreted as equations 

* In other words, if in any sjrstem ar'y'z', a^y'z", be the coordinates of any two 
points on a conic, and jT'y* t!" those of the pole of the line joining them, the co- 
ordinatesof any point on the curve may be written 

^ + 2/iA*^ + a:", /iV + 2^iy" + y", i* V + 2/ufa"' + «^ 

while the tangent at that point divides the two fixed tangents in the ratios fk : it, 
^ : 1. When ib = 1, the curve is a parabola. Want of space prevents us from giving 
illustrations of the en^eat use of this principle in solving examples. The reader may 
tiy the question :— To find the locus of the point where a tangent meeting two fixed 
tangents is cot in a given ratio. 

t It is proved in like manner that the locos of fbd of conies passing thnogh four 
fixed points, which is in genend of the lizth degree^ ndooM to the fourth wlm tlw 
poiiits fonn a parallelogram. 
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in tangential coordinates, yield another- theorenii the reciprocal 
of the former. Thus (Art. 266) we proved that if three oonicB 
{Sy S-\- LM^ i8+ LN) have two points [8^ L) common to all, 
the chords in each case joining the remaining common points 
[M^ N^ M—N)j will meet in a point. Consider these as 
tangential equations, and the pair of tangents drawn from L 
is common to the three conies, while Jlf, Nj M^ N denote in 
each case the point of intersection of the other two common 
tangents. We thus get the theorem, '' If three conies have two 
tangents common to all, the intersections in each case of the 
remaining pair of common tangents, lie in a right line." Every 
theorem of position (that is to say, one not involving the magni- 
tudes of lines or angles] is thus twofold. From each theorem 
another can be derived by suitably interchanging the words 
^' point " and ^' line " ; and the same equations differently inter- 
preted will establish either theorem. We shall in this chapter 
give an account of the geometrical method by which the attention 
of mathematicians was first called to this '' principle of duality/** 

300. Being given a fixed conic section ( U) and any carve 
(8) J we can generate another curve {s) as follows: draw any 
tangent to 5, and take its pole with regard to {7; the locos of 
this pole will be a curve «, which is called the polar curve of 8 
with regard to U, The conic 17, with regard to which the pole 
is taken, is called the auxiliary conic. 

We have already met with a particular example of polar 
curves (Ex. 12, Art. 225), where we proved that the polar curve 
of one conic section with regard to another is always a curve of 
the second degree. 

We shall for brevity say that a point corresponds to a line 
when we mean that the point is the pole of that line with regard 
to U. Thus, since it appears from our definition that every point 
of « is the pole with regard to {7 of some tangent to 8^ we shall 



* The method of reciprocal polan was introduced by M. Ftonoelety wbow aoooimt 
of it will bo found in CrcUe's Journal, vol. iv. M. PlUcker, in his <* System der 
Analytiachen G^metrie," 1835, presented the principle of dnality in the parclj aba- 
Ijtical point of view, from which the subject is treated at the beginning of Una 
chapter. But it was Mbbius who, in his " BazTcentriBche Oalcul,'' 1827, had made 
the important step of introducing a system of coordinates in which the poaltiim of 
A right line was indicated by coordinates and that of a point by an equitJcm. 
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briefly express this relation by saying that eTcry point of s cor-" 
responds to some tangent of 8. 

301. The paint of intersection of two tangents to 8 will corre^ 
spond to the line joining the corresponding points of s. 

This follows from the property of the conic Uj that the point 
of intersection of any two lines is the pole of the line joining 
the poles of these two lines (Art. 146), 

Let us suppose that in this theorem the two tangents to 8 
are indefinitely near| then the two corresponding points of s will 
also be indefinitely near, and the line joining them will be a 
tangent to «; and since any tangent to 8 intersects the con- 
secutive tangent at its point of contact, the last theorem be- 
comes for this case : If any tangent to 8 correspond to a point 
en Sjihe point of contact of that tangent to 8 will correspond to 
the tangent through the point on s. 

Hence we see that the relation between the curves is reci- 
prooaly that is to say, that the curve 8 might be generated from 
e in precisely the same manner that s was generated from 8. 
Hence the name ^' reciprocal polars." 

302. We are now able, being given any theorem of position 
concerning any curve 8^ to deduce another concerning the curve s. 
Thus, for example, if we know that a number of points con- 
nected with the figure 8 lie on one right line, we learn that the 
corresponding lines connected with the figure s meet in a point 
(Art. 146)| and vice versd; if a number of points connected 
with the figure 8 lie on a conic section, the corresponding lines 
connected with s will touch the polar of that conic with regard 
to {7; or, in general, if the locus of any point connected with 8 
be any curve S^j the envelope of the corresponding line connected 
with s is s\ the reciprocal polar of 8. 

803. T%e degree of the polar reciprocal of any curve is equal 
to the doss of the curve (see note, Art. 145), that f>, to the number 
qf tangents which can be drawn from any point to that curve. 

For the degree of s is the same as the number of points in 
which any line cuts «; and to a number of points on «, lying on 
a right line, correspond the same number of tangents to 8 passing 
through the point corresponding to that line. Thus, if ^ be a 
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conic section, two, and only two, tangents, real or imaginary, 
can be drawn to it from any point (Art. 145) ; therefore, any 
line meets s in two, and only two points, real or imaginary ; we 
may thus infer, independently of Ex. 12, Art 225, that the reci- 
procal of any conic section is a cmre of the second deg^ree. 

304. We shall exemplify, in the case where 8 and a are conic 
sections, the mode of obtaining one theorem from another by 
this method. We know (Art. 267) that ^^ if a hexagon be in" 
scribed in 8^ whose sides are Aj Bj C, Z), Ej F, then the points 
of intersection, AD^ BE^ CFj are in one right line.*'* Hence we 
infer, that ^^ if a hexagon be ctrctimscribed about «, whose vertioea 
are a, &, c, c2, e,/, then the lines, adf be^ cfj will meet in a paint " 
(Art. 265). Thus we see that Pascal's theorem and Brianchon's 
are reciprocal to each other, and it was thus, in fact, that the 
latter was first obtained. 

In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu- 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem 
before looking at the reciprocal we have g^ven. He will soon 
find that the operation of forming the reciprocal theorem will 
reduce itself to a mere mechanical process of interchanging the 
words " point " and " line,*' " inscribed " and " circumscribed,*' 
" locus " and " envelope," &c. 

If two vertices of a triangle moye If two sides of a triangle paai tlirongli 

along fixed right lines, while the sides fixed points, while the Terticea move on 

pass each through a fixed point, the locos fixed right lines, the envelope of the thixd 

of the third vertex is a conic section, side is a conic section. 
(Art. 269). 

If, however, the points through which If the lines on which the verticet move 

the sides pass lie in one right line, the meet in a point, the third side will paai 

locus will ho a right line. (Ex. 2. p. 41). through a fixed point. 

In what other case will the locus be In what other case will the thixd lida 

a right line? (Ex. 8, p. 42). pass through a fixed point ? (p. 49). 

If two conies touch, their reciprocals will also touch ; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
and its point of contact also common. So likewise if two conies 
have double contact their reciprocals will have double contact 
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If a triangle be dzcomicribed to a If a triaDgle be inscribed in a conic 

conie aectioD, two of whoie Tertices moTe lection, two of whoee aides pass through 

on fixed linei, the locos of the third Ter- fixed points, the envelope of the third side 

tn is a amio sectio n , having double con- is a conic section, having double contact 

teet with the given one, (Ex. 2, p. 250). with the given one. (Ex. 8, p. 250). 



806. We proved (Art. 301, see figure, p. 282) if to two points 
P, P", on 8j correi^nd the tangents pt^ pY^ on «, that the tan- 
gents at P and P^ will correspond to the points of contact p^ p\ 
and therefore Q, the intersection of these tangents, will corre- 
spond to the chord of contact pp'. Hence we learn that to 
any point Q, and its polar PJP'j with respect to 5, correspond a 
lintpp' and its pole q with respect to b. 

Gifen two points on a conic, and two Given two tangents and two points 

of its tangents, the line joining the points on a conic, the point of intersection of the 

of contact of those tangents passes through tangents at those points will move along 

one or other of two fixed points. (Ex., one or other of two fixed right lines. 
Art. 2S6, p. 262). 

Given four points on a conic, the polar Given four tangents to a conic, the 

of a fixed point passes through a fixed locus of the pole of a fixed right line is 

point. (Ex. 2, p. 168). a right line. (Ex. 2, p. 254). 

Given four points on a conic, the locus Given four tangents to a conic, the 

of the pole of a fixed right line is a conio envelope of the polar of a fixed point is 

■action. (Ex. 1, p. 264). a conic section. 

The lines joining the vertices of a tri- The points of intersection of each side 

angle to the opposite vertices of its polar of any triangle, with the opposite side of 

trian^ with regard to a conic meet in the polar triangle, lie in one right line. 
• point (Art. 99). 

Insaribe in a conic a triangle whose Circumscribe about a conic a triangle 

ddei paai through three given points, whose vertices rest on three given lines. 
CBx. 7, Art. 297, p. 278). 

806. Given two conies, 8 and S^, and their two reciprocals, 
9 and s' ; to the foor points A^ Bj C, D common to 8 and 8 
correspond the four tangents a, i, c, d common to s and s\ and 
to the six chords of intersection of 8 and 8^ AB^ CD ; A (7, BD ; 
ADj BO correspond the six intersections of common tangents 
to • and /; a&, cd\ ac^ bd] adj bc.^ 

If three conies have two common tan- If three conies have two points com- 

genta» or if they have each double contact mon, or if they have each doublo contact 

with a fonrth, their six chords of inter- with a fourth, the pix points of inter- 

MCtion will pMi three by three through section of common tangents lie three by 

the aame points. (Art. 264). three on the same right lines. 

Or, in other words, three conies, having Or three conies, having each double 

etch donb&e contact with a fourth, may be contact with a fourth, may be considered 

* A system of four points connected by six lines is accurately called a quadrangle, 
m a system of four lines intersecting in six points is called a quadiilatei-al. 

0. 
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If tlmniiih the pdnt of oontaet of two 
conies wfaicb toocb, U17 chord be drawn, 
tasgeots at ita eitremides will meet on 
the oommoD chord of the two coota. 



If fiom any poSot on the tangent at 
the point of contact of two conies which 
touch, a tangent be drawn lo each, tha 



It thrangh an intarKction of commo 
ingenta of tvo oonicg any two chanlg I 
rawn, lines joining their entreniities wi 



If .4 and S be two conies baring each 
doable contact with S, tlie cborda of COQ- 
tact of A and B with 5, and their choida 

a point, and form a hannonic pencil. 
(Art. 263). 

If At B, C hn three conies, haTing 
«sch double contact with ,9, and if A and 
B both touch C, the tsngenta at the poiata 

cboid of A and B. 



<^V 



anj two point! be taken, and bom tben 
tangents be drawn to the oooics, the dik- 
gonals of the quadriloTeial so formed will 
psss throDgh one or other of the inteisco- 
tioDS of common taogenta to the oouica. 

If A and B be two conies having each 
doable contact with S, the ihterwctiona 
of the tangenta at their points of contact 
with S, and the interseotioDS of tangents 
common to A and it, lie in one right lin^ 
which they divide harrnonicn.Uy, 

If A, B, C ht three conies, h&ving 
each doable contact with 3, and if A and 
B both toocb C, the line joining the points 
of contact will paa thioagli an iotsneo- 
tlon of common taogsnia of A and B. 



307. We have hitherto supposed the auxiliary conic 27 to be 
toy conic whatever. It is most common, however, to suppose 
this conic a circle ; and hereafter, when we speak of polar curves, 
we intend the reader to understand polarB totth regard to a cnrcUj - 
unless we expressly state otherwise. 

We know (Art. 68) that the polar of any point with regard 
to a circle is perpendicular to the line joining this point to the 
centre, and that the distances of the point and its polar are, when 
multiplied together, equal to the square of the radios; hence the 
relation between polar curves with regard to a circle is often 
stated as follows : Being given _ 
any point 0, if from it we hi fall 
a perpendicular OTon any tan- 
gent to a curve 8, and produce 
it until the rectangle OT.Op ia 
equal to a cofistant £*, then lie 
locus of the point p u a curve 8, 
which ia called the polar recipro- 
cal <if S. For this ia evidently 
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equivaleDt to saying that p is the pole of PT^ with regard to 
a circle whose centre is and radius k. We see, therefore 
(Art. 301)| that the tangent pt will correspond to the point of 
contact P, that is to say, that OP will be perpendicular to pt^ 
and that OP. Ot = 1^. 

It is easy to show that a change in the magnitude of k will 
affect only the size and not the shape of s^ which is all that in 
most cases conceras us. In this manner of considering polars, 
all mention of the circle may be suppressed, and 8 may be called 
the reciprocal of 8 loith regard to the point 0. Wo shall call 
this point the origin. 

The advantage of using the circle for our auxiliary conic 
chiefly arises from the two following theorems, which are at once 
deduced from what has been said, and which enable us to trans-^ 
form, by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles : 

The distance of any point P from tlie origin is the reciprocal of - 
the distance from the origin of the corresponding line pt. 

The angle T'QV between any two lines TQ^ TQ^ is equal to 
the angle p Op' subtended at the origin by the corresponding points 
p^p ; for Op is perpendicular to TQ^ and Op' to T'Q. 

We shall give some examples of the application of these 
principles when we have first investigated the following 
problem : 



308. To find the polar reciprocal of one circle witJi regard to 
another. That is to say, to find the locus of the pole p with re- 
gard to the circle [0] of any tangent PT to the circle {G). Let 
MN be the polar of the point C 
with regard to 0, then having 
the points C, /?, and their polars 
MN^ PT^ we have, by Art. 101, 



the ratio 



OG Op 



, but the first 




OP pN' 
ratio is constant, since both 00 
and CP are constant ; hence the 
distance oip from is to its distance from MN in the constant 
ratio OOi CP; its locus is therefore a conic, of which is a focus, 
MN the corresponding directrix, and whose eccentricity is 00 
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divided by CP, HeDce the eccentricity is greater^ less than, or 
^ 1, according as is without, within, or on the circle O. 

Hence the polar reciprocal of a circle %$ a conic section^ qf 
which the origin is the focusj the line corresponding to iks centre 
is the directrix J and tohich is an ellipse^ hyperbola^ or parabola^ 
according as the origin is toithin^ without^ or on the cireZs. 

309. We shall now dedace some properties concerning angles, 
by the help of the last theorem given in Art 307. 

Any two tangents to a cixde make The line dnwn from the foeue to Che 
equal anglef with their choid of contact. intenection of two tangente faisecti the 

angle eabtended at the focoa by their 
chord of contact. (Art. 191). 

For the angle between one tangent PQ (see fig., p. 288) and 
the chord of contact PP" is equal to the angle subtended at the 
focus by the corresponding points pj q ; and similarlji the angle 
QRP IB equal to the angle subtended by^, ;; thereforei unce 
QPP'^QP'P.pOq^p'Oq. 

Any tangent to a circle ie perpen- Any point on a conic, and the pdnt 
dicular to the line joining its point of where its tangent meeta the directrix, 
contact to the centre. subtend a right angle at the focus. 

This follows as before, recollecting that the directrix of fbe 
conic answers to the centre of the circle. 

Any line is perpendicular to the line Any point and the intersectioii of its 
joining its pole to Uie centre of the circle, polar with the directrix sobtend a zi^^ 

angle at the focus. 

The line joining any point to the If the point where any line meets the 

centre of i^ circle makes equal angles with directrix be joined to the focus, the join- 

the tangents through that point. ing line will bisect the angle betwesn the 

\ focal radii to the points where the given 

\ line meets the cuzre. 

The locu^ of the intersection of tan* The envelope of a chord of a oonlc, 

gents to a ci^e, which cut at a giren which subtends a given angle at the foona, 

angle, is a concentric circle. is a conic having the same fbcua and the 

same directrix. 
The envelope of the chord of contact The locus of the intersection of tu* 
of tangents which cue at a given sngle gents, whose chord subtends a given angle 
is a concentric' circle. at the focus, is a conic having the Mme 

focus and directrix. 
If from a fixed point tangents be If a fixed line intersect a aoiei of 
drawn to a series of concentric circles, conies having the same focus and same 
the locus of the points of contact will be directrix, the envelope of the tangents to 
a drde passing through the fixed pointy the conies, at the points when this line 
and through the common centre. meets them, will be a oonio hafving the 

same focus, and touching both the tssA 
Une and the common directrix. 
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In the latter theorem, if the fixed line be at infinity, we find 
the enyelope of the asymptotes of a series of hyperbolas, haying 
the same focos and same directriZ| to be a parabola having the 
same focus and teaching the common directrix. 

If two chordB at right angleB to each The locua of the mterBection of tan- 
other be dnwn thiongh any point on a genta to a parabola which cot at right 
dicle^ the line Joining their extremitiee angles la the directrix. 
I throng the centre. 



We say a parabola, for, the point through which the chords 
of the ditle are drawn being taken for origin, the polar of the 
circle is a parabola (Art. 808). 

The envelope of a chord of a circle The locos of the intersection of tan- 
wbieh subtends a given angle at a given gents to a parabola, which cut at a given 
point on the carve is a concentric circle. angle, is a conic having the same focus 

and the same directrix. 

Given base and vertical angle of a Given in position two sides of a tri- 

triangle, the locns of vertex is a circle angle, and the angle subtended by the 

passing through the extremities of the base at a given point, the envelope of the 

base. base is a conic, of which that point is a 

focus, and to which the two given sides 

wiU be tangents. 

The locna of the intersection of tan- The envelope of any chord of a conic 

gents to an ellipee or hyperbola which which subtends a right angle at any fixed 

cut at right angles is a dide. point is a conic, of which that point is 

afocns. 

" If from any point on the circumference of a circle perpen- 
diculars be let fall on the sides of any inscribed triangle, their 
three feet will lie in one right line " (Art. 125). 

If we take the fixed point for origin, to the triangle inscribed 
in a circU will correspond a triangle circumscribed about a para" 
hcla; again, to the foot of the perpendicular on any line corre- 
sponds a line through the corresponding point perpendicular to 
the radius yector from the origin. Hence, ^' If we join the focus 
to each Tertex of a triangle circumscribed about a parabola, and 
eroct perpendiculars at the vertices to the joining lines, those 
perpendiculars will pass through the same point." If, therefore, 
a circle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of the 
drcamscribed triangle. Hence, Oiven three tangents to a para- 
bola^ the locus of the focus is the circumscribing circle (p. 207}. 

The locos of the foot of the perpen- If from any point a radius vector be 
dicnlar (or of a line making a constant drawn to a dicle, the envelope of a per- 
angle with the tangent) from the focus pendicular to it at its eztranity (or of a 
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necting the three perpendiculars X, fiy v, the trillnear equation 
of the reciprocal curve is 

where c^, ff^ ^ are the trilinear coordinates of the orig^. 

Ex. 1. GiTen the focus and a triangle drcuniBciilnng a coniCy the perpendknilaa 
let fall from its Tertioes on any tangent to the conic are connected bj the zelation 

Bin0^ + Bine'^ + Bine"^ = O, 

A. /u V 

where 6, O*, 6^ are the angles the sides of the triangle subtend at the focoi. This 

is obtained by forming the reciprocal of the trilinear equation of the drde dicnm- 

Bcribing a triangle. If the centre of the inscribed circle be taken as fbcos, we haTe 

6 = 90° + 4^, p sin |ii = r, whence the tangential equation, on this system, of the 

inscribed circle is 

/iv oot^il + vX cot \B + Xfi oot4C= 0. 

In the case of any of the exscribed circles two of the cotangents are xeplaoed by 
tangents. 

Ex. 2. Given the focus and a triangle inscribed in a conic, the perpendicQlan let 
fall from its vertices on any tangent are connected by the relation 

«n le Jg) + ri«|9' Jg,) + dn Vf- J(±,) = 0. 

The tangential equation of the circumscribing drde takes the form 

siuii ^(X) + Bini?4(/«) + dn C4(v) = 0. 

Ex. 8. Given focus and three tangents the trilinear equation of the oonio Is 

This is obtained by redprocating the equation of the drcumsoribing dxde laet fimnd. 

Ex. 4. In like manner, from Ex. 1, we find that given focus and thzee pointi the 
trilinear equation is 



? + tanW"^ = 0. 



tan |0 =• + tan iO' !^ + tan|6" 

312. Very many theorems concerning magnitude may be 
reduced to theorems concerning lines cut harmonically or an- 
harmonically, and are transformed by the following principle: 
To any four points on a right line correspond four lines passing 
through a pointy and the anharmonic ratio of this pencil is the 
same as that of the four points. 

This is evident, since each leg of the pencil drawn from the 
origin to the given points is perpendicular to one of the corre- 
sponding lines. We may thus derive the anharmonic properties 
of conies in general from those of the circle. 

The anharmonic ratio of the pencil The anharmonic ratio of the point in 
joining four points on a conic to a variable which four fixed tangents to a oonic cut 
fifth is constant. any fifth variable tangent is constant. 
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The first of these theorems is true for the circle, since all the 
angles of the pencil are constant, therefore the second is true 
for all conies. The second theorem is true for the circle, since 
the angles which the four points subtend at the centre are 
constant| therefore the first theorem is true for all conies. 
By observing the angles which correspond in the reciprocal 
figure to the angles which are constant in'the case of the circle, 
the student will perceive that the angles which the four points 
of the variable tangent subtend at either focus are constant, 
and that the angles are constant which are subtended at the 
focus by the four points in which any inscribed pencil meets 
the directrix. 

313. The anharmonic ratio of a line is not the only relation 
concerning the magnitude of lines which can be expressed in 
terms of the angles subtended by the lines at a fixed point. 
For, if there be any relation which, by substituting (as in Art. 56) 

for each hne AB mvolved m it, j^p , can be re- 
duced to a relation between the sines of angles subtended at a 
given point 0, this relation will be equally true for any trans- 
versal cutting the lines joining to the points A^ Bj &c. ; and 
by taking the given point for origin a reciprocal theorem can be 
easily obtained. For example, the following theorem, due to 
Camot, is an immediate consequence of Art. 148: ''If any 
conic meet the side AB of any triangle in the points c, c' ; BO 
in a, a'; AC in b^ V ] then the ratio 

Ac.Ac\Ba.Ba\Cb.JJV ^ „ 
Ab:AV:Bc:Bc. ~Ca, Ca'^ 

Now, it will be seen that this ratio is such that we may 
substitute for each line Ac the sine of the angle A Ocj which it 
subtends at any fixed point ; and if we take the reciprocal of 
this theorem, we obtain the theorem given aheady Art. 295. 

814. Having shown how to form the reciprocals of particular 
theorems, we shall add some general considerations respecting 
reciprocal conies. 

We proved (Art. 308) that the reciprocal of a circle is an 
ellipse, hyperbola, or parabola, according as the origin is within, 

rp. 



^^ 
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Without, or on the curve ; we shall now extend this coDclusion to 
all the conic sections. It is evident that, the nearer any line or 
point is to the origin, the farther the corresponding point or Une 
will be ; that if any line passes through the origin, the corre- 
sponding point must be at an infinite distance ; and that the line 
corresponding to the origin itself most be altogether at an infinite 
distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other ; hence, if two real tangents can be drawn from the origin, 
the reciprocal curve will have two real points at infinity, that i8| 
it will be a hyperbola ; if the tangents drawn from the origin be 
imaginary, the reciprocal curve will be an ellipse ; if the origin 
be on the curve, the tangents from it coincide, therefore the 
points at infinity on the reciprocal curve coincide, that is, the 
reciprocal curve will be a parabola. Since the line at infinity 
corresponds to the origin, we see that, if the origin be a point on 
one curve, the line at infinity will be a tangent to the reciprocal 
curve ; and we are again led to the theorem (Art. 254) that 
every parabola has one tangent situated at an infinite distance. 

315. To the points of contact of two tangents through the 
origin must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of the 
reciprocal curve. The eccentricity of the reciprocal hyperbola 
depending solely on the angle between its ^ymptotes, depends 
therefore on the angle between the tangents drawn from the 
origin to the original curve. 

Again, the intersection of the asymptotes of the reciprocal 
curve {i.e. its centre) corresponds to the chord of contact of 
tangents from the origin to the original curve. We met with 
a particular case of this theorem when we proved that to the 
centre of a circle corresponds the directrix of the reciprocal 
conic, for the directrix is the polar of the origin which is the 
focus of that conic. 

Ex. 1. The redprocal of a parabola with regard to a point on the directrix is an 
equilateral hyperbola. (See Art. 221). 

Ex. 2. Prove that the following theorems are reciprocal : 

The intersection of perpendiculars of The intersection of perpendicnlan of 
A triangle circumscribing a parabola is a a triangle inscribed in an equilateral hjr- 
►int on the directrix. perbola lies on the curre. 
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Ex. 8. DexiTe the last from Pascal's theorem. (See Ex. 8, p. 247). 

Ex. 4. The axes of the reciprocal curve are parallel to the tangent and normal of 
A oomc drawn through the origin oonfocal with the given one. For the axen of the 
reciprocal carve must be parallel to the internal and external bisectors of the angle 
between the tangents drawn from the origin to the given curve. The theorem stated 
lollows bj Art. 189. 

316. Given two circles, we can find an origin such that the 
reciprocals of both shall be con/ocal conies. For, since the reci- 
procals of all circles must have one focus (the origin) common ; 
in order that the other focus should be common, it is only 
necessary that the two reciprocal curves should have the same 
centre, that is, that the polar of the origin with regard to both 
curcles should be the same, or that the origin should be one of 
the two points determined in Art. 111. Hence, given a system 
of circles, as in Art. 109, their reciprocals with regard to one of 
these limiting points will be a system of confocal conies. 

The reciprocals of any two conies will, in like manner, be 
concentric if taken with regard to any of the three points 
(Art. 282). whose polars with regard to the curves are the same. 

Gonfbcal conies cut at right angles The common tangent to two circles 
(ArL 188). subtends a right angle at either limit- 

ing point. 

The tangents from any point to two If any line intersect two circles, its 
confocal conies are equally inclined to two intercepts between the circles subtend 
each other. (Art. 189). equal angles at either limiting point. 

The locus of the pole of a fixed line The polar of a fixed point, with regard 
with regard to a series of confocal conies to a series of circles having the same 
is a line perpendicular to the fixed line, radical axis, passes through a fixed point; 
(Alt. 226, Ex. 8). and the two points eubtend a right angle 

at either limiting point. 

317. We may mention here that the method of reciprocal 
polars affords a simple solution of the problem, " to describe a 
circle touching three given circles." The locus of the centre 
of a circle touching two of the given circles (1), (2), is evidently 
a hyperbola, of which the centres of the given circles are the 
foci, since the problem is at once reduced to — '^ Given base and 
difference of sides of a triangle." Hence (Art. 308) the polar 
of the centre with regard to either of the given circles (1) will 
always touch a circle which can be easily constructed. In like 
manner, the polar of the centre of any circle touching (1) and (3) 
must also touch a given circle. Therefore, if we draw a commou 
tangent to the two circles thus determined, and take the pole 
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of this lioe with respect to (1), we have the centre of the circle 
touching the three given circles. 

318. To find the equation of the reciprocal of a eonic vnth 
regard to its centre. 

We found, in Art. 178, that the perpendicular on the tangent 
could be expressed in terms of the angles it makes with the axes, 

p"=a"co8"^ + i*sin"^. 
Ilence the polar equation of the reciprocal carve is 

*l = a'cos'^+J'sin'^, 
P 

-4r + / = l, 

a concentric conic, whose axes are the reciprocals of the axes 
of the given conic. 

319. To find the equation of the reciprocal iff a conic irtiA 
regard to any point (ary). 

The length of the perpendicular from any point is (Art. 178) 

jE>=-=V(o"cos'fl + i'sin*5)-ai'cosfl-^sin«; 

therefore the equation of the reciprocal curve ii 

{xar + 3// + ft«)» = aV + jy. 

320. CUven the reciprocal of a curve vnth regard to the origin 
of coordinates^ to find the equation qf its reciprocal toAh regard 
to any point [x'y'). 

If the perpendicular from the origin on the tangent be P, 
the perpendicular from any other point is (Art 34) 

P— a^ cos fl - y sin fl, 

and therefore the polar equation of the locus ia 

— = -D — a^cosfl — ysin ^: 

- f _ a^g+y^y + A* , ^cosg _ pcos d 
hence ^ p ""^"n?" " aa/+yy' + **' 

we must therefore substitutCi in the equation of the given 
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The effect of this substitution may be very simply written 
AS follows : Let the equation of the reciprocal with regard to 
the origin be 

K + ^.-l + ^m^ + &c- = 0, 
where tf. denotes the terms of the rfi^ degree, &c.| then the 
reciprocal with regard to any point is 

t*.+««( — g — ^) "*■"-( — V — j+*^-=^» 

a curve of the same degpree as the given reciprocal. 

321. To find the reciprocal with respect to a^-^tf*^K' of the 
conic given by the general equation. 

We find the locus of a point whose polar xjf ^-yy' --V shall 
touch the given conic by writing oi^xf^-V for X, /a, v in the 
tangential equation (Art. 151). The reciprocal is therefore 

^a?" + 2i&:y + %• - 2 (?A*a; - 2i^A«y + Ci* = 0. 

ThnS| if the curve be a paraboUi C7 or od — A" « 0, and the 
redprocal passes through the origin. We can, in like manner, 
verify by this equation other properties proved already geo- 
metrically. If we had, for symmetry, written V= — z*^ and 
looked for the reciprocal with regard to the curve a;' + y' + ^s' = 0, 
the polar would have been xaf + y/ + zz'j and the equation of 
the reciprocal would have been got by writing a;, y, z for \, /a, v 
in the tangential equation. In like manner, the condition that 
X:b + My + v» may touch any curve, may be considered as the 
equation of its reciprocal with regard to «* 4- y* + z^. 

A tangential equation of the n^^ degree always represents 
a curve of the n^ class ; since if we suppose Xx 4 /^y + v« to 
pass through a fixed point, and therefore have \x' + /i^ + v^i' = ; 
eliminating v between this equation and the given tangential 
equation, we have an equation of the n^ degree to determine 
X : /A ; and therefore n tangents can be drawn through the given 
point. 

322. Before quitting the subject of reciprocal polars, we 
wish to mention a class of theorems, for the transformation of 
which M. Chasles has proposed to take as the auxiliary conic 
9l parabola instead of a circle. We proved (Art. 211) that the 
intercept made on the axis of the parabola between any two 
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lines IS equal to the intercept between perpendicalars let fall on 
the axis from the poles of these lines. This principle then 
enables us readily to transform theorems which relate to the 
magnitude of lines measured parallel to a fixed line. We shall 
give one or two specimens of the use of this method, premising 
that to two tangents parallel to the axis of the auxiliary parab^^^^ 
correspond the two points at infinity on the reciprocal curj^^^^^ 
and that consequently the curve will be a hyperbola or ellips^ 
according as these tangents are real or imaginary. The reci- 
procal will be a parabola if the axis pass through a point at 
infinity on the original curve. 

^' Any variable tangent to a conic intercepts on two parallel 
tangents, portions whose rectangle is constant." 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersections 
of those parallel tangents with any other tangent answer parallels 
to the asymptotes through any point ; and we obtain, in the first 
instance, that the asymptotes and parallels to them through any 
point on the curve intercept on any fixed line portions whose 
rectangle is constant. But this is plainly equivalent to the 
theorem : '^ The rectangle under parallels drawn to the asymp- 
totes from any point on the curve is constant.'' 

Chords drawn from two fixed points If any tangent to a parabola meet two 

of a hyperbola to a rariable third point fixed tangents, perpendiculars from its er- 

intercept a constant length on the asymp- tremities on the tangent at the vertex will 

tote. (Art 199, Ex. 1). intercept a constant length on that line. 

This method of parabolic polars is plainly very limited in 
its application. 
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CHAPTER XVI. 

HAKMONIO AOT> ANHABMONIO PKOPBKTIBS OF CONICS .♦ 

323. The harmonic and anharmonic properties of conic sec- 
tions admit of so many applications in the theory of these curves, 
that we think it not unprofitable to spend a little time in point- 
ing out to the student the number of particular theorems either 
directly included in the general enunciations of these propertiesi 
or which may be inferred from them without much difficulty. 

The cases which we shall most frequently consider are 
when one of the four points of the right line, whose anharmonic 
ratio we are examining, is at an infinite distance. The an- 
harmonic ratio of four points, A^ B^ C7, i>, being in general 

(Art. 56) = -^^ -r -jTn reduces to the simple ratio - -^^ when 

D is at an infinite distance, since then AD ultimately ^^ DC. 
If the line be cut harmonically, its anharmonic ratio = — 1 ; and 
if D be at an infinite distance AB = BCj and AC\^ bisected. 
The reader is supposed to be acquainted with the geometric 
investigation of these and the other fundamental theorems con- 
nected with anharmonic section. 

324. We commence with the theorem (Art. 146) : " If any 
line through a point meet a conic in the points R^ R\ and 
the polar of in 5, the line ORRR^ is cut harmonically." 

First. Let R' be at an infinite distance ; then the line OR 
must be bisected at R ; that is, if through a fixed point a line he 
draum parallel to an asymptote of an hyperbola^ or to a diameter 
of a parabola, the portion of this line between the fixed point and 
its polar vyill be bisected by the curve (Art. 211). 

* The fundamental property of anharmonic pendls was given bj Pappus, Math. 
CoU, Yix. 129. The name " anharmonic ** was given by Chasles in his Historif of 
Geometry^ from the notes to which the following pages have been dercloped. Foither 
details will be fonnd in his TraiU de Giomkrie Supirieurt; and in his recently 
pablished TreatiiB on Conies, The anharmonic relation, however, had been studied 
by Mobins in his Baryctntrie CaleuiuSf 1827, nnder the name of " Doppelschnitt*- 
verhaltniss." Later writers use the name " Doppelverhaltniss.'* 
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Secondly. Let B be at an infinite distance, and B^Rf^ mast 
be bisected at ; that is, if through any paint a chord be drawn 
parallel to the polar of that pointy it unll be bisected at the point 

If the polar of be at infinity, every chord through that 
point meets the polar at infinity, and is therefore bisected at 0* 
Hence this point is the centre, or the centre may be considered as 
a point whose polar is at infinity (Art. 154), 

Thirdly. Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may be considered as the polar of the point at infinity in which its 
ordinates are supposed to intersect. 

This also follows from the equation of the polar of a point 
(Art. 145) 

(a;r + %+^) + (Aaj + Jy+/)^ + ^^^— =0. 

Now, if x'}/ be a point at infinity on the line my = nx, we must 

f/ n 
make ^^ = — , and x' infinite, and the equation of the polar 

becomes m[ax-^hy +^) + n (Aa; + Jy +/)= 0, 

a diameter conjugate to my^nx (Art. 141}. 

325. Again, it was proved (Art. 146) that the two tangents 
through any point, any other line through the point, and the 
line to the pole of this last line, form a harmonic pencil. 

If now one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of 
any point on a diameter is parallel to its conjugate, we learn that 
the portion between the tangents of any line drawn parallel to 
the polar of the point is bisected by the diameter through it. 

Again, let the point be the centre, the two tangents will be 
the asymptotes. Hence the asymptotes^ together witJi any pair of 
conjugate diameters^ form a harmonic pencil^ and the portion of 
any tangent intercepted between the asymptotes is bisected by 
the curve (Art. 196). 

326. The anharmonic property of the points of a conic (Art. 
259) gives rise to a much greater variety of particular theorems. 
For, the four points on the curve may be any whatever, and 
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either one or two of them may be at an infinite distance ; the 
fifth point 0^ to which the pencil is drawn, may be also either 
at an infinite distance, or may coincide with one of the tour 
pointB| in which latter case one of the legs of the pencil will be 
the tangent at that point; then, again, we may measure the 
anharmonic ratio of the pencil by the segments on any line 
drawn across it, which we may, if we please, draw parallel to 
one of the legs of the pencil, so as to reduce the anharmonic 
ratio to a simple ratio. 

The following examples being intended as a practical exercise 
to the student in developing the consequences of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which the ratio is measured, and the resulting theorem, 
recommending to the reader a closer examination of the manner 
in which each theorem is inferred from the general principle. 

We use the abbreviation [O.ABCD] to denote the anhar- 
monic ratio of the pencil OA^ OB^ OC^ OD. 

Ex. 1. {A .ABCD] = {B.ABCD}. 

Let these ntios be eBtimated by the segments on the line CD', let the tangents 
t^A,B meet CD in the points T, T, and let the chord 
JLB meet CD in K, then the ratios are 

TK,DC_ KT,D C 
TD.KC^KKTC' 
that b, if an J chord CD meet two tangents in 7; 7*, 
■nd their chord of contact in f , 

KC.KV. TDzzKD, TK, TC. 

(The reader mnst bo careful, in this and the following P 
enmplei^ to take the points of tlie pencil in the game 
order on both sides of the equation. Thus, on the left- 
hand side of this equation we took K second, because it 
anawen to the 1^ OB of the pencil ; on the right hand 
wt take K fiisti because it answers to the leg OA), 

Ex. 2. Let T and V coincide, then 

KC.TD = -KD.TC, 
or, any chord through the interHCCtion of two tangents is cut harmonically by the 
chord of contact. 

Ex. 8. Let 7* be at an infinite distance, or the secant CD drawn parallel to PT\ 
and it will be foond that the ratio will reduce to 

TK*= TC.TD. 




4. Let one of the points be at an infinite distance, then {O.ABCco] Is con- 
■tent. Let this ntio be estimated on the line C qo . Let the lines AO, BO cut C oo 

in a, 6 ; then the ratio of the pencil will redoce to ^ ; and we learn, that if two 

fixed points, A, B, on a hyperbola or parabola, be joined to any rariable point 0^ 
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and the joining lines meet a fixed parallel to au asymptote (if the cmre be a hyper* 
bola), or a diameter (if the carve be a parabola), in a, b, thea the ratio Ca : C6 will 
be constant 

Ex. 5. If the same ratio be estimated on any other parallel line, lines infl e cte d 
from any three fixed points to a variable point, on a hyperbola or parabola, cot a fixed 
parallel to an asymptote or diameter, so that ab laeis constant. 

Ex. 6. It follovrs from Ex. 4, that if the linee joining ^4, B to any fontth point 
(/ meet Coo in a', y, we must have 

ab _aC 
a'i/'a'C 
Now let OS snppose the point C to be also at an infinite distance, the line C oo becomes 
an asymptote, the ratio ab : a'b* becomes one of equality, and lines joining two fixed 
points to any variable point on the hyperbola intercept on either asymptote a co n ii t an t 
portion (Art. 199, Ex. 1). 

Ex. 7. {A ,ABC 00 } = {5 .ABC oo }. 

Let these ratios be estimated on C oo ; then if the tangents at A, B, cut Coo in 
a, 6, and the chord of contact AB in JT, we have 

Ca _CK 
CK " Cb 
(observing the cantion in Ex. 1). Or, if any paralle 
to an asymptote of a hyperbola, or a diameter of a 
pombola, cut two tangents and their chord of con- 
tact, the intercept from the curve to the chord ia 
a geometric mean between the intercepts from the 
curve to the tangents. Or, conversely, if a line ab^ parallel to a given one, meet the 
sides of a triangle in the points a, ^, if, and there be taken on it a point C such that 
CK} = Ca . C6, the locus of C will be a x>arabola, H CbhQ parallel to the bisector of 
the base of the triangle (Art. 211), but otherwise a hyperbola, to an asymptote of 
which ab is parallel. 

Ex. 8. Let two of the fixed points be at infinity, 

{co.ABco co*}z={co'.ABco oo*}; 
the lines oo oo , oo ' oo ', are the two asymptotes, while oo oo ' ia altogether at infinity. 
Let these ratios be estimated on the diameter OA ; let 
this line meet the parallels to the asymptotes B cc, Bco\ 




in a and a'; then the 



ratio, become ^ = ,., 
Oa OA 



parallels to the asymptotes through any point on a hyper- 
bola cut any semi-diameter, so that it is a mean propor- 
tional between the segments on it from the centre. 

Hence, convereely, if through a fixed point a line 
be drawn cutting two fixed lines, j9a, Ba'f and a point A 
taken on it so that OA ia a mean between Oa, Oa'j the 
locus of ^ is a hyperbola, of which is the centre, and 
Ba, Ba'f parallel to the asymptotes. 

Ex.9. {co .AB CO to'} = {(»', AB CO <»'], 

Let the segments be measured on the asymptotes, and we have ^ = ^ (0 being 

the centre), or the rectangle nnder parallels to the asymptotes through any point on 
the carve is constant (we invert the second ratio for the reason given in Ex. 1). 
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327. We next ezamiDe some particular cases of the anhar- 
monic property of the tangents to a conic (Art. 275). 

Bz. 1. This property unxineB a yery simple foim, if the cnrre be a parabola, 
lor one tangent to a paim- 
bola ia alwayv at an in- 
finite difltanoe (Art. 264). 
HcBoe three fixed tan- 
gents to a parabola cat 
say fonrth in the points 

ii always constant. If 
the Taziabile tangents co- 
inoide in torn with each 
of the glfen tangents^ we obtain the theorem, 

QR' rq~ rP' 

Bz. 2. Let two of the four tangents to an eUipse or hyperbola be parallel to each 
other, and let the variable tangent coincide alter- 
nately with each of the parallel tangenta. In the 
first case the ratio is 

Ah ,, ^, jiV 

-r- , snd in the second yrn, 
Ae^ Do' 

Henoe the rectangle Ah,Db' is constant. 

It may be dedoced from the anharmonic pro- 
perty of Uie points of a conic, that if the lines joining any point on the curve to 
A, D, meet the parallel tangents in the points b, ^, then the rectangle Ah, Lb' will 
baeonstantb 




328. We now proceed to give some examples of problems 
easily solved by the help of the anharmonic properties of conies. 



1. To prove MacLsnrin's method of generating conic sections (p. 248), viz. — 
To find the locns of the vertex F of a triangle whose sides pass through the points 
A^ B, C, and whose base angles move on the fixed lines Oa, Ob, 

Let as sappoae foor such triangles drawn, then since the pencil {Caa'a'W"} is the 



pencU as {C ,hh'h"l/"}, we have 

and, therefore, 

{A . aa'araT] = {B . hh'h"h'"] j 
OTi from the natmce of the question, 

{A. VVV'V"^ = {B, WVV^ ; 
and therefore A, B, V, V\ F", V" He 
on the same conic section. Now if the 
fint three triangles be fixed, it is evident 
that the locos of V' is the conic section 
pMsing through ^^FFT". 

Or the reasoning may be stated thus : The systems of lines through A, and 
thxongh B, being both homographic with the system through C, are homograpbio 
with each other; and therefore (Art 297) the locus of the intersection of correspond* 
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ing linM i« > conk thronBh A uid B. The following examplet us, In like maimer, 
lUnatiatioiu of the applioiaon of thii principlB ol Art. 297. 

Ei. a. M. Chasles hM nhowed that the ume demoMlrmtion will bold il tha lida 
ah, instead of p«»ing thnnigh the fixed poinb C, touch uj conio which tonchca 
Oa, Oh i for then iny fonr podtioDs of the baae cat Oa, Oh, M (hat 

{oo-a'V"! = {bVb"h-] (Art. 276), 
and tlie i«it of Che proof pioce«di Uie nine ■■ before. 

Ei. 3. Kewton'e method of generatiog conic lection* >-Two an^ea tt amrtant 
magnitudo move aboaC fiied poinla P, Q ; \ K K f 

veives the right line AA' ; then tha kmu 
of V, the inleraection of their other two 
Bides, will be B conic passing throng 
P, Q. 

For, u before, take fonr podUona ot 
thesnelea. then 

{P.AA:i-A"\ = [Q.AA'A'-A"'] j 
\mt {P.AA-A"A"-] = {P .WW"-], 

{Q.AA-A.-A-] = {a.W Vy], 
dace the angles of the pencils are the same ; therefon 

{p.vvvr"] = iQ. Frrrii 

and, therefore, OS before, the locos of P" is a conic through P, Q, V, V, V. 

Ex. 4. U. Chailea has extended this method of generating oonlc accticma, hj 
eappoaing the joint A, instead of moving on a right line, to more on auj conic 
passing tlicough the pointa P, U ; for we sball still have 

\P .AA-A"A"] ^ {Q.AA'A-A'"]. 

Ex. 5. The demoDstration would be the same if. in place of the angles APV, AQV 
being constant, APV anil AQV cut off constant intercepts each on one of twofixad 
lines, for we should then prave the pencil 

{P.AA'A"A"i = [P. VVVV"'), 
becanK both pencils cnt oS intercepts of the same length □□ a fixed line. 

Thns, al», given base of a triangle and the intercept made bj tlM aidei on any 
tlxed line, we can prove that the locus of vertex is a conic sectioii. 

Ex. 6. We ma; also extend Ex. 1, bf snpposing the extremities of the line ah 
to move on any conic section passing through the points AB, tor, taking four 
positions of the triangle, we have, by Art ST6, 

iaaWa"", = {bh'yi>~) ; 
therefore, {A.nn-a"a"^ = (B.«'4"i"|, 

and the rest of the proof proceeds as before. 

Ex. T. The base of a triangle paseea through f, the intenectlon of oommoa 
tangents to two conic sections ; the extremities ot the base ab lie one on each of tha 
conic secltons, while the sides pan thnngh fixed paints A, B, ooe 00 each of tba 
coiiicB ; the locus of the vertex is a conic through A, B. 

The proof proceeds exactly as before, depending now on U>e aeooDd tlwaem 
proved, Art. 27<i. We may mention that this theorem of Art. S7S admita ot a simpla 
geometrical proof. Let the pencil [difSCD) be drawn from p^ta corresponding 
to \o.ahril\. Now, the lince OA, oa, intersect atr on one of the common diords of 



the o 



[<^r'V"\ 



n like mi 
the 



ratio of both these pencQs. 
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Ex. 9. It > polygon be insciibei in ■ conic, oU whone sidcB bat one pan thion^h 
flzad poiiits, the envelope of that aide will be a conic baring double contitct with 
thegiTan one. 

For, take any four poaitknu ot the polygon, then if n, i, e, Ac be the ver t icCT 
el Out polygon, we have 

iaa'a"a"] = {**'*"*'") = [aftTe^i, to. 
The problem is, therefine, reduced to that of Art. 277, — " Given tliree pain ot pointa, 
■a'a", ditd^, to Snd the envelope of a"'d'", snch that 
{aaVi^] = [iaa'd!").' 

Ex. 10. To Inacribe In a conic sectioa a polygon, aU whoee ndea iball pan thnmBh 
Axed points. 

It we asHinie any point (a) at landom on the conic lor the vertex of Uie polygon, 

and form a polygon whoee aides pa» through the given points, the point z, where 

the last aide meets the conic, will not in geneml coincide with a. If we duUic four 

■dch attempta to inacribe tliG polygou. we mnit liavE, aa in tlie last example, 

lM'o"fl"') = («'z'V"). 

TSitw, if the last attempt weie succeesfnl. the point a'" wonld coincide with i", and 
the problem la reduced to — "Given three pain of poinbi, aa'a", zz'i", to find a point 
JCnchthat 

Mow U we make tafa'ttti Uie vertices ol an ineoibed hexagon (in tliB order hen 

given, taking an a and i alteniately, and ■□ that g . 

UM, rCi/, o"i', may lie oppoeile vertices), then either ^--'"/? 

ot the points in which the line joining the inter- -^a"^ /I 

■ectioni ol oppoeite eidea meets the conio may be , y""^ f. \ / / 

taken tor the point K. For, in the fignre, the ^i /;' Vj^ / 

pcrinti ACE an aaV, BFB a™n'»"j and if we / ' W //\ / 

take the aides in the order ABCDEF, i, Jf, JVaie K/.... '. tf^jN^— .¥»— 

the intenectiona ot opposite sides. Now, siooe V \ /)\\ /\ 

iKPNL] meaaatmiioOi lll.£AC£} and [A.KDFB], \/ \ /\ \ 

{SACE) = {KDFBi. q.i.d.* ^t!\ X\ 

It la easy to aee, from tJie last example, that K ^'~^~~^^~.^ 

fa a point of ooDtact of a oooic having donble con- ^ 

tact with tlw giv«n conic, to which oi, aV, aV are tangenti, and tJkat ws have 
therefore jnat giTco the solution ot the question, " To describe a conk tooehing three 
gfrea linea, and having double contact with a given conic." 

Ex.11. The anhannonic property aSords also a simple pKiof ot Faae*]^ thwieot, 
■UndMl to in the last exunple. 

VlabMalB.CSFBj = {A.CI)FB\. Now, if we examine the aegmenta made by 
tha flnt pencQ on £?, and by the eecood on i)C, we have 
[CR3IB} = {CDX3}. 

* ThiaoonatmetlanfotinaeTiblngapolygoniD aconicisdoetoU. Foncelet (TVoitf 
4in PnprUlit Pngedittt, p. 861). The demonatration hero oted ia Mr. Townaend'a. 
Itahowtthat Ponieelot'a constrndJon will equally solve the problem, "To inacribe a 
fiolygMi in a oodIc, each of whoae eidea ahall tonch a conic having double conuct wilk 
tba ^Tn oonle." The eonica touched by the sides may be all different. 
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Now, if we draw lines from the point L to each of these points, we fonn two pencils 
which have the three legs, CL^ LE^ AB, common, therefore the fburth legs IfL, L3ff 
must form one right line. In like manner, Biianchon's theorem is deriyed fcom the 
anharmonic property of the tangents. 

Ex. 12. Given four points on a conic, ADFB, and two fixed lines throngfa anj 
one of them, DC, DE, to find the enrclope of the line C£ joining the points where 
those fixed lines again meet the curve. 

The vertices of the triangle CEAf move on the fixed lines DC, DE^ NL, and 
two of its sides pass through the fixed points, 3, F; therefore, the third side 
envelopes a conic section touching DC, DE (bj the reciprocal of MaoLanzin'B mode 
of generation). 

Ex. 13. Given four points on a conic ABDE, and two fixed lines, AF, CD, pass- 
ing each through a different one of the fixed points, the line CF joining the points 
where the fixed lines again meet the curve will pass through a fixed point. 

For the triangle CFM has two sides passing through the fixed points B, E, and 
the vertices move on the fixed lines AF, CD, NL, which fixed lines meet in a point, 
therefore (p. 280) CF passes through a fixed point. 

The reader will find in the Chapter on Projection how the last two theorems are 
suggested by other well-known theorems. (See Ex. 3 and 4, Art. 855). 

Ex. 14. The anharmonic ratio of any four diameters of a conic is equal to that of 
their four conjugates. This is a particular case of Ex. 2, Art. 297, that the anharmonic 
ratio of four points on a line is the same as that of their four polars. We might 
also prove it directly, from the consideration that the anharmonic ratio of four 
chords proceeding from any point of the cnnre is equal to that of the si^>plemental 
chords (Art. 179). 

Ex. 15. A conic circumscribes a given quadrangle, to find the locns of its centre. 
(Ex. 3, Art. 151). 

Draw diameters of the conic bisecting the sides of the quadrangle, their anhar- 
monic ratio is equal to that of their four conjugates, but this last ratio is given, since 
the conjugates are parallel to the four given lines ; hence the locus is a conic passing 
through the middle points of the given sides. If we take the cases where the conic 
breaks up into two right lines, we see that the intersections of Uie diagonals, and also 
those of the opposite sides, are points in the locus, and therefore that these points lie 
on a conic passing through the middle points of the sides and of the diagonals. 

329. We think it unnecessary to go through the theorems, 
which are only the polar reciprocals of those investigated in 
the last examples ; but we recommend the student to form the 
polar reciprocal of each of these theorems, and then to prove it 
directly by the help of the anharmonic property of the tangents 
of a couic. Almost all are embraced in the following theorem : 

If there be any number of points a, J, c, rf, &c» on a light line^ 
and a homographic system a\ b\ c\ ef, &c* on another linSj the 
lines joining corresponding points will envelope a conic. For if 
we construct the conic touched by the two given lines and by 
three lines aa\ bb\ cc\ then, by the anharmonic property of the 
tangents of a conic, any other of the lines dd^ must touch the 
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same conic* The theorem here proved is the reciprocal of 
that proved Art. 297, and may also be established by interpreting 
taugentially the equations there ased. Thus, if P, P^ ; Q, Q re- 
present tangentially two pairs of corresponding points, P+ XP\ 
Q + XQ' represent any other pair of corresponding points; and 
the line joining them touches the curve represented by the 
tangential equation of the second order, PQ ^P^Q. 

Sz. Any tnnsrenal throngh a fixed point P meets two fixed lines OAf OA', in 
the points AA'; and portions of given length Aa, AW are taken on eadi of the 
giren lines; to find the enrelope of oo'. Here, if we give the transTersal four 
positions, it is errident that [ABCD] = {A'B'Ciy], and that [ABCD] = [abcdl, and 
[A'BrCJ)^ = {o'6'iKcr). 

330. Generally when the envelope of a moveable line is 
found by this method to be a conic section, it is useful to take 
notice whether in any particular position the moveable line can 
be altogether at an infinite distance, for if it can, the envelope 
is a parabola (Art. 254). Thus, in the last example the line cut' 
cannot be at an infinite distance, unless in some position AA^ 
can be at an infinite distance, that is, unless P is at an infinite 
distance. Hence we see that in the last example, if the trans- 
versal, instead of passing through a fixed point, were parallel to 
a given line, the envelope would be a parabola. In like mumer, 
the nature of the locus of a moveable point is often at once 
perceived by observing particular positions of the moveable point, 
as we have illustrated in the last example of Art 328. 

331. If we are given any system of points on a right line 
we can form a homographic system on another line, and sueh 
that three points taken arbitrarily a', b\ d shall correspond to 
three given points a, i, o of the first line. For let the distances 
of the given points on the first line measured from any fixed 

* In tha same case if P, P' be two fixed points, it follows from the last article 
that the locns of the intersection of PdL, P'd' is a oonic through P, P'. We saw 
(Alt. 277) that if a, 6, c, d, Ac., a', V, c', d' be two homogmphic systems of points 
cm a eome^ that is to say, snch that {(ibcd] always = [a*b'^d% the envelope of dd is 
a oonic haring double contact with the giren one. In the same case, if P, P' be 
fixed pointa o» <As conie^ the locus of the intersection of Pd, P'd* is a conic through 
P, P*. Again, two conies are cut by the tangents of any conic having double con- 
tact with both, in homographic systems of points, or such that [abed] = {a'Ve^d] 
(Aft. 276) ; but it is not true conversely, tiiat if we have two homographic systems 
of points on different conictf the lines joining corresponding points necessarily en* 
▼elope a oonic 
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origin on the line be a, i, c, and let the distance of any yari- 
able point on the line measured from the same origin be x. 
Similarly let the distances of the points on the second line 
from any origin on that line be a\ h\ c\ x\ then, as in Art. 277, 
we have the equation 

which expanded is of the form 

Axaf^-Bx-^- ac'4-i> = 0* 

This equation enables us to find a point x' in the second line 
corresponding to any assumed point x on the first line, and such 
that [obex] = {a'iVoj'}. If this relation be fulfilled, the line 
joining the points a;, x' envelopes a conic touching the two given 
lines ; and this conic will be a parabola if ^ = 0, since then a/ 
is infinite when x is infinite. 

The result at which we have arrived may be stated con- 
versely thus : Two systems of points connected by any relation 
will be homographic^ if to one point of either system always corre^ 
sponds one^ and but one^ jMint of the other. For evidently an 
equation of the form 

Axx'-^Bx-^- Cx' + D=:^0 

is the most general relation between x and x^ that we can write 
down, which gives a simple equation whether we seek to deter- 
mine X in terms of x^ or vice versa. And when this relation 
is fulfilled, the anharmonic ratio of four points of the first 
system is equal to that of the four corresponding points of the 

second. For the anharmonic ratio ;• ^tt r '* unaltered 

{x-z)(y-w) 

■ ^ - — — — I ■ « 

* M. Chasles states the matter thtu : The points x, a/ belong to homogiaphic 
S}'8tem8, if a, 6, n\ b' being fixed points, the ratios of the distancee ax : bx^ a'si : Vx\ 
be connected by a linear relation, such as 

Denotutg, as above, the distances of the points from fixed originBy bj a, ^ c; 
a', b'y x', this relation is 



a — x a' — x' 



^ir^ + ''6^r^+'="' 



which, expanded, gives a relation between x and sf of the form 

Axjf + £x + Cr' + i> = 0. 
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if instead of x we write - -i t^, and make similar substitu- 

tlons for y, Zj w. 

332, The distances from the origin of a pair of points Ay B 
on the axis ofx being given by the equation^ oaf 4 ^hx -f i =? 0^ and 
those of another pair of points A\ B' by a a? + 2Kx + J' = 0, to 
^bid the condition that the two pairs should be harmonically con" 

Jugate. 

Let the distances from the origin of the first pair of points 
be 0, /9; and of the second a\ ff ; then the condition is 

AA' AR a^(j[ g-jy 
which expanded may be written 

But « + /8 = ~, «^ = |; (a'+/8') = -~', a'/S'=^. 

The required condition is therefore 

a6' + a'J-2AA' = 0« 

It is provedi similarlji that the same is the condition that the 
pairs of lines 

aa" + 2Xflg8 + 6i8', oV + 2A'ai8 + i'i8», 
should be harmonically conjugate. 

333. If a pair of points a:i^ + ihx + &, be harmonically con- 
jugate with a pair aV + 2h'x 4 b\ and also with another pair 
a'V + 2A"a; + J", it will be harmonically conjugate with every 
pur given by the equation 

For evidently the condition 

a(6' + XJ") + i(a' + W)-2A(A' + XA")-0, 
will be fulfilled if we have separately 

aJ'+Ja'-2AA' = 0, aJ" + Ja" - 2Ar = 0. 

* It can be proved that the anharmonic ratio of the system of four pointa will be 
ginn, if iflb' -k- a'b - 2AA')« be in a given ratio to (a* - A«) (a'A* - A'«). 

RR. 
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334. To find the locus of a point such that the tangents from 
it to ttvo given conies may form a harmonic pencil. 

If four lines form a harmonic pencil they will cut any of the 
lines of reference harmonically. Now take the second form 
(Art. 294) of the equation of a pair of tangents from a 
point to a curve given by the general trilinear equation, and 
make 7 = when we get 

+ ((7a'' + ^7'«-2GfaV)i8' = 0. 

We have a corresponding equation to determine the pair oc 
points where the line 7 is met by the pair of tangents from 
a')8'7^ to a second conic. Applying then the condition of 
Art. 332 we find that the two pairs of points on 7 will form 
a harmonic system, provided that a'/S'y' satisfies the equation 

(C7/8« + ^' - 2Ffiy) (CV + ^V- 2<y'a7) 

+ (CaH^7*-2Gfa7)(C'/y + 5'y-2^i87) 

= 2(Ca)8-i?a7- (7;S7 + JT7')(C'cg8--Pa7--G'/37 + fi'7«). 

On expansion the equation is found to be divisible by 7*1 and 
the equation of the locus is found to be 

{BC'+ir a-2Fi?")aV ( CA'+ C'A'2 G G')l3'-¥ {AB'\^A'B^2ER)i' 

+2(<y^'-f G'iT- AF" - A'F) l3y+2{Hr+ HF-^ BG'^ B'G)ya 

•^2iFG'-\-rG^Cir^C'H)aJ3^0; 

a conic having important relations to the two conies, which will 
be treated of further on. If the anharmonic ratio of the four 
tangents be given, the locus is the curve of the fourth degree 
F^^kSS^j where 5, iS", jP, denote the two given conies, and 
that now found. 

335. To find the condition that the line \a + fil3 + vy should 
he cut harmonically hy the two conies. Eliminating 7 between 
this equation and that of the first conic, the points of inter- 
section are found to satisfy the equation 

(cX* 4 av"" - 2g\v) a' + 2 (cX/a -/Xv - giiv + hv*) afi 

We have a similar equation satisfied for the points where the 
line meets the second conic; applying then the condition of 
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Art. 332, we find, precisely as in the last article, that the re* 
quired condition is 

(Jc' + J'c- 2^')X»+ (ca' + c'a- 2(7.7') /i' + (ay + a'i- 2AA') »'" 

+ 2(^A'+/*-a/'-a'/)/iv + 2(*/ + Ay-V-*'^)^^ 

+ 2 (// +/^ - cK - c'h) X/M = 0. 

The line conseqacntly envelopes a conic* 

INVOLUTION. 

336. Two systems of points a, J, c, &c., a', i', c\ &c., situ- 
ated on the same right line^ will be homographic (Art. 331) if 
the distances measured from any origin, of two corresponding 
points, be connected by a relation of the form 

Axx'-{' Bx^- Cx' + D = 0. 

Now this equation not being symmetrical between x and x\ the 
point which corresponds to any point of the line considered as 
belonging to the first system, will in general not be the same 
as that which corresponds to it considered as belonging to the 
second system. Thus, to a point at a distance x considered as 
belonging to the first system, corresponds a point at the dis- 
tance— . j^; but considered as belonging to the second 

system, corresponds — -^ ^ . 

Two homographic systems situated on the same line are 
sud to form a system in involution^ when to any point of the 
line the same point corresponds whether it be considered as 
belonging to the first or second system. That this should be 
the case it is evidently necessary and sufficient that we should 
have B= Cin the preceding equation, in order that the relation 
connecting x and x' may bo symmetrical. We shall find it 

* If Bubstitnting in the equations of two conies U, V, for a, \a + iuk', &c, wo 
obtain lesnlta 

\W + 2\fiP + fi^W, \'iV+2\fxa + fi'V\ 

then It is easy to see, as aboTe, that UV + V*V—2PQ, represents the pair of lines 
which can be drawn through a'l^y\ so as to be cut harmonically by the conies. In 
the same case (Art. 29G), the equation of the system of four lines joining a'^'y' to 
the inteisections of the oonlcs, is 

{uv + irv- 2PQy - 4 {uv - p^ (rp - q*). 

UV - P* and VV - (P denote the pairs of tangents from a'^y' to the conies. 
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conyenlent to write the relation connecting any two correspond* 
ing points Axa^ + H{x + arj + B^Oi 

and if the distances from the origin of a pur of corresponding 
points be given hj the equation 

aai' + 2hx + ft = 0, 

we must have Ab'\- Ba — 2Hh s 0. 

337. It appears from what has been said that a system in 
involution consists of a number of pairs of points on a line 
o, a] bj V'j &c., and such that the anharmonic ratio of any 
four is equal to that of their four conjugates. The expresrion of 
this equality gives a number of relations connecting the mntnal 
distances of the points* Thus, from [oica'} = [a'Vc'a]^ we have 

aa'.bo " da.h'd'^ 
or ab.caWc' = — clV.c'a.hc 

The development of such relations presents no difficulty. 

338. The relation -4araj' + ir(x + a') +5 = 0, connects the 
distances of two corresponding points from any crigvi chosen 
arbitrarily ; but by a proper choice of origin this relation can 
be simplified. Thus, if the distances be measured from a point 
at the distance a; = a, the given relation becomes 

-4(a; + a)(aj' + a)+ir(a; + ai' + 2a) + J?«0;' 

or Axa^'{-{H'¥ Aa) (aj + oJ') + u4a" + 2ira + J?«0. 

And if we determine a, so that ir+ Aa « 0, the relation reduces 
to asa/ = constant. The point thus determined is called the 
centre of the system ; and we learn that ihe product of the die* 
tanceafrom ike centre of itoo corresponding points is constanL 

339. Since, in general, the point corresponding to any point 
« is - -2 D-J ^^^^ -^ + -ff = 0, the corresponding point is 

infinitely distant: or the centre is the point whose conjugate is 
infinitely distant. The same thing appears from the relation 
{abcc'] = [a'bVc], or 

iUi.bcf cld.Vc 



ad J)c a'cM6 



r J * 
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Let i! be infinitely distant^ hd altimately = ad^ and aV = Vc\ 
and this relation becomes Qc.clc^hc.Vc'^ or, in other words, the 
product of the distances from c of two conjugate points is con- 
stant. The relation connecting the distances from the centre 
may be either ca.ca's-f £* or ca.cal ^^V. In the one case 
two conjugate points lie on the same side of the centre ; in the 
other case they lie on opposite sides. 

840. A point which coincides with its conjugate is called a 
focuB of the system. There are plainly two {ocif^f' equidistant 
from the centre on either side of it, whose common distance 
from the centre c is given by the equation qf*^±Tf. Thus, 
when J^ is taken with a positiye sign, that is, when two con- 
jugate points always lie on the same side of the centre, the foci 
are reaL In the opposite case they are imaginary. By writing 
x^af m the general relation connecting corresponding points, 
we see that in general the distances of the foci from any origin 
are given by the equation 

-4a? + 2a» + J?=0. 

841. We have seen (Art 336) that if a pair of corresponding 
points be given by the equation aa? + 2hx + & = 0, we must have 
Ab •{• Ba^ 2Hh=^0. Now this equation signifies (see Art. 332) 
that any two corresponding points are harmonically conjugate 
vfiih the two foci. The same inference may be drawn from 
the relation {qi^V} = [a'ff'a]^ which gives 

a€L\Jf " a'a.ff ' ""Va ""/«'' 
or the distance between the iooAff' is divided internally and ex- 
ternally at a and a' into parts which are in the same ratio. 

Cor. When one focus is at infinity, the other bisects the 
distance between two conjugate points; and it follows hence 
that in this case the distance oh between any two points of the 
system is equal to a'b\ the distance between their conjugates. 

342. Two pairs of points determine a system in involution. 
We may take arbitrarily two pairs of points 
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and we can then deterniine A^ H^ B from the eqaations 

We see, as in Art. 333, that any other pair of points in in- 
volution with the two given pairs may be represented by an 
equation of the form 

since, when Aj Hy B are determined so as to satisfy the two 
equations written above, they must also satisfy 

^(j + xy)+2?(a + \a')-2J5r(A + XA')=0* 

The actual values of A^ B^ H^ found by solving these equations, 
are 2(aA'-a'A), 2[hV-Kb)y aV-dh. Consequently the foci 
of the system determined by the given pairs of points, are 
given by the equation 

(aA'- a'A)a:^ + (aJ'- o'J)a; + (Ai'- A'i) =0. 

This may be otherwise written if we make the equations 
homogeneous by introducing a new variable y, and write 

J7= oaj' + ihxy + hy^y V^a'x^ + 2A'a?y + by. 

The equation which determines the foci is then 

dUdV^dUdV^^ 
dx dy dy dx 

The foci of a system given by two pairs of points a, a' ; ft, V 

may be also found as follows, from the consideration that 

la/6a'} = {a'/J'a}, or 

of .ha! a'f.h'a ^ 

a'f.ba af,Va ^ 
whence of* • af^ :: ah.aV : ah.aV\ 

or/ is the point where aa! is cut either internally or externally 
in a certain given ratio. 

343. The relation connecting six points in involution is of 
the class noticed in Art. 313, and is such that the same relations 

* It easily follows from this, that the condition that three pain of pointB 
aa!« + 2Ax + *, a'j? + 2h'x + b\ a"x^ + 2h"x + b" should belong to a Byatein in in- 
Tolution, is the yanishing of the diOerminant 
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will sDbsist between the sines of the angles subtended by them 
at any point as subsist between the segments of the lines them- 
selves. Consequently, if a pencil he drawn from any point to 
six points in involution^ any transversal cuts this pencil in six 
points in involution. Again, the reciprocal of six points in in^ 
volution is a pencil in involution. 

The greater part of the equations already found apply 
equally to lines drawn through a point. Thus, any pair of lines 
a- fifi^ a- fifi belong to a system in involution, if 

and if we are given two pairs of lines 

Cr= oo" + 2hafi + i/3«, F= aV + 2h'al3 + i'/3«, 
they determine a pencil in involution whose focal lines are 

(aA'-a'A)a'+ (ai'-a'i)a/3+ {hb'^h'b) I3'=^0, 

dUdV _dUdV_ 
^"^ doL dp dfida" 

344, A system of conies passing through four fixed points 
meets any transversal in a system of points in involution. 

For, if Sj S' be any two conies through the points, 8-{-\8' 
will denote any other; and if, taking the transversal for axis 
of X and making y = in the equations, we get ax* + 2gx + c, 
and aV + 2g'x + c' to determine the points in which the trans- 
versal meets 8 and 8"^ it will meet 8 + X8' in 

aa? + 2gx^C'i-\ [a' a? + 2g'x + c') , 

a pair (Art. 342) in involution with the two former pair. 

This may also be proved 
geometrically as follows: 
By the anharmonic proper- 
ties of conies, 
{a,AdbA']^{c.AdbA]: 

but if we observe the points 
in which these pencils meet 
^^', we get [ACBA] = {ARCA'] = [ACEA]. 

Consequently the points AA' belong to the system in in- 
volution determined by BB"^ C(7, the pairs of points in which 
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the transrersal meets the sides of the quadrilateral joining the 
given points. 

Beciprocating the theorem of this article we leam that, the 
pairs of tangents draton from any point to a system of conies 
touching four fixed lines^form a system in involution. 

345. Since the diagonals oo, hd may be considered as a conic 
through the four points, it follows, as a particular case of the last 
Article, that any transversal cuts the four sides and the diagonab 
of a quadrilateral in points BB^^ C(J^ DU^ which are in invo- 
lution. This property enables us, being given two pairs of points 
BB^^ DU of a system in involution, to construct the point con- 
jugate to any other (7. For take any point at random, a ; join 
aB^ aDj aC] construct any triangle bcdj whose vertices rest on 
these three lines, and two of whose sides pass through JT'ZX, then 
the remaining side will pass through C\ the point conjugate to 0. 
The point a may be taken at infinity, and the lines a£, aDj aO 
will then be parallel to each other. If the point C be at infinity 
the same method will give us the centre of the system. The 
simplest construction for this case is, — ^^ Through B^ 2), draw 
any pair of parallel lines Bb^ Dc ; and through B^ i/, a different 
pair of parallels Ub^ He ; then be will pass through the centre 
of the system." 

Ex. 1. If three oonics circnmacribe the same qnadrilateral, the common tangent 
to any two is cut harmonically by the third. For the points of contact of this 
tangent axe the fod of the system in inyolntion. 

Ex. 2. If through the intersection of the common chords of two conies we draw 
a tangent to one of them, this line will be cnt harmonically by the other. For in 
this case the points D and 1/ in the last fig^ore coincide, and will therefore be a focus. 

Ex. 8. If two conies haye double contact with each other, or if they have a con- 
tact of the third order, any tangent to the one is cut harmonically at the points where 
it meets the other, and where it meets the chord of contact. For in this case the 
common chords coincide, and the point where any transversal meets the chord of 
contact is a focus. 

Ex. 4. To describe a conic through four points a, 5, 0, d, to touch a given right 
line. The point of contact must be one of the fod of the system BR^ CC, Ac, and 
these points can be determined by Art. 842. This problem, therefore^ admits of two 
solutions. 

Ex. 6. If a paralld to an asymptote meet the cunre in C, and any inscribed 
quadrilateral in points abcd\ Ca»Ce—Cb,Cd, For C is the centre of the system. 

Ex. 6. Solve the examples, Art. 826, as cases of involution. 

In Ex. 1, JST is a focus : in Ex. 2, 7* is also a focus : in Ex. 8, 7* is a centre, Ac. 

Ex. 7. The intercepts on any line between a hyperbola and its asymptotes are 
equal. For in this case one focus of the system is at infinity (Cor., Art. 841). 
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346. If Aere he a system of conies having a common self^on" 
jugate triangle^ any line passing through one of the vertices oj 
this triangle is cut by the system in involution. 

For, if in aa' + iyS* + cy' we write a = i)8, we get 

a pair of points evidently always barmonically conjugate with 
the two points where the line meets 13 and 7. Thus, then, in 
particular, a system of conies touching the four sides of a fixed 
quadrilateral cuts in involution any transversal which passes 
through one of the intersections of diagonals of the quadrila- 
teral (Ex. 3, Art. 146). The points in which the transversal meets 
diagonals are the foci of the system, and the points where it 
meets opposite sides of the quadrilateral are conjugate points 
of the system, 

Ex. 1. If two conies U, V touch their common tangents A, fi, C, 2> in the points 
Of bjCj d; a'f h\ c\ d'\ a conic S through the points a, b^ c, and touching J) at <f, 
will have for its second chord of intersection with F, the line joining the inteiaections 
of A with bCi B with ca^ C with ab. 

Let V meet ah in a, /3, then, by this article, since ah passes through an intersection 
of diagonals of ABCD (Ex. 2, Art. 263), a, ^ ; a, /9 belong to a system in involution, of 
which the points where ab meets C and I) are conjugate points. But (Art. 845) the 
common chords of S and V meet ab in points belonging to this same system in 
involution, determined by the points a^ b; a, /3, in which 8 and V meet the line ab. 
If then one of the common chords be 2>, the other must pass through the intenection 
of C with cUf, 

Ex. 2. If in a triangle there be inscribed an ellipse touching the sides at their 
middle points a, ^, c, and also a circle touching at the points a', b', </, and if the fourth 
common tangent i> to the ellipse and circle touch the circle at <f , then the circle de* 
scribed through the middle points tenches the inscribed circle at <f . By Ex. 1, a conio 
described through a, d, c, will touch the circle at d% if it also pass through the points 
where the circle is met by the line joining the intersections of A, be; BfCa; C, ab. 
But this line is in this case the line at infinity. The touching conic is therefore a 
circle. Sir W. B. Hamilton has thus deduced Fenerbach's theorem (p. 127) as a par- 
ticular case of Ex. 1. 

Tho point df and the line D can be constructed without drawing the ellipse. For 
since the diagonals of an inscribed, and of the corresponding circumscribing quad- 
rilateral meet in a point, the lines ab, ed; a'b', <f^, and the lines joining i42>, BC\ 
A C, BD all intersect in the same point. If then a, /3, y be the vertices of the triangle 
formed by the intersections of Ac, b'e* \ ctL, c'a' ; a6, a*b' \ the lines joining a*a, b'^, &y 
meet in <f . In other words, the triangle ojSy is homologous with abe, a'b'c?^ the 
centres of homology being the points d, <f . In like manner, the triangle a/9y is also 
homologous with ABC^ the axis of homology being the line D, 
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CHAPTER XVII. 

THE METHOD OF PROJECTION .♦ 

347. We have already several times had occasion to point 
out to the reader the advantage gained bj taking notice of 
the number of particular theorems often included under one 
general enunciation, but we now propose to lay before him a 
short sketch of a method which renders us a still more impor- 
tant service, and which enables us to tell when from a particular 
given theorem we can safely infer the general one under which 
it is contained. 

If all the points of any figure be joined to any fixed point 
in space ( 0)y the joining lines will form a cone^ of which the 
point is called the vertex^ and the section of this cone, by any 
plane, will form a figure which is called the projection of the 
given figure. The plane by which the cone is cut is called the 
plane of projection. 

To any point of one figure u^i7/ correspond a point in the other. 

For, if any point A be joined to the vertex 0, the point a, 
in which the joining line OA is cut by any plane, will be the 
projection on that plane of the given point A. 

A right line will always be projected into a right line. 

For, if all the points of the right line be joined to the vertex, 
the joining lines will form a plane, and this plane will be inter- 
sected by any plane of projection in a right line. 

Hence, if any number of points in one figure lie in a right 
line, so will also the corresponding points on the projection ; and 
if any number of lines in one figure pass through a pointy ao 
will also the corresponding lines on the projection. 

* This method is the invention of M. Poncclet. See his Traitd des Proprikh 
Prqfectivfjf published in the year 1822, a work which I believe may be regarded 
U8 the foundation of the Modern Grcometry. In it were taught the principles, that 
theorems concerning infinitely distant points may be extended to finite points on a 
right line ; that theorems concerning systems of circles may be extended to oonios 
having two points common ; and that theorems concerning imaginary points and lines 
may be extended to real points and lines. 
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348. Any plane curve will always be projected into another 
curve of the same de/jree. 

For it is plain that, if the given curve be cut by any right line 
in any number of points, -4, B^ 6\ -D, &c. the projection will 
be cut by the projection of that right line in the same number of 
corresponding points, a, J, /;, rf, &c. ; but the degree of a curve is 
estimated geometrically by the number of points in which it can 
be cut by any right line. If AB meet the curve in some real and 
some imaginary points, ah will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 
will intersect in the same number of points, and any point 
common to one pair, whether real or imaginary, must be con- 
sidered as the projection of a corresponding real or imaginary 
point common to the other pair. 

Any tangent to one curve will be projected into a tangent to 
the other. 

For, any line AB on one curve must be projected into the 
line ah joining the corresponding points of the projection. Now, 
If the points A^ Bj coincide, the points a, i, will also coincide, 
and the line cd> will be a tangent. 

More generally, if any two curves touch each other in any 
number of points, their projections will touch each other in thq 
same number of points. 

349. If a plane through the vertex parallel to the plane of 
projection meet the original plane in a line AB, then any pencil 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on the plane of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an infinite distance, the intersection of any two lines 
which meet on AB is projected to an infinite distance on the 
plane of projection. Conversely, any system of parallel lines on 
the original plane is proj.cted into a system of lines meeting in a 
point on the line DF^ where a plane through the vertex parallel to 
the original plane is cut by the plane of projection. The method 
of projection then leads us naturally to the conclusion, that any 
system of parallel lines may be considered as passing through a 
point at an infinite distance, for their projections on any plane 
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pass through a point in general at a finite distance ; and agaioi 
that all the points at infinity on any plane may he considered a» 
lying on a right line^ since we have showed that the projection 
of any point in which parallel lines intersect most lie somewhere 
on the right line DF in the plane of projection. 

350. We see now, that if any property of a giyen canre does 
not involve the magnitude of lines or angles, but merely relates 
to the^o^t^tbn of lines as drawn to certain points, or touching 
certain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro- 
jected. Thus, for instance, '' if through any point in the plane 
of a circle a chord be drawn, the tangents at its extremities will 
meet on a fixed line." Itow since we shall presently prove that 
every curve of the second degree can be projected into a circle, 
the method of projection shows at once that the properties of 
poles and polars are true not only for the circle, but also for all 
curves of the second degree. Again, Pascal's and Brianchon^s 
theorems are properties of the same class, which it is suffident 
to prove in the case of the circle, in order to know that they are 
true for all conic sections. 

351. Properties which, if true for any figure, are true for its 
projection, are called projective properties. Besides the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do involve the magnitude of lines. For instance, 
the anharmonic ratio of four points in a right line {ABCD]^ 
being measured by the ratio of the pencil [O.ABCD] drawn to 
the vertex, must be the same as that of the four points [ahcd\^ 
where this pencil is cut by any transversal. Again, if there be 
an equation between the mutual distances of any number of 
points in a right line, such as 

AB. CD.EF+k.AC.BE.DF+ LAD. CE.BF-^- &c.^0^ 

where in each term of the equation the same points are men- 
tioned, although in different orders, this property will be pro- 
jective. For (see Art. 311) if for AB we substitute 

OA.OB.siuAOB ^ 
each term of the equation will contain OA. OB. OC. OD. OE. OF 
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in tbe nomeratori and 01^ in the denominator. Dividing, then, 
bj these, there will remain merely a relation between the sines 
of angles subtended at 0. It is evident that the points A^B^ Cj 
Dj E^ F^ need not be on the same right line ; or, in other words, 
that the perpendicular OP need not be the same for all, provided 
the points be so taken that, after the substitution, each term of 
the equation may contain in the denominator the same product, 
OP. OP^. 0P\ &c. Thus, for example, " If lines meeting in a 
point and drawn through the vertices of a triangle ABO meet tbe 
opposite sides in the points a, i, c, then Ab.Bc.Ca=sAc,Ba.CbJ*^ 
This is a relation of the class just mentioned, and which it is 
sufficient to prove for any projection of the triangle ABO. Let 
us suppose the point C projected to an infinite distance, then 
AOj BO J Cc are parallel, and the relation becomes 

Ab • Be ^ Ac . jBa, 

the truth of which is at once perceived on making the figure. 

352. It appears, from what has been said, that if we wish to 
demonstrate any projective property of any figure, it is sufficient 
to demonstrate it for the simplest figure into which the given 
figure can be projected ; e.g. for one in which any line of the 
given figure is at an infinite distance. 

Thus, if it were required to investigate the harmonic pro- 
perties of a complete quadrilateral ABCDy whose opposite sides 
intersect in Ej F^ and the intersection of whose diagonals is O^ 
we may join all the points of this figure to any point in space 0, 
and cut the joining lines by any plane parallel to OEF^ then 
EF is projected to infinity, and we have a new quadrilateral, 
whose sides a&, cd intersect in e at infinity, that is, are parallel ; 
while ad^ he intersect in a point /at infinity, or are also parallel. 
We thus see that any quadrilateral may be projected into a 
parallelogram. Now since the diagonals of a parallelogram 
bisect each other, the diagonal ao is cut harmonically in the 
points a, ^, c, andQhe point where it meets the line at in- 
finity ef. Uence ^^ is cut harmonically in the points Ay O^ 0^ 
and where it meets EF. 

Ex. If two triangles ABC^ A'B^C^ be such that the points of intersection of 
AB, A'B\ EC, BC\ CA, CA'i lie in a right line^ then the Unes AA', BBT, CCT 
Deet in a point. 
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Project to infinity the line in which A By A'R^ &c, interacct; then the theonoi 
becomes : " If two triangles abc, a'b'& have the sides of the one lespectiTely parallel 
to the sides of the other, then the lines aa'^ bb% c(f meet in a point." Bnt the troth 
of this latter theorem \a evident, since Qa\ W both cnt o(f in the same ratio. 

353. Ill order not to interrupt tbe account of the applications 
of the method of projection, we place in a separate section 
the formal proof that every curve of the second degree 
may be projected so as to become a circle. It will also be 
proved that by choosing properly the vertex and plane of pro- 
jection, we can, as in Art. 352, cause any given line EF on the 
figure to be projected to infinity, at the same time that the 
projected curve becomes a circle. This being for the present 
taken for granted, these consequences follow : 

Given any conic section and a point in its plane^ toe can project 
it into a circle^ of which the projection of that point is the centre^ 
for we have only to project it so that the projection of the polar 
of the given point may pass to infinity (Art. 154), 

Any two conic sections rnay he projected so as both to become 
circles^ for we have only to project one of them into a circle, 
and so that any of its chords of intersection with the other shall 
pass to infinity, and then, by Art. 257, the projection of the 
second conic passing through the same points at Infinity as the 
circle must be a circle also. 

Any two conies which have double contact with each other may 
he projected into concentric circles. For we have only to project 
one of them into a circle, so that its chord of contact with the 
other may pass to infinity (Art. 257). 

354. We shall now give some examples of the method of 
deriving properties of conies from those of the circle, or from 
other more particular properties of conies. 

Ex 1. "A line through any point is cut harmonicallj by the cnrve and the polar 
of that point." This property and its reciprocal are projective properties (Art. 851), 
and both being tnie for the circle^ are true for every conic Henoe all the pxx>p«rties 
of the circle depending on tlie theory of poles and polars are tme for all the oonic 
pcctions. 

Ex. 2. The anharmonic properties of the points and tangents of a oonic are pio- 
jective properties, which, when proved for the circle, as in Art. 812, are proved for 
nil conies. Hence, every property of the circle which results from either of its 
anharmonic properties is true also for all the conic sections. 

Ex. 8. Camot's theorem (Art. 313), that if a conic meet the sides of a triang^ 

Ah. Ah'. Be, Be', Ca . Ca' = AcAc' ,Ba,Ba\ Cb, Ch\ 
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is a pzojecti^e property which need only be proved in the case of the circle, in which 
case it is evidently true, since Ab,Ah' — Ac, Ac', dec 

The theozem can evidently be proved in like manner for any polygon. 

Br. 4. From Camot's theorem, thus proved, could be deduced the properties of 
Alt. 118, by supposing the point C at an infinite distance ; wo then have 

Ab.Ab ' _ Ba,Ba' 
Ac,Ac~ Bc.Bc' * 
where the line Ab it parallel to Ba, 

Ex. 5. Given two concentric circles. Given two conies having double con- 
any chord of one which touches the tact with each other, any chord of one 
other is bisected at the point of con- which touches the other is cut harmo- 
tact. nicully at the point of contact, and where 

it meets the chord of contact of the 
conies. (Ex. 3, Art. 345). 
For the line at infinity in the first case is projected into the chord of contact of 
two conies having double contact with each other. Ex. 4, Art. 23G, is only a particular 
case of this theorem. 

Ex. 6. Given three concentric circles. Given three conies all touching each 

any tangent to one is cut by the other other in the same two points, any tan- 
two in four points whose anharmonic gent to one is cut by the other two in 
xatio is constant. four points whose anharmonic ratio is 

constant. 
The first theorem is obviously true, since the four lengths are constant. The 
second may be considered as an extension of the anharmonic property of the tangents 
of a conic In like manner the theorem (in Art. 276) with regard to anharmonic 
latioB in conies having double contact is immediately proved by projecting the conies 
into concentric circles. 

Ex. 7. We mentioned already, that it was sufficient to prove Pascal's theorem 
for the case of a circle, but, by the help of Art. 853, we may still further simplify 
onr figure, for we may suppose the line joining the intersection of AB, DE, to that 
of BC, £F, to pass off to infinity ; and it is only necessary to prove that, if a hexagon 
be inscribed in a circle having the side AB parallel to DE, and BC to EF, then 
CD will be parallel to AF^ but the truth of this can be shown from elementary 
ooDsideratioins. 

Ex. 8. A triangle is inscribed in any conic, two of whose sides pass through fixed 
points, to find the envelope of the third (Ex. 3, Art. 272). Let the line joining the fixed 
points be projected to infinity, and at the same time the conic into a circle, and this pro- 
blem becomes, — *' A triangle is inscribed in a circle, two of whose sides are parallel 
to fixed lines, to find the envelope of the third." But this envelope is a concentric 
circle^ since the vertical angle of the triangle is given ; hence, in the general case, 
the envelope is a conic touching the given conic in two points on the line joining 
the two given points. 

Ex. 9. To investigate the projective properties of a quadrilateral inscribed in a 
conic Let the conic be projected into a circle, and the quadrilateral into a parallelo- 
gram (Art. 852). Now the intersection of the diagonals of a parallelogram inscribed 
in a circle is the centre of the circle ; hence the intersection of the diagonals of a 
quadrilateral inscribed in a conic is the pole of the line joining the intei-Kcctions of 
the opposite sides. Again, if tangents to the circle bo drawn at the vertices of this 
parallelogram, the diagonals of the quadrilateral so formed ^'111 also pass through 
the centre, bisecting the angles between the first diagonals ; hence, " the diagonals 
of the inscribed and corresponding circumscribing quadrilateral jpasA through a point, 
and form a harmonic pencil. ' 
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Ex. 10. Given four points on a conic, Given fbnr points on a oonic, tlie locns 
the locns of its centre is a conic through of the pole of any fixed line is a oomo 
the middle points of the sides of the given passing throagfa the fonzth harmonic to 
quadrilateral. (Ex. 15, Art. 328). the point in which this line meets each 

side of the given qnadrilateraL 

Ex. 11. The locus of the point where If through a fixed point a line be 

parallel chordA of a circle arc cut in a drawn meeting the conic m A^ B, and on 

given ratio is an ellipse having: double it a point P be taken, such that [OABP\ 

contact with the circle. (Art. 163). may be constant, the locos of P ia a 

conic having double contact with the 
given conic 

355. We may project several properties relating to foci by 
the help of the definition of a focus, given p. 239| viz. that 
if ^ be a focus, and A^ B the two imaginary points in which 
any circle is met by the line at infinity; then FA^ FB are 
tangents to the conic* 

Ex. 1. The locus of the centre of a If a conic be described through two 
circle touching two given circles is a hy- fixed points i4, B^ and touching two given 
perbola, having the centres of the given conies which also pass through those 
circles for foci. poitats, the locus of the pole of AB is a 

conic touching the four lines CA^ CB^ 
CAy CBf where C, C, are the pdea of 
AB with regard to the two given conks. 

In this example we substitute for the word 'drde,' *' conic through two fixed 
points A, Bf" (Art. 257), and for the word * centre,' ** pole of the line AB.'* (Art. 154). 

Ex. 2. Given the focus and two points Given two tangents, and two points 
of a conic section, the intersection of tan- on a conic, the locus of the intersectioa 
gents at those points wUl lie on a fixed of tangents at those points is a right lineu 
line. (Art. 191). 

Ex. 8. Given a focus and two tan- Given two fixed points ^4, B ; two tan- 
gents to a conic, the locus of the other gents FA, FB passing one throngh each 
focus is a right line. (This follows from point, and two other tangents to a conic; 
Art. 189). the locus of the intersection of the other 

tangents from A,BfiBA right line. 

Ex. 4. If a triangle circumscribe a If two triangles circumscribe a oonio^ 
parabola, the circle ^circumscribing the their six vertices lie on the aame conic* 
triangle posses through the focus, Cor. 4, 
Art. 223. 

For if the focus be F, and the two circular points at infinity A, B, the h^^'ng^ 
FAB is a second triangle whose three sides touch the parabola. 

Ex. 6. The locus of the centre of a Given one tangent, and three points 
circle passing through a fixed point, and on a conic, the locus of the intersection 
touching a fixed line, is a parabola of of tangents at any two of these points is 
which the fixed point is the focus. a conic inscribed in the triangle formed 

by tliode points. 

* This is easily proved directly. Take a side of each triangle and, by the anhar- 
monic property of tlie tangents of a conic, these lines are cut homographically by the 
other four sides ; whence it may eaaOy be seen that the pencils joining the opposite 
vertices of each triangle to the other four are homographic: 
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Ez. 6. Giyen four tangents to r conic, Giyen foar tangenta to a conic, the 
tlM lociu of the centre ia the line joining locus of the pole of any line is the line 
tbs middle points of the diagonals of the joining the fourth hannonics of the points 
qnadrilateiaL where the given line meets the diagonala 

of the quadrQatcral. 

It followa from onr definition of a focus, that if two conies hare the same focus, 
this point will be an intersection of common tangents to them, and will possess the 
properties mentioned at the end of Art. 264. Also, that if two conies hare the same 
focns and directrix, they may be considered as two conies having double contact with 
cadi other, and may be projected into concentric circles. 

356. Since angles which are constant in any figure will in 
general not be constant in the projection of that figure, we pro- 
ceed to show what property of a projected figure may be inferred 
when any property relating to the magnitude of angles is given ; 
and we commence with the case of the right angle. 

Let the equations o^giro lines at right angles to each other 
be 2B = 0, y = 0, then the equation which determines the direction 
of the points a;t infinity on an^ dkcle is x^ + y* = 0, or 

«+yV — 1 = 0, af— yV— 1 = 0. 

Hence (Art. 57) these four lines form a harmonic pencil. 
Hence, given four points A^ B^ C, D, of a line cut harmonically, 
where A^ B may be real or imaginary, if these points be trans- 
ferred by a real or imaginary projection, so that A^ B may 
become the two imaginary points at infinity on any circle, then 
any lines through C7, D will be projected into lines at right 
angles to each other. Conversely, any two lines at right angles 
to sack other will he projected into lines which cut harmonically 
the line joining the two fixed points which are the projections of 
the imaginary points at infinity on a circle, 

Ex. 1. The tangent to a circle is at Any chord of a conie is cnt harmoni- 
ri^it an|^ to the radius. cally by any tangent, and by the line 

joining the point of contact of that tan- 
gent to the pole of the given chord* 
(Art. 146). 
For the chord of the conic is supposed to be the projection of the line at infinity 
in the plane of the circle ; the points where the chord meets the conic will be the 
projections of the imaginary points at infinity on the circle ; and the pole of the 
cbcnd will be the projection of the centre of the circle. 

Ez. 2. Any right line drawn through Any right line through a point, the 
the focus of a conic is at right angles line joining its pole to that point, and 
to the line joining its pole to the focus, the two tangents from the point, form 
(Art. 192). a harmonic pencil. (Art. 146). 

It is trident that the first of these properties is only a particular case of the 

TT. 



\ 
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■econd, if we recollect that the tangents from the focus are the lines joining the 
focus to the two imaginary points on any circle. 

Ex. 8. Let ns apply Ex. 6 of the last Article to determine the locus of the pold 
of a given line with regard to a system of confocal conies. Being given the two 
foci, we are given a quadrilateral ctrcumscrihing the conic (Art 258a) ; one of the 
diagonals of this quadrilateral is the line joining the foci, therefore (Ex. 6) one point 
on the locus is the fourth harmonic to the point where the given line cuts the dis» 
tanoe between the foci. Again, another diagonal is the line at infinicy, and since 
the extremiti^ of this diagonal are the points at infinity on a dicle, therefore by the 
present Article the locus is perpendicular to the given line. The locus is, therefore^ 
completely determined. 

Ex. 4. Two confocal conies cut each If two conies be inscribed in the same 
other at right angles. quadrilateral, the two tangents at any of 

their points of intersection cut any dia- 
gonal of the circumscribing qoadrilatnal 
harmonically. 

The last theorem is a case of the reciprocal of Ex. 1, Art. 845. 

Ex. 6. The locus of the intersection The locus of the intersection of tan* 
of two tangents to a central conic, which gents to a conic, which divide harmoni- 
cut at right angles, is a circle. cally a given finite right line AB^ is a 

conic through A, B. 

The last theorem may, by Art. 146, be stated otherwise thus : " The locus of a 
point Of such that the line joining to the pole of AO may pass through £, is a 
conic through A, B;" and the truth of it is evident directly, by taking four positions 
of the line, when wc sec, by Ex. 2, Art. 297,' that the anharmonic ratio of four lines 
AOia equal to that of four corres^ionding lines BO. 

Ex. 6. The locus of the intersection If in the last example AB touch the 
of tangents to a parabola, which cut at given conic, the locus of will be the 
right angles, is the directrix. lino joining the points of contact of tan- 

gents from A J B. 

Ex. 7. The circle circumscribing a tri- If two triangles ace both self-con- 
angle self -con jugate with regard to an jugate with regard to a conic, their six 
equilateral hyperbola passes through the vertices lie on a conic. 
centre of the curve. (Ex. 5, Art. 228). 

The fact that the asymptotes of an equilateral hyperbola are at right angles may 
be stated, by this Article, that tlie line at infinity cuts the curve in two points wliich 
arc harmonically conjugate with respect to -4, i?, the imaginary circnlar points at 
infinity. And since the centre C is the pole of ABj the triangle CAB is self -conjugate 
with regaixl to the equilateral hyperbola. It follows, by reciprocation, that the six 
sides of two self -conjugate triangles touch the same conic. 

Ex. 8. If from any point on a conic If a harmonic pencil be drawn through 
two lines at right angles to each other be any point on a conic, two legs of which 
dmwn, the chord joiuing their extremities are fixed, the chord joining the extremities 
pasbca through a fixed poiut. (Ex. 2, of the other legs will pass through a fixed 
Art. 181). point. 

In other words, given two points a, c on a conic, and {abcd\ a harmonic ratio, bd 
will pass through a fixed point, namely, the intersection of tangents at a, e. But the 
truth of this may be seen directly: for let the line ac meet bd in JT, then, since 
{a.abcd^, is a harmonic pencil, the tangent at a cuts bd in the fourth harmonic to JT: 
but so likewise must the tangent at e, therefore these tangents meet bd in the same 
point. As a particular case of this theorem we have the following : " Through a fixed 
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pcnnt on a eonic two lines are drawn, making cqnal angles with a fixed line, the chord 
joining their extremities will pass through a fixed point." 

357. A system of pairs of right lines drawn through a pointy 
90 that the lines of each pair make equal angles tcith a fixed line^ 
cuts the line at infinity in a system of points in involution^ of 
which the two points at infinity on any circle form one pair of con^ 

jugate paints. For thej evidently cat any right line in a system 
of points in involution, tbe foci of which are the points where the 
line ifl met by the given internal and external bisector of every 
pair of right lines. The two points at infinity just mentioned 
belong to the system^ since they also are cut harmonically by 
these bisectors. 

The tangents from any point to a The tanrrer.ts from any point to a 
■yslem of oonfocal conies make equal syf^tem of conies iiiscribeil in the samo 
•nglea with two fixed lines. (Art. 18U). quadrilateral cut any diagonal of that 

quadrilateral in a system of points in 
invohition of which the two extremities 
of that diagonal are a pair of conjugate 
points. (Art. 344). 

358. Two lines which contain a constant angle cut the line 
joining the two points at infinity on a circle^ so that the anhar^ 
monic ratio of the four points is constant. 

For the equation of two lines containing an angle 6 being 
iB = 0, y = 0, the direction of the points at infinity on any circlQ 
is determined by the equation 

35* + y' + 2a;y cos^ = ; 

and| separating this equation into factors, we see, by Art. 57, that 
the anharmonic ratio of the four lines is constant if d be constant. 

Ex. 1. " The angle contained in the same segment of a circle is constant." Wo 
fee, by the present Article, that this is the form assumed by the anharmonic property 
of four points on a circle when two of them ore at an infinite di:r<tancc. 

Ex. 2. Tho envelope of a chord of a If tangents through any point meet 
conic which subtends a constant angle the conic in 7", T\ and there be taken 
at the focus ij another conic having the on the conic two points A^ By such that 
•ame focns and the same directrix. [O.ATBT'] is constant, the enveIo]>c of 

^^ is a conic touching tho given conic 
hi the points T,T', 

Ex. 3. The locus of the intersection If a finite lino A By touching a conio 
of tangents to a parabola which cut at be cut by two tangents in a given an- 
a given angle is a hyperbola having the harmonic ratio, the locus of their inter- 
fame focus and the same directrix, section is a conic touching the given cunio 

at the points of contact of tangenta front 

A,B, 
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Ex. 4. If from the focns of a conic a If a Yaiiable tangent to a conSe meel 
line be drawn making a giren angle with two fixed tangents in T, T\ and a fixed 
any tangent, the locna of the point where line in If, and there be taken on it • 
it meets it is a circle. point P, toch that {PTMT'] may ba con- 

stant, the locos of P is a conio pemlng 
through the points where the fixed ton^ 
gents meet the fixed line. 
A particnlar case of this theorem is : " The locus of the point where the intercept 
of a variable tangent between two fixed tangents is cut in a given ratio is a hyper- 
bola whose asymptotes are parallel to the fixed tangents." 

Ex. 5. If from a fixed point 0, OP be Given the anhannonicratioof apeocQ 
drawn to a given circle, and TF be drawn three of whose legs pass through fixed 
making the angle TPO constant, the points, and whose vertex moves along a 
envelope of TP is a conic having for its given conic, passing through two of the 
focus. points, the envelope of the fourth leg is 

a conio touching the lines joining theae 
two to the third fixed point. 

A particnlar esse of this is : ''If two fixed points i4, ^ on a conic be joined to 
a variable point P, and the intercept made by the joining chords on a fixed line be 
cut in a given ratio at Jf, the envelope of PM is a oonic touching parallels throng 
A and B to the fixed line. 

Ex. 6. If from a fixed point 0, OP be Given the anharmonic ratio of a pencQ, 
drawn to a given right line, and the angle three of whose legs pass through fixed 
TPO be constani, the envelope of TP is points, and whose vertex moves along a 
a parabola having for its focus. fixed line, the envelope of the fourth leg 

is a conic touching the three sidea of the 
triangle formed by the given points. 

359. We have now explained the geometric method by 
which, from the properties of one figure, may be derived those 
of another figure which corresponds to it (not as in Chap. XV., 
BO that the points of one figure answer to the tangents of the 
other, but) so that the points of one answer to the points of the 
other, and the tangents of one to the tangents of the other. 
All this might be placed on a purely analytical basis. If any 
curve be represented by an equation in trilinear coordinates, 
referred to a triangle whose sides are a, i, c, and if we interpret 
this equation with regard to a different triangle of reference 
whose sides are a\ b\ c\ we get a new curve of the same degree 
as the first ;* and the same equations which establish any pro- 
perty of the first curve will, when differently interpreted, establish 



* It is easy to see that the equation of the new curve referred to the old triang^a 
is got by substituting in the given equation for a, /3, y ; la +m/3+ ny, Fa+m'fi-^n'yp 
fa + fn"/3 + n"y, where la + m^ + ny represents the line which is to correspond to 
a, dec. For fuller information on this method of transformation see HigM«r Pimm 
Curvit, Chap. vm. 
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a oorresponding property of the second. In this manner a 
right line in one system always corresponds to a right line in 
the other, except in the case of the equation aa + &i8 + 07 = 0, 
which in the one system represents an infinitely distant line, 
in the other a finite line. And, in like manner, a'a + Vfi + c'7, 
which represents an infinitely distant line in the second system 
represents a finite line in the first system. In working with 
trilinear coordinates, the reader can hardly have failed to take 
notice how the method itself teaches him to generalize all 
theorems In which the line at infinity is concerned. Thus 
(see Art. 278) if it be required to find the locus of the centre 
of a conic, when four points or four tangents are given, this 
is done by finding the locus of the pole of the line at infinity 
aa H- djS + 07, and the very same process gives the locus under 
the same conditions of the pole of any line \a + a^/S + Ky. 

We saw (Art. 59) that the anharmonic ratio of a pencil 
P-'kP'j P— IP\ &c depends only on the constants i, Z, and is 
not changed if P and P' are supposed to represent different right 
lines. We can infer then, that in the method of transformation 
which we are describing, to a pencil of four lines in the one 
system answers in the other system a pencil having the same 
anharmonic ratio ; and that to four points on a line correspond 
four points whose anharmonic ratio is the same. 

An equation, /S=0, which represents a circle in the one 
system will, in general, not represent a circle in the other. 
But since any other circle in the first system is represented 
by an equation of the form 

iff+ (aa + 6)8 + cy) (\a + AA)8 + V7) = 0, 

all curves of the second system answering to circles in the 
first will have common the two points common to 8 and 
aa + J/9 + C7. 

360. In this way we are led, on purely analytical grounds, to 
the most important principles, on the discovery and application 
of which the merit of Poncelet's great work consists. The 
principle of continuity (in virtue of which properties of a figure, 
in which certain points and lines are real, are asserted to be 
true even when some of these points and lines are imaginary) 
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is more easily established on analytical than on purely geo« 
metrical grounds. In fact, the processes of analysis take no 
account of the distinction between real and imaginary, bo im- 
portant in pure geometry. The processes, for example, by wbich| 
in Chap, xiv., we obtained the properties of systems of conicB 
represented by equations of forms 8=kafi or S=*a" are un- 
affected, whether we suppose a and fi to meet 8 in real or 
imaginary points. And though from any given property of a 
system of circles we can obtain, by a real projection, only a 
property of a system of conies having two imaginary points 
common, yet it is plainly impossible to prove such a property by 
general equations without proving it, at the same time, for conies 
having two real points common. The analytical method of 
transformation, described in the last article, is equally applicable 
if we wish real points in one figure to correspond to imaginary 
pomts on the other. Thus, for example, a' -f iS* = 7* denotes a 
curve met by 7 in imaginary points ; but if we substitute for 
a, 8] P± Q \/(- 1)) and for 7, jB, where P, (?, R denote right 
lines, we get a curve met in real points by R the line corre- 
sponding to 7. 

The chief difference in the application of the method of 
projections, considered geometrically and considered algebnd- 
cally, is that the geometric method would lead us to prove a 
theorem, first for the circle or some other simple state of the 
figure, and then infer a general theorem by projection. The 
algebraic method finds it as easy to prove the general theorem 
as the simpler one, and would lead us to prove the general 
theorem fii*st, and afterwards infer the other as a particular 
case. 

THEORY OF THE SECTIONS OP A CONE. 

361. The sections of a cone by parallel planes are similar. 
Let the line joining the vertex to any fixed pomt A in one 
plane meet the other in the point a ; and let radii vectores be 
drawn from -4, a to any other two corresponding points S, J. 
Then, from the similar triangles OAB^ Oab^ AB is to oft in the 
constant ratio OA : Oa ; and since every radius vector of the one 
curve is parallel and in a constant ratio to the corresponding 
radius vector of the other, the two curves are similar (Art. 233). 
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Cob. If a cone standing on a circular base be cut by any 
plane parallel to the base, the section will be a circle. This 
is evident as before ; we may, if we please, suppose the points 
A^ a the centres of the curves. 

362. A section of a cone^ standing on a circular base^ may 
he either an ellipse^ hyperbola^ or parabola. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle ; in which case 
this line is called the axis of the cone. If this line be not per- 
pendicular to the plane of the base, the cone is said to be oblique. 
The investigation of the sections of an oblique cone is exactly the 
same as that of the sections of a right cone, but we shall treat 
them separately, because the figure in the latter case being more 
simple will be more easily understood by the learner, who may at 
first find some difiiculty in the conception of figures in space. 

Let a plane [OAB) be drawn through the axis of the cone 
OC perpendicular to the plane of the 
section, so that both the section MSsN 
and the base A SB are supposed to 
be perpendicular to the plane of the 
paper; the line R8^ in which the 
section meets the base, is, therefore, 
also supposed perpendicular to tlie 
piano of the paper. Let us first 
suppose the line MN^ in which the M/^--'' 
section cuts the plane OAB to meet 
both the sides OA^ OBj as in the figure, on the same side of 
the vertex. 

Now let a plane parallel to the base be drawn at any other 
point 8 of the section. Then we have (Euc. iir. 35) the square 
o( BSj the ordinate of the circle, = AR.BB^ and in like manner 
rs*=ar.rb. But from a comparison of the similar triangles 
ABMy arM) BRN^ brN, it can at once be proved that 

AR.RB : 3rR.RN:: ar.rb : Mr.rN. 

Therefore RS'irs^iiMR. RN : Mr . rN. 

Hence the section MSsN is such that the square of any ordinate 
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ra IB to the rectangle under the parts in which it cuts the I 

MN in the conatant ratio RS' : JUR.RIf. 

Hence it caD immediately be infeired 

(Art. 149] that the section is an elUptCj 

of which MN is the axis major, while 

the sqnare of the axis minor b to MIP 

in the given ratio 

RS* : MR.RN. 

Secondly. Let MN meet one of the 
sides OA produced. The proof proceeds 
exactly as before, only that now we prove 
the square of the ordinate ra in a constant 
ratio to the rectangle Mr.rN under the 
parts into which it cuts the line MN pro- 'y 
duced. The learner will have no difficulty / 
in proving that the locus will in this 
case be a hyperbola^ consisting evidently of the two opposite 
branches N38, Ms' 8'. 

Thirdly. Let the line MN be parallel 
to one of the sides. In this case, since 
AR = aryandRB:rb:: RN : rN, we have 
the sqnare of the ordinate r8(—ar.rb) to 
the abscissa rN in the constant ratio 

R8'{=AR.RB):RN. 
The section is therefore a parabola.* I 

363. It is evident that the projections of the tangents at the 
points A^ B of the drclo are the tangents at the points M, N of 

* Those vho first treated of conic sectioiu ODl; considered the can when a ilglit 
Miue {> cnt b; a plane perpendicular to a side of the cone ; that ia to la;, when MH 
ie perpeudicQlar to OB. Conic sectioon wen then divided into eectioni of a right- 
angled, acnte, or obtuse-angled cone ; aad according to Entochins, the oommentatoc 
on ApoUoniDS, were called parabola, ellipae, or hjrpeibola, according as the angle of 
the core wu equal to, leas than, or exceeded a right angle. (See the paeiags citod 
in full, WaUon'i Exampla, p. 428). It was Apollonius who first showed that all 
three sections could be nude fiom one cone ; and who, according to Pappus, gSTo 
Uiem tfae names parabola, eUi[iae, and bn^rbolo, for the reason stated, Art. 194. Tha 
irity of Batocbius, who wia more than a centnr7 later than Pappus, maj not 
great, bat the name panbola was uaed by Archimedes, who was prkil to 
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the conic Kction (Art. 348} ; now in tfae case of the parabola the 
point M and the tangent at it go off to infinity ; we are therefore 
again led to the conclnsion that every parabola has one tangent 
i^togeiher at an infinite distance. 

864. Let the cone now be sopposed oblique. The plane of 
tbepaperisaplanedrawn through the line OC, perpendicular to 
the plane of the circle AQSB. Now let 
the section meet the base in aaj line QS, 
draw a diameter LK bisecting QS, and 
let the section meet the plane OLK in the / 

Upe UN, then the proof proceeds exactly /^--/ 

■■before; wehare thesqnare of the ordi- /C^_Zk 

nate S8 equal to the rectangle LS.RS; /ij^ 

if we conceive a plane, aa before, drawn / m/--'' 

parallel to the base (which, however, is left /---"/' 

ont of the figure in order to avoid render- '^ / 

ing it too complicated), we have the square "*' '- "^ 

of any other ordinate rs equal to the corresponding rectangle 
\r,rk\ and we then prove by the similar triangles KRM, IcrM, 
LSN, IrN, in the plane OLK, exactly as in the case of the right 
cone, that US' : rs", as the rectangle under the parts into which 
each ordinate divides AtN, and that therefore the section is a 
conic of which MN is the diameter bisecting Q8, and which ia an 
ellipse when MN meets both the lines OL, OK on the same side 
of die vertex, a hyperbola when it meets them on diiferent sides 
of the vertex, and a parabola when it is parallel to either. 

Id the proof just given Q8 ia supposed to intersect the circle 
in real points ; if it did not, we have only to take, instead of the 
circle AB, any other parallel circle ab, which does meet the sec* 
tion in real points, and the proof will proceed as before. 

365. We give formal proofs of the two following theorems, 
though they are evident by the principle of continuity : 

I. ^ a circular section he aU by any plane in a line Q8, 
the diameters conjugate to QS in that plane, and m the plane qf 
the circle, meet Q8 in the same point. When qa meets the circle 
in real points, the diameter conjugate to it in every plane mnat. 
evidently pass throng its nuddle point r. We have therefc 

uu. 
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only to examine the case where QS does not meet in real 
points. It was proved (Art. 361) that the diameter df which 
bisects chords, parallel to qs^ of any circular sectioRi will be pro- 
jected into a diameter DF bisecting 
the parallel chords of any parallel 
section. The locus therefore of the 
middle points of all chords of the 
cone parallel to qs is the plane Odf. 
The diameter therefore, conjugate 
to Q8 in any section, is the inter- 
section of the plane Odf with the 
plane of that section, and must 
pass through the point B in which 
Q8 meets the plane ODf, 

II. In the same case^ if ike diameters conjugate to Q8 in the 
circhj and in the other section^ be cut into segments -BjD, BF; Bg^ 
Bk; the rectangle DB.BFis to gB.Bk as the square of the dia^ 
meter of the section parallel to QS is to the square of the conjugate 
diameter. This is evident when qs meets the circle in real 
points; since r«* = rfr.7/. In general, we have just proved that 
the lines gk^ dfy DF^ lie in one plane passing through the vertex. 
The points 2>, d are therefore projections of g ; that is to say, 
they lie in one right line passing through the vertex. We have 
therefore, by similar triangles, as in Art. 364, 

dr.rf I DB.BFv.gr. rk : gB.Bk] 

and since dr.rfis to gr.rk ab the squares of the parallel semi- 
diameters, DB.BF IB to gB.Bk in the same ratio. 

If the section gskq and the line QS be given, this theorem 
enables us to find DB.BF^ that is to say, the square of the 
tangent from B to the circular section whose plane passes 
through QS. 

366. Given any conic gskq and a line TL in its plane not 
cutting it^ we can project it so that the conic may become a circle^ 
and the line may be projected to infinity. 

To do this, it is evidently necessary to find the vertex of 
a cone standing on the given conic, and such that its sections 

allel to the plane OTL shall be circles. For then any of 
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these parallel sections would be a projection fulfilling the con- 
ditions of the problem. Now, if TL meet the conjugate dia^ 
meter in the point £, it follows from the theorem last proved 
that the distance OIa is given; for, since the plane OTL is 
to meet the cone in an infinitely small circle, OU is to gL.Lk 
in the ratio of the squares of two known diameters of the section^ 
OL must also lie in the plane perpendicular to TZ, since it is 
parallel to the diameter of a circle perpendicular to TL. And 
there is nothing else to limit the position of the point 0, which 
may lie anywhere in a known circle in the plane perpendicular 
to TL. 

367. If a sphere he inscribed in a right cone touching the 

plane of any section^ the point of contact mil he a focus of that 

section^ and the corresponding directrix will be the intersection of 

the plane of the section with the plane of contact of the cone with 

the sphere. 

Let spheres be both inscribed and exscribed between the 
cone and the plane of the section. Now, if 
any point P of the section be joined to the 
vertex, and the joining line meet the planes 
of contact in Dd^ then we have PD = PF^ 
since they are tangents to the same sphere, and, 
rimilarly, Pd=PF\ therefore PF^PF'^Dd, 
which is constant. The point (jB), where FF' 
meets AB produced, is a point on the direc- 
trix, for by the property of the circle NFMR 
is cut harmonically, therefore JB is a point on the polar of F. 

It is not difficult to prove that the parameter of the section 
MPN is constant, if the distance of the plane from the vertex 
be constant. 

Cob. The locus of the vertices of all right cones, out of 
which a given ellipse can be cut, is a hyperbola passing through 
the foci of the ellipse. For the difference of MO and NO \% 
constant, being equal to the difference between MF' and NF"^ . 

* By the help of this principle, Mr. Mulcahy ahowed how to derire properties of 
angles sabtended at the focoa of a oonic from properties of small circles of a sphere. 
For example, it is known that if through any point P, on the surface of a sphere, % 
great dide be drawn, catting a small circle in the points J, i?, then tan ^AP tan ^BP 
is constant. Now, let us take a cone whoso base is the small drclCi and whose yeriea^ 




^ 
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ORTHOGONAL PROJECTION. 



368. If from all the points of any figure perpendicalan be 
let fall on any plane, their feet will trace out a figure which is 
called the orthogonal projection of the given figure. The ortho- 
gonal projection of any figure is, therefore, a right section of a 
cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their orihogonal 
projections on any plane. 

For (see fig. p. 3) MM' represents the orthogonal projection 
of the line PQ, and it is evidently = PQ multiplied by the cosine 
of the angle which PQ makes with MM\ 

All lines parallel to the intersection of the plane of ike figure 
toith the plane on which it is projected are equal to their orthogonal 
projections. 

For smce the intersection of the planes is itself not altered 
by projection, neither can any line parallel to it. 

The area of any figure in a given plane is in a constant rottb 
to its orthogonal projection on another given plane. 

For, if we suppose ordinates of the figure and of its pro- 
jection to be drawn perpendicular to the intersection of the 
planes, every ordinate of the projection is to the correspond- 
ing ordinate of the original figure in the constant ratio of 
the cosine of the angle between the planes to unity; and it 
will be proved, in Chap, xix., that if two figures be such that 
the ordinate of one is in a constant ratio to the corresponding 
ordinate of the other, the areas of the figures are in- the 
aame ratio. 

Any ellipse can be orthogonally projected into a circle. 

For, if we take the intersection of the plane of projection with 
the plane of the given ellipse parallel to the axis minor of that 
elUpse, and if we take the cosine of the angle between the planes 



Is the centre of the sphere, and let us cnt thia cone by any plane, and we learn that 
" if through a point jy, in the plane of any conic, a Une be diawn catting the conio 
in the points a, 6, then the pxodact of the tangents of the halres of the angles which 
apf bp subtend at the Tertex of the cone will be constant." This property wiU bo 
troe of the vertex of any right cone, ont of which the section can be cot, and, 
therefore, since the fbcns is a point in the locus of such Tertices, it must be true 
tbftt tan ^a/p tan |^ is constant (8eet>« 210). 
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B - I then every line parallel to the axis minor will be unaltered 

by projection, but every line parallel to the axis major will 
be shortened in the ratio b : a] the projection will| therefore 
(Art. 163), be a circle, whose radius is b, 

369. We shall apply the principles laid down in the last 
Article to investigate the expression for the radius of a circle 
circumscribing a triangle inscribed in a conic, given Ex. 7, 
p. 220.» 

Let the sides of the triangle be a, ffj y, and its area Aj then, 
by elementary geometry, 

Now let the ellipse be projected into a circle whose radius is 5, 
then, since this is the circle circumscribing the projected triangle, 
we have 

But, since parallel lines are in a constant ratio to their projec* 

tions, we have 

a' : a :: b : b\ 

ffifiiibir, 

f/:y::b:V''i 

and since (Art. 368) J' is to ^ as the area of the circle (= iri*) 
to the area of the ellipse {^urcA) (see chap, xix.), we have 

A' : A :: b : a. 
Hence <^:<^::ab* :b'b"b"\ 

h'b"b"' 



and therefore B 



ab 



* This proof of Mr. MacCullagh'a theoiem is due to Di. QnTM. 
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CHAPTER XVIII. 

INVARIANTS AND COVARIANTS OF SYSTEMS OF GONIGS. 

370. It was proved (Art. 250) that if 8 and 8' represent 
two conies, there are three values of k for which Je8'\- 8^ re- 
presents a pair of right lines. Let 

8=aa^ +bi/* -^cz* +2^i/z +2gzx +2Aay, 
8' = a V + jy + cV + 2fyz + 2g'zx + 2Kxy. 
We also write 

A = aic + 2fgh - af^ -hg^ - ch\ 

Then the values of ^ in question are got bj substituting ka + a\ 
kb + b\ &c. for a, i, &c. in A = 0. We shall write the resulting 

cubic ^Jf ^ ©yfct + 0'A + A' = 0. 

The value of 0, found bj actual calculation, is 

+ 2(^A-a/)/4 2(A/-6i7)/ + 2(/^-c»)A'; 
or, using the notation of Art. 151, 

Aa + Bb' + Cc + 2Ff' + 2(7/ + 2BK ; 
or, again, 

as is also evident from Taylor^s theorem. The value of €^ is 
got from by interchanging accented and unaccented letterS| 
and may be written 

0' = A'a + jyj + C'c + 2Fy+ 2 G'g + 2 JT'A. 

If we eliminate k between k8-\'8' = 0^ and the cubic which 
determines A;, the result 

A5" - Q8'^8'i- &8'8' - A'/S" = 0, 

(an equation evidently of the sixth degree), denotes the three 
pairs of lines which join the four points of intersection of the 
two conies (Art. 238). 



/ 



INVARIANTS AND COVARIANTS OF CONICS. 335 

Ex. To find the locus of the intersection of nonnals to a conic, at the extremities 

of a chord which passes through a given point a/9. Let the cure bej9=-, + ^— 1; 

then the points whose normals pass through a given point x*}f are determined (Art. 181, 
Ex. 1) as the intersections of & with the hyperbola iS' = 2 (c'xy + l^x — a^y)» We can 
then, by this article, form the equation of the six cliords wliich join the feet of 
normals throngh ar'y', and expreesing that this equation is satisfied for the point a^t 
we have the locos required. 

WehaveA = — i-, = 0, 0' = - (aV» + ft^** - c*), A' = - 2a«W;Vy'. 
The equation of the locus is then 
i, (a»/te - 6«c^ - <?a/5)» + 2 (««x» + Ay - c*) (a«/te - 6«ay - c»a/3) (^+ ^- 1 y 

which represents a curve of the third degree. If the given point be on either axis, 
the locus reduces to a conic, as may be seen by making a = in the preceding equa- 
tion. It is also geometrically evident, that in this case the axis is part of the locos. 
The locus also reduces to a conic if the point be infinitely distant ; that is to say, 
when the problem is to find the locus of the intersection of normals at the extremities 
of a cbord parallel to a given line. 

371. If on transforming to any new set of coordinates, 

Cartesian or trilinear, 8 and Si become S and 8>^ it is manifest 

that kS+ 8^ becomes k8-\- S'j and that tbe coefficient k is not 
affected. It follows that the values of Jcj for which h8-\- 8^ 
represents right lines, must be the same, no matter in what 
system of coordinates 8 and ff are expressed. Hence, then, 
the ratio between any two coefficients in the cubic for k^ found 
in the last Article, remains unaltered when we transform from 
any one set of coordinates to another.* The quantities A, 0, 
&j d' are on this account called invariants of the system of 
conies. If then, in the case of any two given conies, having 
by transformation brought S and 8" to their simplest form, and 
having calculated A, 0, 0', A^, we find any homogeneous rela- 
tion existing between them, we can predict that the same relation 
will exist between these quantities, no matter to what axes the 
equations are referred. It will be found possible to express in 

* It may be proved by actual transformation that il in 8 and S' we substitute 
lor ar,y, « ; fa- + my + nz, Vx + m'y + n'c, T'x + m"y + n"z, the quantities A, O, 6' A' 
for the transformed system, are equal to those for the old, respectively multiplied by 
tbe square of the determinant 

?, m, n 

r, m", h" 



J 
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terms of the same four quantities the condition that the conies 
should be connected by any relation, independent of the position 
of the axes, as is illustrated in the next Article. 

The following exercises in calculating the invariants A, 0, 
&^ A^, include some of the cases of most frequent occurrence. 

Ex. 1. Calculate the inyariants when the oonicB are r e fe iied to their oommcni 
flelf -con j agate triangle. We may take 

and we may farther simplifj the equations bj writing x, y^ z, instead at x ^C^")* 
$f 4{iOf « 4(0, so as to bring jS' to the form x* + y» + «*. We hare then 
A = abc, G = be -k- ca + abf e' = o + 6 + c, A' = l. 
And 8 + kff will represent right lines, if 

*» + Ar» (o + ft + c) + A (ic + CO + oft) + a^ = 0. 
And it is otherwise evident that the three yalnes for which S + kS* repreaenta ri^xt 
lines are — a, — ft, — c. 

Ex. 2. Let 5', as before, be a^ + y' + c*, and let 8 represent the general eqnatioii. 
Am. e=(ftc-/«) + (ca-5^+(aft-A«) = ^ + J5+C; e^ = a + b + e. 

Ex. 8. Let i5 and 8' represent two circles «• + y« - r», (x - a)« + (y - /3)» - r^. 

Afu. A=-r«, e = o« + /3«-2r«-r^, 0' = a» + /3« - r« - 2r^, A' = -r^. So 
that if /> be the distance between the centres of the drdes, 8 + k8' will repreMnfc 
right lines if 

r»+ (Sf^ + r**-/)*) * + (r« +2r'»-2>«) ife« + r^Ar*=0. 
Now nnoe we know that 8-8* represents two right lines (one finite, the other 
infinitely distant), it is evident that — 1 must be a root of this equation. And it it 
in fact divisible hj k+lf the quotient being 

r« + (r» + r'»-i>«)Jfc + r^k* = 0. 

Ex. 4. Let j9 represent ^ + ^ - 1, while S' is the circle (« - a)« + (y - /3)« - r«. 



--^-^-^-^S-p)'---^- 



i 



Ex. 6. Let 8 represent the parabola y* — 4mxt and 8* the circle as before. 

Ant. A=-4i»»«, e = -4m(o + »), 6' = /9» - 4«a - r«, A' = -f*. 

372. To find the condition that ttoo conies 8 and S^ ahotdd 
touch each other. When two points, Aj By of the four inter- 
sections of two conies coincide, it is plain that the pair of lines 
ACj BD is identical with the pair AD^ BO. In this case, then, 
the cubic 

must have two equal roots. But it can readily be proved that 
the condition that this should be the case is 

(00' - 9 AA')" = 4 (0* - 3 A0') (0'* - 3A'0), 
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or ©•0'* + 18 A A'00' - 27 A* A* - 4^0" - 4A'0' = 0, 

which 18 the required condition that the conies should touch. 

It is proved, in works on the theory of equations, that the 
left-hand member of the equation last written is proportional 
to the product of the squares of the differences of the roots of 
the equation in k ; and that when it is positive the roots of 
the equation in h are all real, but that when it is negative two of 
these roots are imaginary. In the latter case (see Art. 282), 
S and S' intersect in two real and two imaginary points: in 
the former case, they intersect either in four real or four 
imaginary points. These last two cases have not been distin- 
guished by any simple criterion. 

If three points A, B^ C coincide the conies osculate and in 
this case the three pairs of right lines are all identical so that 
the cubic must be a perfect cube; the condition for this are ;' 

8A 0' 

-^r = >.* =■ ^m • The conditions for double contact are of a 
3A 

different kind and will be got further on. 

Sz. 1. To find by this method the condition that two circles shall touch. Forming 
the condition that the reduced equation (Ex. 3, Art. 871), r^ + (r«+r'«-Z>»)/t+r'-'A-2=0, 
■boold have equal roots, vre get H + r** -/>* = + 2rr' ; D = r ±r' asia geometrically 
evident. 

Ex. 2. The conditions for contact between two conic* cnn )>? *;hortIy found in 
the casofl of trinomial equations by identifying the etiuatiuns of tangents at any 
point given Arts. 127, 180, and are for 

/gz+gzjo + hxy = 0, J(/x) + 4{mi/) + 4{nz) = 0, (/O* + (ffm)^ + (An)* = 0, 
fbr 4{f') + J(my) + 4{m) = 0, tur + by^ + cz^ = 0, ( J* + i^^f + (I*)* = 0, 

fbr aa? + bi/' + «* = 0, /y« + gzx + hxy = 0, (a/^)* + (*^*ji + (r/i^ji = 0. 

Ex. 3. Find the locus of the centre of a circle of constant radius touching a given 
oonia We have only to write for A« ^', Bt ^' in tbc equation of this article, the 
valnes Ex. 4 and 5, Art. 371 ; and to consider a, /3 as the running cooidinates. The 
lociu is in general a curve of the eighth degree, but reiluces to the sixth in the cose of 
the parabola. This curve is the same which we sliouM find by measuring from tlie 
curve on each normal, a constant length, equal to r. It is sometimes called the curve 
pwralUl to the given conia Its evolute is the same as that of the oonic. 

The following are tlie equations of the parallel curves given at full length, which 
may olfo be regarded as equations giving the lenprth of the normal distanoei from 
any point to the curve. The i>aniL'cl to the |.Kirul|uU is 

f« _ (8/ + «• + Smx - 8to») r« + {3y* + y» {'ix^ - 2ww + 20i»') 

+ Sffw" + 8toV - 82w*j? + 16m«} r« - (y« - 4iiw)» ^ + (jj - a*)*} = 0. 
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The parallel to the ellipse is 

d^r* - 2ch* {c« (a« + 6^) + (a«- 2ft«) »« + (2o» - ft«) y«} 

^■f^{cl^{a* + ia^Hi + 6*) - 2c» (a* - a»6« + 86<) ai« + 2c* (8a« - o«6« + ft<) y» 

+ (a* - 6aV + 66*) !t* + (6a« - 6a«62 + 6*) y« + (6a* - 10a«i« + 66*) xV} 

+ r» {- 2a»6V (a« + 6«) + 2c»x«6« (3a* - a'ft' + 6*) - 2cy a» (a* - o«6« + 36*) 

- 6«a:* (6a* - I0a«6« + 66«) - aV (6a* - 10a«6« + 66*) + » V (4fl^ - 6«*** - ^o^ + ^ 

+ 26« (a« - 262) x« - 2 (o* - a'b^ + 36*) ar«y« - 2 (3a* - a«6«+ 6*) «V+ 2a» (6«- 2a«)y«} 

+ (6V + ay - a»6«)« {(x - c)« + y»} {(x + c)» + y«} = 0. 

Thus the locns of a point is a conic, if the sum of squares of its normal distances to 
the curve be given. If we form the condition that the equation in r* should have 
equal roots, we get the squares of the axes multiplied by the cube of the evolate. If 
we make r ^ 0, wo find the fod appearing as points whose normal distance to the 
curve vanishes. This is to be accounted for hj remembering that the diatanoe 6om 
the origin vanishes of any point on either of the lines x* + y* = 0. 

Ex. 4. To find the equation of the evolute of an ellipse. Since two of the normals 
coincide which can be drawn through every point on the evolute, we have only to 
express the condition that in Ex. Art 370 the curves 8 and S' touch. Now when the 
term k^ is absent from an equation, the condition that ^X:* + O'k + A' should have 
equal roots reduces to 27 A A'^ + 46'' = 0. The equation of the evolate is therefoie 
(a««» + 6y - c*)» + 27a«6«c*xV = 0. (See Art 248). 

Ex. 6. To find the equation of the evolute of a parabola. We have hexe 
S = t/^- 4mx, iS' = 2xy + 2 (2r» - xO y - im/, 
A = - 4m«, e = 0, O' = - 4w (2m - x), A' = 4my, 
and the equation of the evolute is 27m^ = 4 (x — 2m)'. It is to be observed, that the 
intersections of 8 and 8' include not ftnly the feet of the tkree normals which can be 
drawn through any point, but also the point at infinity on y. And the six chorda of 
intersection of 8 and 8' consist of three chords joining the feet of the normals, and 
three parallels to the axis through these feet Consequently the method used (Ex., 
Art. 370) is not the simplest for solving the corresponding problem in the case of the 
parabola. We get thus the equation found (Ex. 12, Art. 227), but multiplied by the 
factor 4m (2my + ^x — 2my') — y'\ 

373. If S' break up into two right lines we liave A' = 0, 
and we proceed to examine the meaning in this case of and 0'. 
Let us suppose the two right lines to be x and i/ ; and, by the 
principles already laid down, any property of the invariants, 
true when the lines of reference are so chosen, will be true iu 
general. The discriminant of 8+ 2kxy is got by writing A -f 4 
for A in A, and is A + 2A {f(j - ch) - cA*. Now the coeBScient 
of If vanishes when c = ; that is, when the point xy lies on 
the curve 8» The coefficient of k vanishes when^ = cA; that 
is (see Ex. 3, Art. 228), when the lines x and y are conjugate with 
respect to 8. Thus, then, when S represents two right lines^ A' 
vanishes ; 0' = represents the condition that the intersection of 
the two lines should lie on 8; and Q=:0 is the condition thcU the 
two lines should be conjugate with respect to 8. 



OF SYSTEMS OP CONK'S. 339 

The condition that A + 0^' + &k^ should be a perfect square 
IS 0' = 4A0', which, accordinp^ to the last Article, is the condition 
that either of the two lines represented by S should touch 8* 
This 18 easily verified in the example chosen, where 0* — 4A0' 
is found to be equal to (tc— /*) [ca — g*). 

Ex. 1. Given five oonica «S^|. 5„ Ac, it is of coorae possible in an infinity of ways 
to determine the constants /i, l^ Ac., so that 

may be either a perfect sqnare L\ or the prodnct of two lines MNi prove that the 
lines L all toach a fixed conic T, and that the lines M, N are conjugate with regard 
to V, We can determine V so that the invariant O shall vanish for V and each 
of the five conies, since wo have five equations of the form 

Aa^ + Bb^ + Ccj + 2Ff^ + 2Gg^ + 2//A, = 0, 
which are rafficient to determine the mutual ratios of A^ B, Ac, the coefficients ia 
the tangential equation of V, Now if we have separately Aa^ + Ac. = 0, Aog -i- Ac = 0, 
Aa^ + Ac =: 0, Ac, we have pLoinly also 

A {Jin^ + /,«, + //r, + l^fi^ + /4O4) + Ac. = ; 

that is to say, 6 vanishes for V and every conic of the system 

whence by this article the theorem stated immediately follows. If the line M be 
giv<en, N passes through a fixed point ; namely, the pole of M with respect to F. 

Ex. 2. If six lines «, y, 2, 11, 9, 10 all touch the same conic, the sqaaies are con- 
nected by a linear relation 

Thn is a particular case of the last example, but may be also proved as follows : 
Write down the conditions, Art. 151, that the six lines should touch a conic, and 
eliminato the unknown quantities A^ B, Ac, and the condition that the lines should 
touch the same conic is found to be the yanishing of the determinant 

^1*. «*l'» "l*! Ml»'l» •'AlJ ^lA*I 

Vi fh^ »^*. fhVff y^ X^ 
^»*f A*i*» »'i'» fH^'Mt •'An ^lA»3 
^4'. Mo »'4*l M4»'4f N^4» V4 

^»*» M»*» "ft*! M*"** •'i^w ^»M» 
V» A««*i Vi f^vm ^.X,, X,^ 

Bat this 18 also the condition that the squares should be connected by a linear relation. 

Ex. 8. If we are only given four conies 5„ 8f, 8^ 8^^ and seek to determine F, as 
in Ex. 1, so that B shall vanish, then, since we have only four conditions, one of the 
tangential coefficients A, Ac remains indeterminate, but we can determine all the 
rest in terms of that ; so that the tengential equation of V is of the form £ •^ kZ' = 0, 
cr F touches four fixed lines. We shall afterwards show directly that in four ways 
we can determine the oonstante so that /i5| + 1^8^ + 7,5, + 1^8^ may be a perfect 
■jnaie. 

It is easy to see (by taking for M the line at infinity) that if Jf be a given line 
ft ia a definite problem admitting of but one solution to determine the constants, so 
that /|fifi + Ac shall be of the form AfN, And Ex. 1 shows that J^T is the locna of 
the pole of if with regard to F, Ck>mpare Ex. 8, Art. 228. 
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374. To find the equation of the pair of tangents at the paints 
where 8 is cut by any line Xx + A^y + vz. The equation of any 
conic having double contact with 8^ at the points where it meets 
this lino, being k8'\- (\x -\' fiy-\' v«)' = 0, it is required to deter- 
mine k so that this shall represent two right lines. Now it ymll 
be easily veri6ed that in this case not only A' vanishes but & 
also. And if we denote by 2 the quantity 

^\" + BfL* + 6V* + 2FfLv + 2 Gv\ + 2J3X/it, 

the equation to determine k has two roots = 0, the third root 
being given by the equation A;A + £ = 0. The equation of the 
pair of tangents is therefore 28= A [\x -f /iy + ye)\ It is plain 
that when \x -\- fJLy •{■ vz touches 8y the pair of tangents coincides 
H j with Xx -|0(y + V2; itself; and the condition that this should be 
the case is plainly S = 0; as is otherwise proved (Art. 151). 

Under the problem of this Article is included that of finding 
the equation of the asymptotes of a conic given by the general 
triliucar equation. 

375. We now examine the geometrical meaning, in general, 
of the equation = 0. Let us choose for triangle of reference 
any self-conjugate triangle with respect to 8^ which must then 
reduce to the form oas* -f Jy* + c«' (Art. 258). We have there- 
fore /= 0, ^ = 0, A = 0. The value then of (Art. 370) reduces 
to hcd + call + ahd^ and will evidently vanish if we have also 
ci = 0, y = 0, d s= 0, that is to say, if S^ referred to the same 
triangle, be of the iorai fyz-^-g'zx-^lixy. Hence vanishts 
whe^iever any triangh inscribed in 8' is self-conjugate with regard 
to 8. If we choose for triangle of reference any triangle self- 
conjugate with regard to S^ we have/' = 0, ^'«0, A' = 0, and 

becomes 

[be -/*) a' + (ca - (7») J' + {ab - V) c' ; 

and will vanish if we have be =/*, ca=g*j ab « h\ Now be «/" 
is the condition that the line x should touch 8] henoe also 
vanishes \f any triangle circumscribing 8 is self^onjugate with 
regard to 8, In the same manner it is proved that & ^0 is the 
condition either that it should be possible to inscribe in 8 a tri" 
angle self-conjugate with regard to 8^ j or to circumscribe about Sr 
a triangle self-conjugate with regard to 8, When one of these 
things is possible, the other is so too. 




OF SYSTEMS OF COXICS. 341 

A pair of conies connected by the relation = possesses 
another property. Let the point in which meet the lines joining 
the corresponding vertices of any triangle and of its polar tri- 
angle with respect to a conic be called the pole of either 
triangle with respect to that conic ; and let the line joining the 
intersections of corresponding sides be called their axis. Then 
if s 0, the pole with respect to 8 of any triangle inscribed in 
ff will lie on ff] and the axis with respect to ff of any tri- 
angle circnmscribing B will touch 8, For eliminating Xj y, « 
in turn between each pair of the equations 

ax'^hy'\-gz = 0j Aar + Jy+/« = 0, ffx +fy -k- cz = 0^ 

we get igh-af) x = [hf-bg)y^ [fg - ch) «, 

for the equations of the lines joining the vertices of the triangle 
xy» to the corresponding vertices of its polar triangle with 
respect to S. These equations may be written Fx^Oy^ Hz^ 

and the coordinates of the pole of the triangle are -=,, -^ , •^. 

Substituting these values in 8^ in which it is supposed that the 
coe6Scients o', h\ c' vanish, we get 2jFy" + 2(?^'4 2i?]4'«0, or 
= 0. The second part of the theorem is proved in like 
manner. 

Ex. 1. If two triang1c<i be self-conjngate with regnrd to any oonio ^, a conic can 
be described paaeing through their six Tertices ; and another can be deHcribed touch- 
log their nz rides (aee Ex. 7, Art. 85r>). Let a conic be described through the three 
▼erticei of one triangle and through two of the other, which we take for x, y, s. 
Then, because it circumscribes the first triangle, B' = 0, or a + 6 + = (Ex. 2, 
Art 871), and, because it goes through two vertices of oryx, we have a = 0, ^ s 0, 
therefore e = 0, or the conic goes through the remaining vertex. The second part 
of the theorem is proved in like manner. 

Ex. 2. The square of the tangent drawn from the centre of a conic to the circle 
drcmnscribing any self-con jugate triangle is constant, and sa' + ft* [M. Faure] 
This is merely the geometrical interpretation of the condition 6 =- 0, found (Ex. 4, 
Art 871), or a* + /3^ - r' =r a* 4- ^. The theorem may be otherwise stated thus : 
** Every drde which circumscribes a self -conjugate triangle cuts orthogonally the 
circle which is the locus of the intersection of tangents mutually at right angles." 
For the square of the radius of the latter circle is a* + 6*. 

Ex. 8. The centre of the circle inscribed in every self-conjugate triangle with 
respect to an equilateral hyperbola lies on the curve. This appears by making 
4» = - o« in the condition B' = (Ex. 4, Art. 871). 

Ex. 4. If the rectangle under the segments of one of the perpendiculars of the 
triangle formed by three tangents to a conic be constant and equal to M^ the locni 
of the intersection of perpendiculazi is the circle a^ + ^-=a^ + t^-{-M, For 6 = 
(Ex. 4, Art 871) is the condition that a triangle self-conjugate with regard to tbt 
drde can be circumscribed about 5. But when a triangle if lelf-ooDJngata with 
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regard to a circle, the intersection of perpendiculars is the centre of the circle and 
M is the square of the radius (Ex. 3, Art. 278). The locus of the inteiEection of recfe- 
angular tangents is got from this example hj making JIf = 0. 

Ex. 5. If the rectangle under the segments of one of the perpendicnlais of a 
triangle inscribed in 5 be constant, and = if, the locus of intersection of peipen- 

diculars is the conic concentric and similar with S, 5 = If f -^ + pj [Dr. Hart]. 

This follows in the same way from fV = 0. 

Ex. 6. Find the locus of the intersection of perpendiculars of a triangle inscribed 
in one conic and circumscribed about another [Mr. Bumside]. Take for origin the 
centre of the latter conic, and equate the Talnee of M found from £x. 4 and 5 ; then 
if a\ h' be the axes of the conic S in which the triangle is inscribed, the equation of 

the locus is ar^ + y* — a* — 6' = Tfr iya ^' The locus is therefore a conic, whoee axes 

are parallel to those of 5, and which is a circle when 5 is a circle. 

Ex. 7. The centre of the circle circumscribing every triangle, self-conjugate with 
regard to a parabola, lies on the directrix. This and the next example follow from 
e = 0(Ex. 6, Art. 871). 

Ex. 8. The intersection of perpendiculars of any triangle circnmscribing a para- 
bola lies on the directrix. 

Ex. 9. Given the radius of the circle inscribed in a self -con jugate triangle^ the 
locus of centre is a parabola of equal parameter with the given one. 

376. If two conies be taken arbitrarily it is in general not 
possible to inscribe a triangle in one which shall be circum- 
scribed about the other; but an infinity of such triangles can 
be drawn if the coefScients of the conies be connected by a 
certain relation, which we proceed to determine. Let us suppose 
that such a triangle can be described, and let us take it for 
triangle of reference; then the equations of the two conies 
must be reducible to the form 

8 =a:' + y* + «*- 2y« - 2«a; - 2a7y = 0, 

ff = 2fyz -f 2gzx + 2 Aary = 0. 

Forming then the invariants we have 

values which are evidently connected by the relation ©•«=4A0'.* 




♦ This condition was first given by Prof. Cayley {Philosophical Magctzine^ vol. Ti. 

p. 99) who derived it from the theoiy of elliptic functions. He also proved, in the 

same way, that if the square root of Ar'A + k^Q -I- kQ' + A', when expanded in powers 

of Ar, be A + Bk + C/C*^ + &o.^ then the conditions that it should be poasible to haye 

a polygon of n sides inscribed in U and circumscribing F, are for f» = 8, 6, 7, ^ko. 

respectively 

C7=0, 

I 2), ^ I = 0. Dy Ef F 

= 0, Ac 



C, D 


C, A E 


D,E =0. 


D,E,F 




E, F, G 
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This is an equation of the kind (Art. 371) which is unafFected 
by any change of axes ; therefore, no matter what the form in 
which the equations of the conies have been originally given, 
this relation between their coefficients must exist, if they are 
capable of being transformed to the forms here given. Con- 
Tersely, it is easy to show, as in Ex. 1, Art. 375, that when the 
relation holds 0' = 4^0', then if we take any triangle circum- 
scribing 8j and two of whose vertices rest on ^S*, the third must 
do so likewise. 

Ex. 1. Find the condition that two circles may be such that a triangle can be 
inscribed in one and circumscribed about the other. Let 2/* — H — r^ = &, then the 
condition is (see Ex. 3, Art. 371) 

(G^_r«)« + 4r«((7-r^=0, or ((? + r«)« = 4rV« ; 

whence IJ>* = r^± 2rr^f Euler's well known expression for the distance between the 
centre of the circumscribing circle and that of one of the circles which touch the 
three sides. 

Ex. 2. Find the locus of the centre of a circle of given radius, circumscribing a 
triangle circumscribing a conic, or inscribed in an inscribed triangle. The loci are 
cures of the fourth degree, except that of the centre of the circumscribing circle 
in the case of the parabola, which is a dicle whoso centre is the focus, as is other- 
wise evident. 

Ex. 3. Find the condition that a triangle may be inscribed in S* whose Eides 
touch respectively S + IS\ S + mS', S + nS*, Let 

5 = «« + y« + ««-2(l + JOy«-2(l+tnfl')«:-2(H-nA)ry, 
S' = 2/yz + 2gzx + 2Axy ; 

then it is evident that 8-^ IS' is touched by x, &c. We have then 

A=:-(2 + /^+m^ + fiA)« - 2lmn/gh, 

e = 2 (/+^ + h) (2 + (/•+ m^ + nh) + 2fffh {mn + nl+lm)^ 

e'=-{/+g + h)^-2{l-\-m + n)/gh, A' = 2/ffh, 
Whence, obviously, 

{e - A' {mn + n^ + Im)}^ = 4 (A + hnnA') {0' + A' (^ + w + n)J, 
which is the required condition. 

377. To find the condition that the line \x -\- /jlt/ + vz should 
pass through one of the/our points common to S and 8', This 
is, in other words, to find the tangential equation of these four 
poiuts. Now we got the tangential equation of any conic of 



and for n = 4, 6, 8, &c. are 






= 0, 



I 



E, F, G 

F, G, £1 =0, «fec. 
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tbe system B+kff by writing a + ka\ &c. for a, &c. in the 
tangential equation of Sj or 

S = (Jc-/«)X«+(ca-.9*)/i' + (aJ-A»)/ 

We get thus 2 + A<I> + A*S' = 0, where 

* = (Jc' + J'c- 2/') V + (ca' + c'a - 2^<7') /ia« 

+ (aJ' + a'i - 2AA') v« 4 2 ((^A' +^'A - a/' - a'f) /iv 

+ 2 (A/ 4 A/- J^' - b'g) y\ 4 2 (/^ -{fg - cA' - c'A) X/4. 

The tangential equation of the envelope of this system is there- 
fore (Art. -298)4>* = 422'. But since S-hkS'j and the corre- 
sponding tangential equation, belong to a system of conies 
passing through four fixed points, the envelope of the system is 
nothing but these four points, and the equation <t>" = 42!S' is the 
required condition that the line \x + fiy-{-vz should pass through 
one of the four points. The matter may be also stated thus : 
Through four points there can in general be described two 
conies to touch a given line (Art. 345, Ex. 4) ; but if the given 
line pass through one of the four points, both conies coincide 
in one whose point of contact is that point. Now <!>*= 422' is 
the condition that the two conies of the system 8'\-k8'j which 
can be drawn to touch X2; 4 /^y 4 vzj shall coincide. 

It will be observed that <I> = is the condition obtained 
(Art. 335), that the line \x -i- fij/ -\- vz shall be cut harmonically 
by the two conies. 

378. To find the equation oftlie;four common tangents to ttoo 
conies. This is the reciprocal of the problem of the last Article, 
and is treated in the same way. Let 2 and 2' be the tangential 
equations of two conies, then (Art. 298} 2 4 A; 2' represents tau- 
gentially a conic touched by the four tangents common to the 
two given conies. Forming then, by Art. 285, the trilinear 
equation corresponding to 2 4 A2' = 0, we get 

A/S4JfcF4ife*A'S' = 0, 
where 

P = (jBC"4 5'(7-2i^i^')a;»4(C^'4C'^-2(?6;')y" 

+ {AB' + A'B-'2HH')z^ 

4 2 ( G^i7'4 O'H - AF- AF) yz + 2 {EF+ HF^ BG" BO)zx 

-^2{FG''\^FG"Cir^CH)ay^ 



OP SYSTEMS OP CONICS. 345 

the letters A^ Bj &c. having the same meaning as in Art. 151. 
But AS-\-JcF '\-J^^'8' denotes a system of conies whose en- 
velope is F' = 4AA'iS/?; and the envelope of the system evi- 
dently is the four common tangents. 

The equation F" = 4A A'/SiS', by its form denotes a locus 
touching 8 and 8'j the curve F passing through the points of 
contact. Hence, the eight points of contact of ttno conies with 
their common tangents^ lie on another conic F. Reciprocally, the 
eight tangents at the points of intersection of two conies envelope 
another conic 4>. 

It will be observed that F = is the equation found, Art. 334, 
of the locus of points, whence tangents to the two conies form 
a harmonic pencil.* 

If 8' reduces to a pair of right lines, F represents the pair 
of tangents to S from their intersection. 

Ex. Pind the equation of the common tangents to the pair of conioB 

ax^ + by +«« = 0, a'x* -h by -k- e'z* = 0. 
Here A = bef B-ca, (7= ah, whence 

F = aa' (Ac* + b'c) a?-^bV {ca' + <fa) y" + cc^ {flb' + a'b) t\ 
and the reqoized equation is 

[oaf {b'c + b'e) «■ + W {ca' + c'a) y« + cC {nb' + a'b) ««}« 

= iabca'b'c' {aa? + 6y« + c««) (o V + b'y^ + c'z»), 
whioh IB easily resolved into the four factors 

X 4{aaf {bcTj] ± y J{W' {cayt ± z JK {ab')] = 0. 

378a. If 8 and 8' touch, F touches each at their point of 
contact. This follows immediately from the fact that F passes 
through the points of contact of common tangents to 8 and 8\ 
Similarly if 8 and 8' touch in two distinct points, F also has 
double contact with them in these points. This may be verified 
by forming the F of (»* + 2hxy^ cz* + 2A'a?y which is found to 
be of the same form, viz. 2cchVz^ + 2AA' {cV + ch) xy. 

From what has been just observed, that when 8 and 8' 
have double contact, F is of the form I8^m8\ we can obtain 
a system of conditions that two conies may have double contact. 
For write the general value of F, given Art. 334, 

ax* + b^* + c«' + 2f^« + 2g«aj -|- 2ha;y, 



* I believe I was the first to direct attention to the importance of this conic in 
the theory of two conici. 

YY. 
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then evidently if they have double contact every determinant 
vanishes of the system 



aj b, c, f , g, h 



= 0. 



> * » ft > 

That when S and /S' have double contact, 8^ P and /S' are 
connected by a linear relation, may be otherwise seen, as 
follows : When 8 and 8' have double contact there is a value 
of k for which k8+ 8' represents two coincident right lines. 
Now the reciprocal of a conic representing two coincident right 
lines vani^Hl^ identically. Hence we have 

identically. But the value of ky for which this is the case, is 
the double root of the equation 

Eliminating k between the former equation and the two dif- 
ferentials of the latter we have 2, 2^, 4> satisfying the identical 
relation 

S, <!>, 2' 



3A, 20, 0' 



= 0. 



= 0. 




0, 20', 3A' 

When two conies have double contact their reciprocals have 
double contact also ; and it may be seen without difficulty that 
the relation just written between 2, 2^, 4> implies the following 
between 5, /8', F 

8, -F , ff 
3A, 2A0', 
0', 2A'0, 3A' 

t379. The former part of this Chapter has sufficiently shown 
what is meant by invariants, and the last Article will serve 
to illustrate the meaning of the word covarianU Invariants 
and covariants agree in this, that the geometric meaning of 
both is independent of the axes to which the questions are 
referred; but invariants are functions of the coefficients on!y, 
while covariants contain the variables as well. If we are given 
a curve, or system of curves, and have learned to derive from 
eir general equations the equation of some locus, J7=0, 
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\s'ho8C relation to the given curves is independent of the axes 
to which the equations are referred, U is said to be a covariaut 
of the given system. Now if we desire to have the equation 
of this locus referred to any new axes, we shall evidently arrive 
nt the same result, whether we transfonn to the new axes the 
equation Z7= 0, or whether we transfonn to the new axes the 
equations of the given curves themselves, and from the trans- 
formed equations derive the equation of the locus by the same 
nile that Z/was originally formed. Thus, if we transform the 
equations of two conies to a new triangle of reference, by 
writing instead of a?, y^ Zj 

Ix + my + w«, Tx + my 4 w'«, ?'J5 + m'*y •{ n'z\ 
and if we make the same substitution in the equation 'E^=A:^^88\ 
we can foresee that the result of this last substitution can only 
differ by a constant multiplier from the equation T* = ^^/i'8S\ 
formed with the new coefficients of 8 and 8\ For either form 
represents the four common tangents. On this property is 
founded the analytical definition of covariants. " A derived 
function formed by any rule from one or more given functions 
Is said to be a covariant, if when the variables in all are trans- 
formed by the same linear substitutions, the result obtained by 
transforming the derived differs only by a constant multiplier 
from that obtained by transforming the original equations and 
then forming the corresponding derived." 

380. There is another case in which It Is possible to predict 
the result of a transformation by linear substitution. If we have 
learned how to form the condition that the line \x •{- fiy -\' yz 
should touch a curve, or more generally that it should hold to 
a curve, or system of curves, any relation independent of the 
axes to which the equations are referred, then it is evident that 
when the equations are transformed to any new coordinates, 
the corresponding condition can be formed by the same rule 
from the transformed equations. But it might also have been, 
obtained by direct transfonn ation from the condition first ob- 
tained. Suppose that by transformation \x + fiy-\-vz becomes 

X [Ix + my -{- nz) -{- fJL [Tx -I- m'y + n'z) 4 v {T'x + m,"y + n"«), 
and that we write this X'x + fiy + v'«, we have 
V = ?X + r/A + rv, / = mX 4 w> + m'V, y=n\ + n'fA-^n"y. 
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Solving these equations, we get equations of the form 

x=i\'+i>'+i;'v, /i=ifv+jify+Jfv, v^Nx'-^iTfA'^irv. 

If then we put these values into the condition as first obtained 
in terms of X, |i, v, we get the condition in terms of \\ fi\ y\ 
which can only differ by a constant multiplier from the condition 
as obtained by the other method. Functions of the class here 
considered are called contravariants. Contravariants are like 
covarlants in this: that any contra variant equation, as for 
example, the tangential equation of a conic ( Jc — /') X* + &c. =0 
can be transformed by linear substitution into the equation of 
like form (i c' -/^) X'" + &c. = 0, formed with the coe6Scients 
of the transformed trillnear equation of the conic But they 
differ in that X, |i, v are not transformed by the same rule as 
a;, y, « ; that is, by writing for X, ^ + m^L -\- wv, &c., but by the 
different rule explained above. 

The condition 4> = found. Art. 377, is evidently a contra- 
variant of the system of conies B^ 8'. 

381. It will be found that the equation of any conic co- 
variant with 8 and 8' can be expressed in terms of /S, 8' and F ; 
while its tangential equation can be expressed in terms of 2, 2', <t>. 

Ex. 1. To exprera in terms of 8^ 8*, F the eqnation of the polar conic of 8 with 
xespect to S*» From the nature of covarianta and inyariante, any relation found con- 
necting these quantities, when the equations are referred to any axes, must remain 
true when the equations are transformed. Wc may therefore refer 8 and 8* to their 
common self -con jugate triangle and write 8 =r ox* + fty* + cz\ fi' = »* + y* + «*. It 
will be found then that P = a (6 + c) x* + d (c + a) ^ + c (a + 6) «*. Now since the 
condition that a line should touch 8 is bc\* -f ca/i^ + abv^ = 0, the locus of the poles 
with respect to jS' of the tangents to iS is bca^ + cat/^ -f abz' = 0. But this may be 
written (^ + ca + a*) (x* + y* + «*) = P. The locus is therefore (Ex. 1, Ait. 871) 
08* = P. In like manner the polar conic of S' with regard to iS is B*8 = P. 

Ex. 2. To express in terms of 8, ^, P the conic enveloped by a line cut har^ 
mouically by 8 and 8*. The tangential equation of this conic ^ = is 

{b + c) X« + (c + a) ^» + (a + *) »• = 0. 
Hence its trillnear equation is 

(c + o) (o + 6) «• + (o + 6) (6 + c) y« + (c + a) (6 + c) si* = 0, 
or (6c + CO + a4) 0»« + y» + ««) + (a + 6 + c) (a«« + V + «*) - F = 0, 

or e5' + e'i8f-P = 0. 

Ex. 8. To find the condition that F should break up into two right lines. It is 
abc{b + c)[c + a) (a + 6) = 0, or oftc {(a + 6 + c) (6c + co + a*) - abe} = 0, 
or AA' (eO' - AAO = 0. 

which is the required formula. 09' = AA' is also the condition that ^ should break 
up into factors. This condition will be found to be satisfied in the case of two dicks 
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which cnt at right anglesi in which cape any hne through either centre is cut hor- 
nonically by the circlcB, and the locus of joints whence tangenta form a harmonic 
pencil also zednces to two right lines. The locus and envelope will reduce similarly 
If i>« = 2(r« + 0. 

Ex. 4. To reduce the equations of two conies to the forms 

ic' + y* + «* = 0, ox* + V + <^^* = 0. 
The coDBtanta a, 6, e are determined at once (£z. 1, Art. 871) as the roots of 

Ak» - eA« + e'k - A' = 0, 
And if wo then solve the equations 

a» + y» + «* = 5, oa^ + i^ + C2« = 5', a (6 + c) x» + 4 (c + a) i^« + c (a + J) «« = p, 
we find a*, y*, e* in terms of the known functions 5, S*, P. Strictly six?aking, we 
ought to commence by dividing the two given equations by the cube root of ^, since 
we want to reduce them to a form in which the discriminant of 8 shall be 1. But it 
will be seen that it will come to the same thing if leaving S and S' unchanged, we 
calculate P from the given coefficients and divide the result by A. 

Ex. 5. Beduce to the above form 

Sjc* - 6ay + 9y* - 2 jr + 4y = 0, 6ar* - Ury + 8^« - 6j? - 2 = 0. 

It is convenient to begin by forming the coefficients of tlic tangential equations 

A, By &c. These are -4, -1, 18j -8, 8, -2; -16, -19, -9; 21, 24, -14. 

We have then 

A = -9, = -64, e'=r-99, A' = -54, 

whence a, b, c are t, 2, 8. We next calculate P which is 

- 9 (23x« - bOxy + 44y' - l&r + 12y - 4). 
Writing then 

X«+ r«+ Z«= 8a»- &cy+ 9y«- 2x+ 4y, 

A'« + 2F« + 3Z«= 5x«-14ay+ 8y«- 6a:- 2, 

6X* + 8r» + 9Z« = 28x» - SOiy + 4 V - 18x + I2y - 4. 

Wegctfrom 65+ 5'- P, X«= (8y+l)«, 

from P - 85 - 25*. r» = (2a; - y)«, 

from 25 + 85*- P, Z« = - (x + y + 1)«. 

Ex. 6. To find the equation of the four tangents to 5 at its intersections with 5^. 

Ans, (65 - A50« = 4 A5 (0'5 - P). 

Ex. 7. A triangle is circumscribed to a given conic ; two of its vertices move on 
fixed right lines Xx + fty + vz, \'x + fi'y -k-v*z; to find the locus of the third. It was 
proved (Ex. 2, Art. 272) that when the conic is z^ — ary, and the lines ax — y, bx — y, 
the locus is (a + by {z* — ary) = (a — by z-. Now the right-hand side is the square of 
the polar with regard to 5 of the intersection of the lines, which in general would be 

P = (aj; + Ay+y5)(Mir'-/i/) + (Aa; + *y+/2)(i'V-v'\) + (yx+/y + c«)(V-\» = 0, 

and a + 6 = is the condition that the lines should be conjugate with respect to 5, 
which in general (Art. 873) is O = 0, where 

= AXX + Bfifi' + Cvu' + F{ny' + fi'v) + G (vX' + v'X) + 77 (X/ + X» = 0. 
The particular equation, found Art. 272, must therefore be replaced in general by 

0«£7+AP2 = O. 

Ex. 8. To find the envelope of the base of a triangle inscribed in 5 and two of 
whose sides touch 5'. 

Take the sides of the triangle in any position for lines of reference, and let 

S = 2 ifyz + gzx + Axy), 
5' = »« + y* + «• - 2y2 - 2«af - 2ay - 2hkxy, 
where K and y are the lines touched by 5^. Then it is obvions that kS-^ S* will b« 
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touched by the third side s, and we shall show by the invariants that this is afxed 
conic. We have 

L = %fgh, e = -(/+^ + A)«-2/jrAA:, e' - 2 (/+ «7 + A) (2 + A*), A' = -(2 + AA)^ 
whence 0** — 46 A' = ^A^'k^ and the equation AriS + <8' = may be written in the form 

(e'2 - 46^0 S + 4AA'5' = 0, 
which therefore denotes a fixed conic touched by the third side of the triangle. It 
is obvious that when B'^ = 40A' the third side will always touch 6'. 

Ex. 9. To find the locus of the vertex of a triangle whose three sides touch a 
conic U and two of whose vertices move on another conic F. We have slightly 
altered the notation, for the convenience of being able to denote by XJ* and V the 
results of substituting in V and V the coordinates of the vertex x'%fi^. The method 
we pursue is to form the equation of tlie pair of tangents to U through o^ifz' ; then 
to form the equation of the lines joining the points where this pair of lines meets K; 
and, lastly, to foim the condition that one of these lines (which must be the base 
of the triangle in question) touches V, Now if P be the polar of x'\fz\ the pair of 
tangents is UV* — P*. In order to find the chords of intersection with V of the pair 
of tangents, we form the condition that VV - P* + X F may represent a pair of lines. 
This discriminant will be found to give us the following quadratic for determining \ 
X'A' 4- XP* + A i/^' F' = 0. In order to find the condition that one of these chords should 
touch I/, we must, by Art. 372, form the discriminant of /ni7'+ {JJU' — P* + XT), and 
then form the condition that this considered as a function of ft should have equal 
roots. The discriminant is 

Ai'A + M (2cr'A + xe) 4- {cr'«A + X (ef^' + af') + x^e'}, 

and the condition for equal roots gives 

X (4Ae' - e«) + 4A«r' = o. 

Substituting this value for X in X'A' + XF' + A£/^T', we get the equation of the 

required locus 

16A»A'F- 4A (4Ae' - e«) F+ IT (4 AG' - G^)' = 0, 

which, as it ought to do, reduces to F^hen 4i^0' = 6*.* 

Ex. 10. Find the locus of t^e vertex of a triangle, two of whoee sides touch U^ 
and the third side a 27 4- 6 F, while the two base angles move on F. It is found by 
the same method as the last, that the locus is one or other of the conies, touching 
the four common tangents of U and F, 

AA'X«F + XfiP + iL^U^ 0, 
where X : /u is given by the quadratic 

a (oA - /3a) X« + a (4 Aa + 29*) X^ - ^/i*« = 0, 
where . a = 4A A', /9 = O* - 4Ae'. 

Ex. 11. To find the locus of the free vertex of a polygon, all whoee sides touch XJ^ 
and all whose vertices but one move on F. This is reduced to the last ; for the line 
joining two vertices of the polygon adjacent to that whose locus is sought, touches 
a conic of the form aV-'tbV, It wiU be found if X', /i'j X", /x"; X'", /*'" be the 
values for polygons of n — 1, ti, and n 4- 1 sides respectively, that X"' = /uV''f 
/I*"' = A'X'X" (a/ii" - A'/3X"). In the case of the triangle we have X' = a, /*' = A'/3; 
in the case of the quadrilateral X" = /S', fi" = a (4Aa 4- 2/96), and from these we can 

• The reader will find {Qaarierly Journal of Mathematics^ vol. I. p. 844) a dia- 
cuBsion by Prof. Cayley of the problem to find the locus of vertex of a triangle drcum- 
Bcribing a conic Sj and whose base angles move on given curves. When the curves 
are both conies, the locus is of the eighth degree, and touches 8 at the points wbero 
it is met by the polars with regard to ^ of the intersections of the two conies. 
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find, step by step, the yalues for every other polygon. (See Philosophical Magazine^ 
vol. XIII. p. 837). 

Ex. 12. The triangle formed by the polars of middle points of sides of a given 
triangle with regard to any inscribed conic has a constant area [M. Fanre]. 

Ex. 13. Find the condition that if the points in which a conic meets the sides of 
the triangle of reference be joined to the opposite vertices, the joining lines shall form 
two sets of three each meeting in a point. An$» abc — ygh — af* — hg'^ — ck^ = 0, 

382. The theory of covarlants and invariants enables us 
readilj to recognize the equivalents in trillnear coordinates of 
certain well-known formulas in Cartesian. Since the general 
expression for a line passing through one of the imaginary 
circular points at infinity is a;±yV(— l) + c, the condition that 
Xj; + /Lty + V should pass through one of these points is X' + fi*= 0, 
In other words, this is the tangential equation of these points. 
If then 2 = be the tangential equation of a conic, we may 
form the discriminant of S + A; (X* + /a*). Now it follows from 
Arts. 285, 286, that the discriminant in general of 2 + k^ is 

But the discriminant of S + i (X* + /a*) is easily found to be 

If, then, in any system of coordinates we form the invariants 
of any conic and the pair of circular points, 0' =» is the con* 
dition that the curve should be an equilateral hyperbola, and 
= that it should be a parabola. The condition 

(a + J)» = 4(aJ-A«), or (a - J)* + a* = 0, 

must be satisfied if the conic pass through either circular point ; 
and it cannot be satisfied by real values except the conic pass 
through hoth^ when a = 6, A = 0. 

Now the condition X' + */a'' = 0* implies (Art. 34) that the 
length of the perpendicular let fall from any point on any line 
passing through one of the circular points is always infinite. 
The equivalent condition in trilinear coordinates is therefore 
got by equating to nothing the denominator in the expression 



• This condition also implies (Art. 25) that every line drawn through one of these 
two points is perpendicular to itself. This accounts for some apparently in-elevant 
factors which appear in the equations of certain lod. Thus, if we look for the equa- 
tion of the foot of the perpendicular on any tangent from a focus a/?, (x -* a)^ + (y - /8)* 
will appear as a factor in the locus. For the perpendicular from the focus on either 
tangent through it coincides with the tangent itself. This tangent therefore is part 
of the locus. 
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for the length of a perpendicular (Art. 61). The general tan- 
gential equation of the circular points is therefore 

X" + /A*+ V* -2/AV C084 — 2v\ COSjS— 2\/C4 C080=0. 

Forming then the and 0' of the system found by combining 
this with any conic, we find that the condition for an equilateral 
hyperbola & = 0, is 

a + J + c-2/co8^-25r C085-2A cosO^O; 

while the condition for a parabola = 0, is 

A sinM + B sin'jB+ (7 sin* (7+ 2F sin B sin G 

+ 2 (7 sin C sin^ + 2H sin^ sin£ = 0. 

The condition that the curve should pass through either circular 
point is 0'* = 40, which can in various ways be resolved into a 
sum of squares. 

383. If we are given a conic and a pair of points, the 
covariant F of the system denotes the locus of a point such 
that the pair of tangents through it to the conic are harmoni- 
cally conjugate with the lines to the given pair of points. 
When the pair of points is the pair of circular points at in- 
finity, F denotes the locus of the intersection of tangents at 
right angles. Now, referring to the value of F, given Art. 378, 
it is easy to see that when the second conic reduces to X' -f /t' ; 
that is, when A'=^B'=lj and all the other coefficients of the 
tangential of the second conic vanish, F is 

(7(a;" + /)-2ffaj-22?'y + ^ + ^ = 0, 

which is, therefore, the general Cartesian equation of the locus 
of intersection of rectangular tangents. (See Art. 294, Ex.). 

When the curve is a parabola C7=0, and the equation of the 
directrix is therefore 2{0x + Fy) =A + B, 

The corresponding trilinear equation found in the same way is 

{B-\-Ci-2FcosA)x*-^[C+A+20cosB)y*+{A-^B-\-2HcosC}z'' 
-\-2{A coaA -F-G cosG-n cos B) yz 
+ 2 (B cosJ?-(7 ^HgosA-F cosG)zx 
+ 2 (C cos (7 - JI- i^'cosB- (? cos4) ary = 0, 
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It may be Bbown, as in Art. 128, that this represents a circle, 
hy throwing it into the form 

{mmnA+!,BinB+z,mC)i^ ^^ x + ^^ y 

. ^+^2Jrcos(7 \ f ' A, ' T>, ' n\ 

+ riSO 'r sin^sinJBsing ^^^^'^^-^^^^^-^^^ ^^' 

where O = is the condition (Art. 382) that the curve should 
be a parabola. When = 0, this equation gives the equation of 
Ae directrix. 

884. In general, 2 + kl! denotes a conic touching the four 
■tai^gents common to 2 and 2'; and when k is determined so 
jBiat 2 + A2' represents a pair of points, those points are two 
Of^osite vertices of the quadrilateral formed by the common 
tangents. In the case where 2' denotes the circular points at 
r, when 2 + A: 2' represents a pair of points, these points 

the foci (Art. 258a). If, then, it be required to find the foci 
of a conic, given by a numerical equation in Cartesian coordi- 
aateBi we first determine k from the quadratic 

(ai-TA»)A» + A(a + J)A+ A* = 0. 

Then, substituting either value of A; in 2 + A; (X" + ft*), it breaks 

t^ into factors (Xo:' + fiy' + vz') (Xo?" + fiy" + vz") ; and the foci 

a! V* x" v" 
•» -^ I ^ ; -77 , ^ . One value of k gives the two real foci, 
a z z z 

Md the other two imaginary foci. The same process is appli- 
cable to trilinear coordinates. 

^ In general, 2 4 A; (X* + /x*) represents tangentially a conic 
Mofocal with the given one. Forming, by Art. 285, the corre- 
i^nding Cartesian equation, we find that the general equation 
of a conic confocal with the given one is 

AiS+A{C(aj" + y')-2Gx-.2F^ + -4+5} + i' = 0. 

Kfom this we can deduce that the equation of common 
tangents is 

{C{a?'\'y')^20x^2Fi, + A-\-BY = i^8. 

By resolving this into a pair of factors 

{{X - ay +{y- /3)') [{X - a')' + (.y - /S')*}, 

.we can also get a, /3; a, fi' the coordinates of the foci. 

zz. 




\ 
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Ex. 1. Find the foci of 2x« - 2ary + 2^ - 2a; - % + 11. The quadratic here fe 
dk* 4- 4kjl + A« = 0, whose roots areib = -A, ife=:- ^^ But A = - 9. XTfiing ths 
Talue k = 3y 

6X« + 21/ii« + 8i;2 + 18/uir + 12irX + dOXfi + 8 (\« + ^«) = 8 (X + 2^ + If) (8X +4fi + »), 

showing that the fod are 1, 2; 8, 4. The value 9 gives the imaginary foci 
2 ± 4(- 1), 8 + 4(- 1). 

Ex. 2. Find the coordinates of the focus of a parahola given by a Cartesian 
equation. The quadratic here reduces to a simple equation, and we find that 

(a + b) {AK^ 4- -B/i« + 2Ffuf + 2Gv\ + 2H\f>} - A (X« + fi^ 

is resolvable into factors. But these evidently must be 

The first factor gives the infinitely distant focus, and shows that the axis of the curve 
is parallel to Fx — Gy, The second factor shows that the coordinates of the focus 
are the coefficients of X and fi in that factor. 

Ex. 8. Find the coordinates of the focus of a parabola given by the tiifineat 
^nation. The equation which represents the pair of foci is 

GT = A (\« + /u» + 1^ - 2/ttj/ oofl-4 - 2i;X ooe-B - 2Xfi cos C). 

But the coordinates of the infinitely distant focus are known, from Art. 293^ since it 
is the pole of the line at infinity. Hence those of the finite focus are 

Q'A A e^5 - A_ 

ilsin-l + ifsin^+GsinC* I£ajiA + B aiaB + FainC 

O'C-^A 

G sin ii + /" sin i/ + C sin C" 

385. The conditioa (Art. 61} that two lines should be 
mutually perpendicular, 

XX' + /A/t' + v/ - (/t/ + /tV) cos ^- (kV+ v\) cos B 

- {\fi + XV) cos C = 0, 

is easily seen to be the same as the condition (Art. 293) that 
the lines should be conjugate with respect to 

X' + /A* + v*-2/iAvcos-4 -2vX co8B-2X/acos (7=0. 

The relation, then, between two mutually perpendicular lines is 
a particular case of the relation between two lines conjugate 
with regard to a fixed conic. Thus, the theorem that the three 
perpendiculars of a triangle meet in a point is a particular 
case of the theorem that the lines meet in a point which join 
the corresponding vertices of two triangles conjugate with re- 
spect to a fixed conic, &c. It is proved [Oeometry of Three 
Dimemions^ Chap. IX.) that, in spherical geometry, the two 
imaginary circular points at infinity are replaced by a fixed 
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imaginary conic ; that all circles on a sphere are to be considered 
as conies having double contact with a fixed conic, the centre 
of the circle being the pole of the chord of contact ; that two 
lines are perpendicular if each pass through the pole of the 
other with respect to that conic, &c. The theorems then, which, 
in the Chapter on Projection, were extended by substituting, 
for the two imaginary points at infinity, two points situated 
anywhere, may be still further extended by substituting for 
these two points a conic section. Only these extensions are 
theorems suggested, not proved. Thus the theorem that the 
intersection of perpendiculars of a triangle inscribed in an 
equilateral hyperbola is on the curve, suggested the property 
of conies connected by the relation 0=:O| proved at the end 
of Art. 375. 

It has been proved (Art.306) that to several theorems concern*^ 
ing systems of circles, correspond theorems concerning systems 
of conies having double contact with a fixed conic. We give 
DOW some analytical investigations concerning the latter class 
of systems. 

886. To farm the condition that the line Xa; + /u,y + vz may 
touch 8+ (Vx -f fiy + v'z)\ We are to substitute in 2, a + X'*, 
b + /a'*, &c for a J J, &C. The result may be written 

2 + {a {fiv^ - f/vY + &c. j = 0, 

where the quantity within the brackets is intended to denote 
the result of substituting in iS /ia/ - fi\ fX' - /X, X/a' - XV for 
a?, y, z. This result may be otherwise written. For it was 
proved (Art. 294) that 

{aa? + &c.) {aar" + &c.) - {axx' + &c.)' ^Aiyg^-^ rfz)^ + &c. 

And it follows, by parity of reasoning, and can be proved in 
like manner, that 

(^X* + &c.) (ilX'" + &c.) - (^XX'+ &c.)« = A {a (m/- /aV)'+ &c.}, 

where ^XX'+&c. is the condition that the lines Xa? 4 /lAy + v;5, 
>!x + iLy + Vz may be conjugate ; or 

^XX'+ £/i/+ CvV + i^(/ii/+ /f) + G (vV+ v'X) + fi^(X/+ X».5 
If then we denote A\'^ + &c. by 2', and ^XX' + &a by II 
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and if we substitute for a (/ti/ — /liV)' + &c. the yalne just found, 
the condition previously obtained may be written 

(A+sos-n'=o. 

If we recollect (Art 321) that X, fi, v may be considered as 
the coordinates of a point on the reciprocal conic, the latter 
form may be regarded as an analytical proof of the theorem 
that the reciprocal of two conies which have double contact is a 
pair of conies also having double contact. This condition may 
also be put into a form more convenient for some applications, if 
instead of defining the lines Xx + /u.jy -f vz^ &c. by the coefficients 
X, fij V, &C., we do so by the coordinates of their poles with re- 
spect to iS, and if we form the condition that the line F^ may touch 
/ff + P"*, where P' is the polar of afy'z\ or asca^ -f &c Now the 
polar of aj'yV will evidently touch 8 when a;'y V is on the curve ; 
and in fact if in 2 we substitute for X, /a, v ; S^J iS,, 8^ the coeffi- 
cients of x^y^ z'm the equation of the polar, we get ^8". And 
again two lines will be conjugate with respect to Sj when their 
poles are conjugate ; and in fact if we substitute as before for 
X, fiyv'mU we get a£, where B denotes the result of substituting 
the coordinates of either of the points x'yV, aj'V V, in the 
equation of the polar of the other. The condition that P^ should 
touch 5+ P'* then becomes (1 + 5") 5^ = -B". 

387. To find the condition that the two conxcs 

should touch each other. They will evidently touch if one of 
the common chords (X'aj + /t'y + vz) ± (X''a? + /A^y + Vz) touch 
either conic. Substituting, then, in the condition of the last 
Article X' ± X" for X, &c., we get 

(A + s') (s' ± 2n + 2") = (r ± n)*, 

which reduced may be written in the more symmetrical form 

(A + 2') (A + 2") = (A ± U)\ 
The condition that iS+P^ and iS+P''* may touch is found 
from this as in the last Article, and is 

(i + fi')(i + firo = (i±iir- 

Ex. 1. To drftw a oonio having double contact with 8 and touching thiee given 
conicB 8-\-P^,8 + P"«, 8 + P"'', also having double contact with 8, Let ae;ys be the 
coordinates of the pole of the chozd of contact with 8 of the sought conic 8 + P*, 
then we haw 
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where fhe reader will observe that 8*, ST, ff" are known constants, hut 8, P*, Ac. 
iiiTolTe the coordinates of the sought point xyz. If then we write 1 + i9 = if , Ac, 

It is to be obeenred that P*, P", P"' might each have been written with a doable 
•ign, and in taking the square roots a double sign may, of couraef be given to 
if. k^f 1^\ It will be found that these varieties of sign indicate that the problem 
admits of thirtjr>two solutions. The equations last written give 

i? (A* - *^ = P* - P" J * (*" - *'") = P" - P"' J 

whence eliminating i^ we get 

F (*" - O + P" (i*^ - jfcO + P"' (A' - jfc") = 0, 

the equation of a line on which must lie the pole with regard tx> S of the chord 
of contact of the sought conic. This equation is evidently satisfied by the point 
P" = P^ = P"*, But this point is evidently one of the radicttl cetare* (see Art.SUG) 
of the conies 5 + P^, S-^P"^, 5 + P^'». 

P* P" P"' 

The equation is also satisfied by the point V ^"U* ^ "pit - In order to see the 

geometric interpretation of this we remark that it may be deduced from Art. 386 
that the tangential equations of S + P*^, 8 + P"^ are respectively 

(I + iS*) 2 = A (Xx'+ /uy' + ^zy, (1 + 5") r = A (Xx" + /i*y" + 1«'0«. 

_ \x' -♦- fif/ + 1/3' Xx" + fiy" + vtT 
HcDoe -j^^ ± Y> 

repre s en t points of intersection of common tangents to ^ + P'*, 8 + P"*, that is to 

x* x" 
aagr, the coordinates of these points are p ± p-, , Ac, and the polars of these points, 

p# pit jy pii jiin 

with respect to *5, are p ± pr . It follows that 17 = jp = Uii denote the pole, with 

respect to <9, of an axis of similitude (Art. 806) of the three given conies. And the 

theorem we have obLained is, — the pole of the fought chord of contact lies on ons 

qf the lines Joining one oj the four radical centres to the pole, with regard U> S^of 

one of the four ares of similitude. This is the extension of the theorem at the end 

of Art. 118. 

To complete the solution, we seek for the coordinates of the point of contact of 

S + F* with 8 + P^. Now the coordinates of the point of contact, which is a centre 

X x' k 

of similitude of the two conies, being t — p, ^c., we must substitute x + p, x* for 

m, Ac. in the equations kk' = I + P', ^c, and we get 

**' = l + P' + piS'; *A"=I + P" + pi2; A-A'" = l + P"' + pi2', 

where i?, iZ* are the results of substituting x"y"«", x*"}f"^" respectively in the polar 
of xy**. We have then 

jfe(ife'-jfc") = ^-^' + p('S'--R); *(*'-A"0 = P'-P"' + p(iS'-ir), 
whence eliminating A*, we have 

^{*--f-(-"-F)}--{*"'-f-(*'-F)}-^"{*'-?-(*"-f)}. 

the equation of a line on which the sought point of contact must lie; and which 
mdnUy joins a radical centre to the point where P', P", P"* are respectively pro- 
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portional to *'-p, *"-^,*"'-p^, orto 1, ifc'*"-22, *'*"'- JT. But if 

form the equations of the polan, with respect to 8 + P^, of the three oentres of 
similitude as aboye, we get 

showing that the line we want to construct is got by joining one of the fottr ndical 
centres to the pole, with n^pect to S + P^, of one of the four axes of similitade. 
This may also be derived geometrically as in Art. 121, from the theorems proved. 
Art. 306. The sixteen lines which can be so drawn meet 8 -k- P^ in the thirty-two 
points of contact of the different conies which can be drawn to fulfil the conditioDS 
of the problem.* 



* The solution here given is the same in substance (though somewhat simplified 
in the details) as that given by Prof. Cayley, Crelle, vol. XXXIX. 

Prof. Casey {Proceedings of the Royal Irish Academy, 1866) has arrived at another 
solution from considerations of spherical geometry. He shows by the method used, 
Art. 121 (a), that the same relation which connects the common tangents of four circles 
touched by the same fifth connects also the sines of the halves of the common tan- 
gents of four such circles on a sphere; and hence, as in Art. 121 (6), that if the 
equations of three circles on a sphere (see Geometry of Three Dimensions, chap. IX.) 
be 5 - X" = 0, 5 - i/« = 0, /8f - JV» = 0, that of a group of circles touching all three 
will be of the form 

J{\ (5* - L)} + J{m (-S* - iO} + Jl" (5* - iNO) = 0. 

This evidently gives a solution of the problem in the text, which I hare airived 
at directly by the following process. Let the^ conic 8 be ar* + y' + «', and let 
Z = 4t + my + na, M= I'x + m'y + n'z ; then the condition that 8 — L\ 8^ M* 
should touch is (Art. 887) {I - 8^) {I - 8") = {i - JC)'^, where 5* = P + m« + «», 
8"= r«+m'«+n'«, R= ir-Hnm'+nn*. I write now (12) to denote J( l-5')(l-5") -- (1 - jR). 
Let us now, according to the rule of multiplication of determinants, form a deter- 
minant from the two matrices containing five colunms and six rows each. 



1, 0, 0, 0, 

1, /, m, «, J(l-5') 

1, r, «', 11', j(i-n 

1, r, m", n", 4(1 - 8'") 

1, n m"\ n"\ 4(1 - 8,) 

1, l^, m^J n^, J(l - 5») 



0, 0, 0, 0, 1, 

- 1, /, m, n, J(l - 50, 
-1, r, m', n', J(i-5"), 

- 1, r', m", «", J(l - 8'"), 

- 1, r\ m'", 11'", 4(1 - 8,), 

- 1| hi *"if **«> 4{^ " ^a)' 



The resulting determinant which must vanish, since there are more zowb than 
columns, is 

0, 1, 1, 1, 1, 1 

4(1 - 50, 0, (12), (18), (14), (15) 

4(1 - S"), (12), 0, (28), (24), (26) 

4(1 - S'")y (18), (28), 0, (34), (35) 

^(1 - 8,\ (14), (24), (34), 0, (45) 

4(1 - 5.), (15), (25), (85), (45), =0, 

an identical relation connecting the invariants of five conies all having double contact 
with the same conic 8, Suppose now that the conic (5) tOQcha the otber Icmi^ 



OF SYSTEMS OP CONICS. 359 

Ex. S. The four oonics having donble contact with a given one S, which can be 
drawn through three fixed points, are all touched by f onr other conies also having double 
oontact with i9.« Let 

8 = a^ + y^ -^ i^ " 2yz ooaA — 2zx coa B — 2xy coa C, 
then the four oonics are 8={x±y± z)^ which are all touched by 

5 = {« ooa(5 - C) + y cos (C- il) + « cos (-4 - B)}\ 

and by the three others got by changing the sign of A, B, or C^ in this equation. 

Ex. 8. The four conies which touch x, y^ z, and have double contact with 8 are 
all touched by four other oonics having double contact with 5. Let if = ^ (^ + £ + C), 
then the four oonics are 

£r= {« 8in(Jf - A) + y 8in(if- ^) +« sin (If- 0]\ 

together with those obtained by changing the sign of A, ByOiC in. the above ; and 
one of the touching conies is 

^y _ fg sin ^ B sin ^C , y ur\C Em^A « sin Jil sin i©)* 
i sin"M' ~ rinfS "'" dnlC j' 

the others being got by changing the sign of j?, and at the same time increasing B 
andCby 180°, Ac 

Ex. 4. Find the condition that three oonics U, V, W shall all have double contact 
with the same conic. The condition, as may be easily seen, is got by climinaling 
X, ^ V between 

AX» - exv + e'X/u* - ^y = 0, 

and the two corresponding equations which express thatftP- vTT, vFT—XlT' break 
up into right lines. 

then (15), Ac vanish ; and we learn that the invariants of four conies all having 
doable contact with 8 and touched by the same fifth are connected by the relation 

0, (12), (13), (14) 
(12), 0, (23), (24) 
(18), (28), 0, (84) 
(14), (24), (84), =0, 

or ^{(12) (84)} ± J{(18) (24)} ± J{(14) (23)} = 0. 

We may deduce from this equation as follows the equation of the conic touching 
throe others. If the discriminant of a conic vanish, j9 = 1, and then the condition of 
contact with any other reduces to 72 = 1. If, then, a. /?, y be the coordinates of any 
point satisfying the relation ^S — L» = 0, or «* + y* + «« - (/j; + my + nzY = 0, then 

oar + )8y + 7? 1 » _ 






evidently denotes a conio whose discriminant vanishes and which touches S — Z*. 
If, then, we are given three conies 8 — L\ 8 — M\ 8 — N\ take any point a, /3, y 
on the conic which touches all three and take for a fourth conic that whose equa- 
tion has just been written, then the functions (14), (24), (34) are respectively 

1 - -j7-I» , 1 — -TTrrr , 1 — „ ^yc i and we see that any point on the conic touching 
4\c>) 4\b) 4{sy) 

all thi-ce satic^fies the relation 

J[(23) U(5) - Z}] ± J[(3l) W(5f) -mit J[(12) U{S) - N\] = 0. 

* This is an extension of Feuerbach*s theorem (p. 127), and itself admits of 
further extension. See Quarterly Journal of Mathematics, voL vi. p. 67. 
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388. The theory of invariants and covariants of a system 
of three conies cannot be fully explained without assuming some 
knowledge of the theoiy of curves of the third degree. 

Oiven three conies U, F", W^ the locus of a point whose polars 
toiiJi respect to the three meet in a point is a curve of the third 
degree^ which we call the Jacobian of the three conica. For we 
have to eliminate x^ y^ z between the equations of the three 
polars 

u^x-\- Z7^+ u^z=o, F,a+ r^+ r,«=o, w^x^- Tr^+ tf,«=o, 

and we obtain the determinant 
1J^{y,W,-V,W,)^U,{V,W,-V,W,)-^U,{V,W,-V,W,) = 0. 

It is evident that when the polars of any point with respect to 
U^ V^ W meet in a point, the polar with respect to all conies of 
the system ZZ7 + wF+wTF will pass through the same point. 
If the polars with respect to all these conies of a point A on 
the Jacobian pass through a pomt B^ then the line AB is cat 
harmonically by all the conies; and therefore the polar of B 
will also pass through A. The point B is, therefore, also on 
the Jacobian, and is said to correspond to A. The line AB 
is evidently cut by all the conies in an involution whose foci 
are the points A^ B, Since the foci are the points in which two 
corresponding points of the involution coincide, it follows that 
if any conic of the system touch the line AB^ it can only be 
in one of the points A^B) or that if any break up into two 
right lines intersecting on AB^ the points of intersection must 
be either A or B^ unless indeed the line AB be itself one of 
the two lines. It can be proved directly, that if lU-{- m F+ n W 
represent two lines, their intersection lies on the Jacobian. 
For (Art. 292) it satisBes the three equations 

lU^ + mV, + nW^=^0, lU^-\-mV^+nW^:=^0^ Zir,+ wF,+ fiTr, = 0; 

whence, eliminating Z, m, n, we get the same locus as before. 
The line AB joining two corresponding points on the Jacobian 
meets that curve in a third point ; and it follows from what 
has been said that AB is itself one of the pair of lines passing 
through that point, and included in the system ZZ7+ mF+ nWi 
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The general equation of the Jacobian is 

(a/r ) 7f + {hhT) »" + [<fgl «■ 

where {agfV) &c. are abbreviations for determinants. 

Bx. 1. nuongh lonr pointa to dnw » oonie to touch » giyen oonic W, Let the 
four polnti be the intenection of two conies U, V\ and it is evident that the problem 
admits of six solations. For if we substitute a + ka^f Ac. for a in the condition 
(Art. 872) that U and W should touch each other, A, as is easily seen, enters into 
the result in the sixth degree. The Jacobian of £7, F, W intersects IT in the six 
points of contact sought. For the polar of the point of contact with regard to W 
being also its polar with regard to a conic of the form X(7+ /aK passes tlm>u^ the 
Intecaectaon of the polan with regard to CTand F. 

Ex. 8. If three conies hare a common self-conjugate trianglCi their Jacobian 
is three right lines. For it is verified at once that the Jacobian of aa^ + dy* + cs^y 
tf*** + 6y + €'««, o"x« + 6V + c"** is ary« = 0. 

Bx. 8. If three conies haye two points common, their Jacobian consists of a Une 
and a oonic through the two points. It is eyident geometrically that any point on 
the line joining the two points fulfils the conditions of the problem, and the theorem 
can easQy be Terified analytically. In particular the Jacobian of a system of three 
dxolfls is the circle cutting the three at right angles. 

Ex. 4. The Jacobian also breaks up into a line and conic if one of the quantities 
iff be a perfect square £*. For then L is a factor in the locus. Hence we can describe 
four conies touching a giyen conio 8 at two giyen points (5, L) and also touching Sfi 
the intersection of the locus with. Bf' determining the points of contact. 

When the three oonics are a oonic, a circle, and the square of the line at infinity, 
the JaooUan passes through the feet of the normals which oan be drawn to the conio 
fhroagh the oentce of the dzde. 

388 (a). We return now to the theory of two conies which 
it was not possible to complete until we had explained the 
nature of Jacobians. We have seen that a system of two conies 
£^1 8^ has four invariants A, 0, <d\ A^, and a covariant conic F| 
but there is beades a cubic covariant. In fact, the covariant 
conic F has a common self-conjugate triangle with 8^ B^ 
(Art. 381, Ex. 1), therefore (Art. 388, Ex. 2) if we form J the 
Jacobian of 8^ £^, F we obtain a cubic covariant, which, in fact, 
represents the sides of the common self-conjugate triangle of 8 
«nd j8^. It appears from (Art, 378a) that J vanishes identi- 
cally if 8 and 8' have double contact. We have given (Art. 381, 
Ex. 4) another method of obtaining the equation of the 
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of the common self-conjugate triangle, and if we compare tbe 
results of tbe two methods, we get the identical equation 

/« = p» - F» (0fif' + &S) + F ( A'0S' 4 A0'5'») 

+ TSS' (00' - 3 A A') - A^A/S* - A'A'iS^ 

+ A' (2 A0' - 0'') S'S' H- A (2 A'0 - 0'*) Sis'"- 

Thus we see that a system of two conies has, besides the four 
invariants, four covariant forms /8, fi", F, «/, these being con- 
nected by the relation just written. In like manner, there are 
four contravariant forms 2, 2', <t>, F, where the last expresses 
tangentially the three vertices of the self-conjugate triangle, its 
square being connected by a relation, corresponding to that just 
written, between 2, 2', 4> and the invariants. 

Ex. 1. Write down the 12 forms for the conies a* + ^* + «', a** + ^ + cs*. 
An$. A = 1, e = a 4- 6 + c, B' — be + ca + €ibf A' = abCf 

5 = a:^ 4- y2 4- «2, S' =i ax^ -i- bjf^ + cz\ F=a(6 + c)a«+6(c+a)y«+<?(a+6)«*, 

J={b^c) (c-a) {a- b) ryz, 

£ = X« + /Li« + ir«, I' = ^c\« + ca/i«+aii;2, ♦ = (6+<;)X«+(c+a)fi«+(o+J)j»% 

r zz^b ^c){p- a) (a - b) Xfiv, 

£x. 2. ^ind an expression for the area of the common conjugate triangle of two 
oonics. The gquaie of the area is found to be 9 

Jf 2 srn"^ sm'iB sm'C p>, , 

where M is this area of the triangle of reference, and r* the reenlb of substituting in V, 
sinAf smBf sin C, the coordinates of the line at infinity. That the expreesioa must 
contain in the numerator the condition of contact, and in the denominator F', is 
evident from the consideration that this area must vanish if the couioi touch, and 
becomes infinite if any vertex of the triangle be at infinity. 

388 (J). We have already explained what is meant by 
covarianta which express relations satisfied by x, y, z^ the 
coordinates of a point lying on a locus having some permanent 
relation with the original curve or curves, and by contravariants 
which express relations satisfied by X, ft, y the tangential 
coordinates of a line, whose section by the orip^nal curve or 
curves has some property unaffected by transformation of 
coordinates. There are besides forms called mixed concomitants 
which contain both x, y, z and also X, /z, v, and these we proceed 
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to enumerate for the system of two conies S^ S\ These 

mixed concomitants of a system of two curves may also be 

regarded as covariants of the system of three, consisting of 

8j 8' and the right line Xx 4- /^y + v5j. For instance, we may 

form the Jacobian of that system, or the locus of the point 

whose polars, with respect to 8 and 8\ intersect on Xa; + /lAy + vz^ - /r^^ 

thus obtaining the mixed concomitant JV or X , /ia , v ,«^' ' 



5, , 5, , 5, 



^11 ^/l ^/ 



C'-'j^-if 



which for the canonical form is 

X (J — c) yz + /A (o — a) «x + V (a — J) ay. 

There is evidently a corresponding reciprocal form N' obtained 
in the same way from 2, 2^, which for the canonical form is 

afiv {b'-'c)x'\' bv\ (c - a) y + cX/a (a - b) z. 

This expresses the equation of the line joining the poles of 
Xx^- fiy-^vz with respect to 8 and 8\ Again, for any line 
\x + fiy-k-vz^ we may take its pole with regard to 8 and ^ 
again the polar of that point with regard to 8' and so ^ V ^ / 
obtain a companion line K. This for the canonical form is / 
oKx + J/tty + cvz. We obtain a different companion line j^' by /y ^ 
taking the pole with regard to 8' and then the polar with ^ ^^*t. 
regard to /S, thus finding bcXx + cafiy -f abvz, Gordan has 
shewn (Clebsch, Geometrie^ p. 291) that there are in all eight 
mixed concomitants of a system of two conies in terms of which, 
and of the forma previously enumerated, all other concomitants 
can be expressed. In addition to the four already mentioned we 
may take the Jacobian of JT, 8 and Xo; + /^y + vz^ or for the 
canonical form 

/iv (J — c) a? + vX [c — a) y + X/i (a — J) « ; 
and, in like manner, the Jacobian of K\ 8\ and Xa; + /ity + vz^ or 

/Ltva* (J — c) a; + v\V (c^a)y'\' Xfu? (a — b) z. 
These with the two reciprocal forms 

Xayz (6 — c) + /ihzx [c — a)-^ vcxy (a — J), 
and Xic (J — c)yz + fica (c ^a)zx-\- vab [a - b) xy 

make up the entire system. 

We return now to the theory of three conies. 

888(o). To fih^ the condition that a line Xa; + /iy + V2? should 
oe cut in involution by three conies. It appears from Art. 333 
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and from the Note, Art. 342, that the required condition is the 
yanishing of the determinant 

cX* -2^vX 4ai^, Cfi* - 2JvfA + Ji^, cKfk -/i^X --ffyfA +k^ 
cV -2g'v\ +a V, cy - 2/yfA + ft V, c V -/vX -/i^aa +AV 
c"X*-2/'vX+a V, cV- 2/V + 6V, d'V -fvr^'vi^ +AV 

When this is expanded it becomes divisible by i^i and may be 
written 

V (ftcrO + /^' (cayO 4 1^ (oftTO + XV {2 (cA'/O - (ft(^/01 
+ Vv {2 (ft//0 - (ftcT')} + /i«X {2 {(^'A'') - (carOI 

+ A {2 (^//o - KA")} + v^ {2 (VA") - (o^roi 

+ i^A* {2 (a*r ) - (aftyOl + >'/*^ {(«J'0 - 4 (//r)} = 0. 
This may also be written in the determinant form 



a 



It 






Jt 



2/ , 2-7 , 2A 
2/, 2^', 2A' 
2/', 2/, 2A" 



X 




From the form of this condition, it is immediately inferred that 
any line cut in involution by three conies 27, F, TF is cut in 
involution by any three conies of the system Z27-i-mF+nlFl 
The locus of a point whence tangents to three conies form a 
system in involution is got by writing x^ y, « for X, /iAi y in the 
preceding} and the reciprocal coefficients A^ B^ &o. instead of 

Oi ft| &C. 

389. If we form the discriminant of IU+ m F4 n TF, we may 
write the result PA 4 P«itf„j4 P'*^,,, + ?»intf,„4 &c, and the co- 
efficients of the several powers of ^, m, n will be invariants of 
the system of conies. All these belong to the class of invariants 
already considered, except the coefficient of Imfij in which each 
term abo of the discriminant of U is replaced by 

Another remarkable invariant of the system of conies, first 

ined by a different method by Prof. Sylvester, is found by 

help of the principle {Higher Algebra, Art. 139), that when we 

a covariant and a contravariant of the same degree, we 
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can get an inyariant by snbstltating differential symbols in 
either, and operating on the other. By the help of the Jacobian 
and the contravariant of the last article we get the invariant T^ 

r- (ojvo" + ^ {«*'/") K/0 + 4 ( J<^/') ( Jay + ^ (a^'A'O (^^J'A'O 

+ 8 {<^^') (»//0 + 8 («/A") {<2rr ) + 8 (cy'r ) (6/A'O 
- 8 (oj^r) (Jc/0 - 8 {bhT) {caY) - 8 (c// ') (oiTO 

+ 4(a6V')0&'r)-8(//AT. 

389a. Some of the properties of a system of three conies 
can be studied with advantage by expressing each in terms of 
fonr lines Xj y^B^w: thus 

It is always possible, in an infinity of ways, to choose x^ y, 0, w^ 
so that the equations can be brought to the above form; for 
each of the equations just written contains explicitly three in- 
dependent constants ; and each of the lines Xj y, e^ w contains 
implicitly two independent constants. The form, therefore, just 
written puts seventeen constants at our disposal, while 27, F, W^ 
contain only three tiroes five, or fifteen, independent constants. 
The equations of four lines are always connected by a relation 
of the form w^Xx + fiy + vz^ and we may suppose that the 
constants X, &c. have been included in a?, &c., so that this rela- 
tion may be written in the symmetrical form x + y + z + w = 0. 

Let it be required now to find the condition that 27, Vj W 
may have a common point. Solving for of^ y, ^^ w^ between 
the equations J7=0, F=0, IF=0, and denoting by -4, 5, C, i) 
the four determinants (ic'(f')j (*^a"), (da'J"), (iaV), we get 
a^, y, js", tif proportional to A^ B^ C^ D\ and substituting in 
0+y + i9 + to = O, we obtain the required condition 

V(^)+V(-B) + V(C) + V(2>) = 0, 

« MABCD. 

The left-hand side of this equation is the square of the 
invariant T already found ; the right-hand side ABOD is 
invariant which we shall call If, whose vanishing expresses 
condition that it may be possible to determine l^ m, n^ so 
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717+ wF+n W shall be a perfect square. This invariant may 
be directly found from the principle that when the equation 
of a conic is a perfect square its reciprocal vanishes identically. 
The reciprocal of 18 -V 7nS'+ «5" is evidently (Art. 377) 



P2 + w'S' + m'2" + m7i<t>^ + w?4>„ + Im^ 



81 



ts9 



and if we equate separately each coefficient to zero and then 
linearly eliminate the six quantities l^^ m*, &c., we get the result 

A , B y G J F , O , H 
A', R, C\ F\ a\ R' 
A\ B\ C'\ F\ 0'\ H" 



^f»i ^M» ^tt5 ^«» ^«» ^n 
^ai> An ^si> Kil ^8i» ^zi 

^1«> At> ^lt» -'^If* ^If> A. 



= 0, 



where ^„, &c. denote the coefficients in <!>,,, &c,j Art. 377. 
This determinant is of the fourth degree in the coefficients of each 
conic, those of the first conic, for example, entering in the second 
degree into the first row, and in the first into the fifth and 
sixth, and so for the others. It follows that four conios of the 
system S'\-lU-{-mV-tnW can be determined so as to be per- 
fect squares (sec Ex. 3, Art. 373), for if we equate to nothing 
the invariant M found for 8+lUj F, TF, we have an equation 
of the fourth degree for determining I 



389b. Considering two conies, if we form the discriminant 
of the reciprocal system ZS+mS' we get no new Invariant, 
the discriminant in fact being 

Pa' + PmAQ + Zm'A'0' + m»A'*. 

But if we form the discriminant of ZS + m^'+ n'2" the coefficient 
of Zwin, answering to 0,^3 of Art. 389, or 

is an invariant of the second degree in the coefficients of each 
conic, not expressible in term of the invariants i^, 0„„ &c 
Mr. Burnside has shewn that the invariant T of Art. 389| 
which is of the same order in the coefficients, is expressible ii^ 
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tenns of this new invariant and of those of Art. 389. In fact, 
let two of the conies have the canonical form, and write them 

aj" + y" + 2j" = 0, W-\-my* + nz* = Oj 

«J5* + %* 4 cz* -h 2fyz + 2(jzx + '271X1/ = 0. 

If then we form the resultant of the three, that is, the condition 
that they shall have a common point, the first two equations 
are satisfied bj 

Substituting these values in the third and clearing of radicals, 
wc have 

iaV+ i"/3'+ cV- 2 JcySy - 2caya - 2abafi + 4 {A/Sy + Bya + Cal3]Y 

:= 64a^7 {FghoL + Gh/f3 + E/gy). 

The left-hand side of the equation is what we have before 
called T*. Writing then for a, ^, 7 their values w — n, n - /, 
Z- «i, wc can reduce T to 

{l{b-^c) + fn{c + a) -^-nla-i- i)}"-4 (a + i + c) {amn + bnl-\-clm) 

+ 8 [Al{m-{-n) + Bin (« + /)+ Cw IJ + m)] 

all the separate groups in which expression will be found to be 
fundamental invariants of the system, except AP + Bm^ + Cn^j 
which is ^^11^888--© where is the invariant of this Article. 
Thus we get 

r=^ -^(0 6 -{-0 4-0 ) + 120. 

If we consider the discriminant of lS-\- mS' -^ nS" as a 
ternary cubic in ?, tw, ?«, and by the theory of cubic curves form 
its S and T invariants, Mr. Burnside has calculated the 8 to 
be 2'*-48J/, and the T to be ST{72M- T*). Thus we have 
r'-48JI/, and T(72J/- T") expressed in terms of the ten 
fundamental invariants which occur in the discriminant of 
l8+m8* -{nS". And though J/, T, are not linearly ex- 
pressible in terms of these ten, yet wc have just shown how 
to form two equations implicitly connecting M and T with these 
ten; and of course we could, if we please, eliminate either If or 
T from these equations, and thus get an equation connecting 
either, singly with the fundamental invariants. 
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389c. Any three conies may in general be considered as 
the polar conies of three points with regard to the same cubic ; 
or, in other words, their equations may all be reduced to the 

form 

a («■- 2y«) +i3 (y*-22Mc) +7 («"-2ay) =« 0. 

If we use for the equations of the conies the forms given in 
Art. 389a, the equation of the cubic whence they are derived 
will be 

2 + 5 + 17+5=^5 

and it appears that if the invariant M vanish (in which case 
either A^ B^ C or D vanishes), an exception occurs, and the 
oonics cannot all be derived from the same cubic. In the 
general case, the equation of the cubic may be obtained by 
forming the Hessian of the Jacobian of the three conies, and 
subtracting the Jacobian itself multiplied by twice T. 

IS we operate with the conies on the cubic contravariant, 
or with their reciprocals on the Jacobian, we obtain linear 
contravariants and covariants which geometrically represent the 
points of which the given conies are polar conies, and the polar 
lines of these points with respect to the cubic 
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CHAPTER XIX. 

THE METHOD OF INFINITESIMALS. 

890. Befebring the reader to other works where it is 
diown how the differential calculns enables us readily to draw 
tangents to cnrveSy and to determine the magnitude of their 
areas and ares, we wish here to give him some idea of tho 
manner in which these problems were investigated by geometers 
before the invention of that method. The geometric methods 
are not merely interesting in a historical point of view ; they 
afford solutions of some questions more concise and simple than 
those furnished by analysis, and they have even recently led to 
a beautiful theorem (Art. 399) which had not been anticipated 
by those who have applied the integral calculus to the recti- 
fication of conic sections. 

If a polygon be inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, tho 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Kow, if the 
sides of the polygon be multiplied ad infinitum^ the polygon will 
coincide with the curve, and the tangent at any point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of 
a drcumscTtbing polygon is increased, the more nearly will its 
area and perimeter approach to equality with the area and peri- 
meter of the curve, and the more nearly will the intersection of 
two of its adjacent sides approach to the point of contact of either. 
Hence, in investigating the area or perimeter of any curve, wc 
may substitute for the curve an inscribed or circumscribing 
polygon of an indefinite number of sides ; we may consider any 
tangent of the curve as the line joining two indefinitely near 
points on the curve, and any point on the curve as the inter- 
section of two indefinitely near tangents. 

BOB. 
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391. Ex. 1. To find the direction of the tangent at any point 
of a circle. 

In any isosceles triangle A OBj either base angle OB A is less 
than a right angle bj half the vertical angle ; but as the points 
A and B approach to coincidencei the 
vertical angle may be supposed less 
than any assignable angle, therefore 
the angle OBA which the tangent 
makes with the radius is ultimately 
equal to a right angle. We shall 
frequently have occasion to use the 
principle here proved, viz. that two 
indefinitely near lines of eqiuil length 
are at right angles to the line joining their extremities. 

Ex. 2. The circumferences of two circles are to each other as 
their radii. 

K polygons of the same number of sides be ins(3*ibed in the 
circles, it is evident, by similar triangles, that the bases ai, AB^ 
are to each other as the radii of the circles, and, therefore, that 
the whole perimeters of the polygons are to each other in the 
same ratio; and since this will be true, no matter how the 
number of sides of the polygon be increased, the circumferences 
are to each other in the same ratio. 

Ex. 3. The area of any circle is equal to the radius multiplied 
hy the semtHnrcumference. 

For the area of any triangle OAB is equal to half its base 
multiplied by the perpendicular on it from the centre ; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the perpendicular on any side from the 
centre ; but the more the number of sides is increased, the more 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and the more nearly will the perpen- 
dicular on any side approach to equality with the radius, and the 
difference between them can be made less than any assignable 
quantity ; hence ultimately the area of the circle is equal to the 
radius multiplied by the semi-circumference ; or b ^rr*. 

392. Ex. 1. To determine the direction of the tangent at any 
point on an ellipse. 
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Let P and P' be two indefinitely near points on the curve, 
\\xmFP-\-PF'^FP'-¥FF] or, 
taking FR^FP, FR^FF^ we 
have FR = PR ; but in the tri- 
angles PRF^ PFFj we have also 
the base PF common, and (by 
Ex. 1, Art. 391) the angles PRF 
FRF right ; hence the angle 
PFR^FPR. Now TPF is ultunately equal to PFF, since 
their di£ference PFF may be supposed less than any given 
angle ; hence TPF^ TPF^ or the focal radii make equal angles 
with the tangent. 

Ex. 2. To determine ike direction of the tangent at any point 
on a hyperbola. 

We have X Kl 

FF^FP^FF^FP, 
or, as before, p'^ 

FR^FR. 
Hence the angle 

PFR^PFR, 
or, the tangent is the internal bisector of the angle FPF. 

Ex. 3. To determine the direction of the tangent at any voint 
qfa parabola. 

We have FP=^PN, and FF^FIT] hence FR^FS, or 
the angle N'FP=^ FFP. The tangent, there- ^ 
fore, bisects the angle FPN. N 

393. Ex. 1. To find the area cf the paror 
holic sector FVP. 

Since P8=^PR, and PN=FP^ we have the 
triangle FPR half the paraUelogram PSNN\ 
Now if we take a number of points FF', &c. 
between V and P, it is evident that the closer 
we take them, the more nearly will the sum of 
all the parallelograms PSN'N^ &c. approach 
to equality with the areaDFPAT, and the sum of all the tri- 
angles PFRj &c. to the sector VFP] hence ultimately the sector 
PFV is half the area DVPN^ and therefore one-third of th^ 
quadrilateral DFPN. 
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Ex. 2. Tofind ^ area <^ the legment of a parabola cut off 
hy any right line. 

Draw the diameter bisecting it, then the panllelogram PR 
is equal to PM', siDce they are the com- 
plements of parallel ogr am B abont the dia- 
gonal i bat since TM is bisected at V\ 
the parallelogram PN' b half PBf ; if, 
therefore, we take a number of points 
P, P*, P", &c., it follows that the sum of 
all the parallelograms PM' is double the 
enm of all the parallelograms PN'^ and 
therefore ultimately that the space V'PM 
is double VPN\ hence the area of the 
parabolic segment V'PM is to that of the parallelogram VNPM 
in the ratio 2 : 3. 




394. Ex. I. T%e area of an ellipse fa equal to the area of a 
circle whose radius is a geometr^ mean between the semi-axes of 
the ellipse. 

For if the ellipse and the circle on the traosverse axis be 
divided by any number of lines 
parallel to the axis minor, then 
since mh : md:: m'b' : m'd' ::b:a, 
the quadrilateral mbb'm' is to 
mddm' in the same ratio,and the 
aum of all the one set of quad- 
rilaterals, that is, the polygon 
MA'VA inscribed in the ellipse 
is to the corresponding polygon 
J)ddd"A inscrihed in the circle, 
in the same ratio. Now this will 
be true whatever he the number of the sides of the polygon; if 
we suppose them, therefore, increased indefinitely, we learn that 
the area of the ellipse is to the area of the drcle as 6 to a; bnt 
the area of the circle being = ira', the area of the ellipse = iroi. 

Cob. It can he proved, in like manner, that if any two figures 
be such that the ordinate of one is in a constant ratio to the 
corresponding ordinate of the other, the areas of the figures aro 
in the same ratio. 
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Ex. 2. Every diameter of a conic bisects the area enclosed by 
Ae curve. 

For if we suppose a number of ordinates drawn to this dia- 
meter, since the diameter bisects them all, it also bisects the 
trapezium formed by joining the extremities of anj two adjacent 
ordinates, and by supposing the number of these trapezia in- 
creased without limit, we see that the diameter bisects the area. 

395. Ex. 1. The area of the sector of a hyperbola made by 
joining any two points of it to the centre^ is equal to the area of the 
segmeard made by drawing parallels from them to the asymptotes. 

For smce the triangle PKG^QLC, the area PQC^PQKL. 
Ex. 2. Any two segments PQLK^ R8NM^ are equalj if 

PK: QLiiBMiSN. 
For 
PKi QLw CL\ GK^ 
but (Art. 197) 

we have, therefore, 

BM: SNi: MT : NT^ ClTt fti t' N t 

and therefore QB is parallel to P8. We can now easily prove 
that the sectors PCQ^ BC8 are equal, since the diameter bisect- 
ing P8j QB will bisect both the hyperbolic area PQB8^ and 
also the triangles PC8j QCB. 

If we suppose the points Q, B to coincide, we see that we 
can bisect any area PKN8 by drawing an ordinate QL^ a geo- 
metric mean between the ordinates at its extremities. 

Again, if a number of ordinates be taken, forming a continued 
geometric progression, the area between any two is constant. 

396. The tangent to the interior of two similar^ similarly 
placed^ and concentric conies cuts off a constant area from the 
exterior conic. 

For we proved (Art. 236, Ex. 4) that this tangent is always 
bisected at the point of contact ; now if we draw any two tangents, 
the angle A QA! will be equal to BQff 
and the nearer we suppose the point Q 
to P, the more nearly will the sides 
AQjA'Q approach to equality with the 
sides BQj B^Q] if) therefore, the two 
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tangents be taken indefinitely near, the triangle ^Q^' will be 
equal to BQR^ and the space A VB will be equal to A VS ; 
since, therefore, this space remains constant as we pass from anj 
tangent to the consecutive tangent, it will be constant whatever 
tangent we draw. 

Cob. It can be proved, in like manner, that if a tangent 
to one curve always cuts off a constant area from another, it will 
be bisected at the point of contact ; and, conversely, that if it 
be always bisected it cuts off a constant area. 

Hence we can draw through a given point a line to cut off 
from a given conic the minimwn area. If it were required to 
cut off a given area, it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
greater the given area, the greater will be the distance between 
the two conies. The area will, therefore, evidently be least when 
this last conic passes through the given point ; and since the tan- 
gent at the point must be bisected, the line through a given 
point which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point 
which cuts off the minimum or maximum area from any curve 
is bisected at that point. In like manner can be proved the 
following two theorems, due to the late Professor MacCuUagh. 

Ex. 1. If a tangent AB to one curve cutoff a constant arcfromi 
another^ it is divided at the point of contact^ so that AP : FB in^ 
versely as the tangents to the outer curve at A and B. 

Ex. 2. If the tangent AB be of a constant lengthy and if the 
perpendicular let fall on AB from the intersection of the tangents 
at A and B meet AB in M^ then AP taill = MB* 

397. To find the radius of curvature at any point on an ellipse. 

The centre of the circle circumscribing any triangle is the 
intersection of perpendiculars erected at the middle points of the 
sides of that triangle ; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve is 
the intersection of two consecutive normals to the curve. 

Now, given any two triangles FPF\ FP'F\ and PN^ P'N^ 
the two bisectors of their vertical angles, it is easily proved by 
elementary geometry, that twice the angle PNP^ PFP+ PF^P. 
(See figure, Art. 392, Ex. 1). 



THE METHOD OF INFINITESIMALS. 



375 



Now, since the arc of any circle is proportional to the angle 
it subtends at the centre (Euc. vi. 33), and also to the radius 
(^rt 391), if we consider FP' as the arc of a circle, whose centre 

is N^ the angle PNP' is measured bj -rr^ . In like manner, 
takmg FR^FP^ FFF is measured bj '=rp^ and we have 



2PP; 



PK FK 






FP' FF' 
but PR^ FR = PF smPFF; 

therefore, denotmg this angle by 5, FN by i?, FP^ FP^ by p, p\ 



we have 



P P 



R sin e 
flence it may be inferred, that thefooal chord of curvature is double 

the harmonic mean between the focal radii. Substituting t, for 

Bind, 2a for p + p\ and V* for pp\ we obtain the known value 

bJ-. 

ab * 

The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar process. In the case of the 
parabola we have p^ infinite, and the formula becomes 

2 1 

RAnd p* 

I owe to Mr. Townsend the following investigation^ by a 
different method, of the length of the focal chord of curvature : 

Draw any parallel QR to the tangent at P, and describe a 
circle through PQR meeting the focal 
chord PL of the conic at (7. Then, by 
the circle PS.SC^QS.SR^ and by q 
the conic (Ex. 2, Art. 193) 

P8.8L : Q8.SR :: PL : MN] 

therefore, whatever be the circle, 

SGiSLiiMNiPL] 

but for the circle of curvature the 

points 8 and P coincide, therefore PC : PL :: MN : PL ; or, 




'^^'^^ 
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focal chord of curvature 13 equal to the focal chord of the conic 
drawn parallel to the tangent at the point (p. 219, Ex. 4). 

398. The radios of curvature of a central conic maj other- 
wise be found thus : 

Let Q be an indefinitely near point on the coryei QB a 
parallel to the tangent, meeting the 
normal in 8; now, if a circle be de- 
flcribed passing through P, Q, and 
touching PT at P, since Q8 is a per- 
pendicular let fall from Q on the 
diameter of this circle, we have 

P^=P5 multiplied by the diameter ; 

PQ* 
or the radius of curvature """opo* ^ow, since QE is always 

drawn parallel to the tangent, and since PQ must ultimately 
coincide with the tangent, we have PQ ultimately equal to 
Qli ; but, by the property of the ellipse (if we denote CP and 
its conjugate by a', y), 

6^ : a'* :: QIP : PB.IiP'{^2a\PB), 

therefore G^= ?— . 

a 

Henc« the radius of curvature =: -7 . -^^ . Now, no matter how 

a Jrb 

small PB. PS are taken, we have, by similar triangles, their 

. PB OP a' ^ A' P . * 

ratio -na = -7Tm = "" • Jtlence radius of curvature = — . 
PS CI p p 

It is not difficult to prove that at the intersection of tujo con^ 

focal conies the centre of curvature of either is the pole with respect 

to the other of the tangent to the former at the intersection. 

398 (a). If we consider the circle circumscribing the triangle 
formed by two tangents to a curve and their chord, it is evident 
geometrically, that its diameter is the line joining the inter- 
section of tangents to the intersection of the corresponding 
normals. Hence, in the limit, the diameter of the circle 
circumscribing the triangle formed by two consecutive tangents 
and their chord is the radius of curvature ; that is to say, the 
radius of the circle here considered is half the radius of curvature 
(Compare Art. 262, Ex. 4). 
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399. If two tangents be drawn to an ellipse from any point oj 
a confocal ellipse^ the excess of the sum of these tvoo tangents over 
the arc intercepted between them is constant,^ 

For, take an indefinitely near point Tj and let fall the per- 
pendiculars TBj T8^ then (see fig.) 

(for P'R may be considered as the continuation of the line PP*) 
in like manner ^^ 3Lt' 

Again, since, by Art. 189, the angle 
TTR^ T'TSj we have T8=^ TR; 
and therefore 

PT+TQ'^Pr-^rQ^. 



Hence (Pr+ TQ) - {PT-¥ TQf)^PP'- QQ^PQ-FQf. 

Cor. The same theorem will be true of any two curves which 
possess the property that two tangents 7!P, TQ to the inner one 
always make equal angles with the tangent TT' to the outer. 

400. If two tangents be drawn to an ellipse from any point 
of a confocal hyperbola^ the difference of the arcs PK^ QK is equal 
to the difference of the tangents TP^ TQ.^ 

For it appears, precisely as 
before, that the excess of 
rP'-P'K oyer TP^-PK^T'Rj 
and that the excess of T Q- QK 
over TQ'QK is 2"5, which is 
equal to TR, since (Art. 189) rr 
bisects the angle iZr/S. The dif- 
ference, therefore, between the 
excess of TP over PK^ and that 
of TQ over QK is constant ; but 
in the particular case where T 

* ThiB beantif ul theorem was discorered by Bishop Gravca. See his Translation of 
Ch<u!es*s Memoirs on Cones and Spherical Conies, p. 77. 

t This extension of the preceding theorem was diflcovered by Mr. Mac Collogh, 
Dublin Exam. Papers, 1841, p 41; 1842, pp. 68, 88. M. Chaslcs afterwaids inde- 
pendently noticed the same extension of Bishop GnTe8*i theorem. CompUs JUndus, 
October, 1843, torn. xvii. p. 838. 

ccc. 




378 THE METHOD OF INFINITESIMALS. 

coincides with JT, both these excesses and consequently their dif- 
ference vanish ; in every case, therefore, TP-^PK^ TQ— QK. 

Cor. FagnanVs theorem^ " That an elliptic quadrant can be 
80 divided, that the diiFerence of its parts may be equal to the 
difference of the semi-axes," follows immediately from this 
Article, since we have only to draw tangents at the extremities 
of the axes, and through their intersection to draw a hyperbola 
confocal with the given ellipse. The coordinates of the points 
where it meets the ellipse are found to be 

. a" , i' 

a + 6* ^ a + 6 

401. If a polygon circumscribe a conic^ and if all the i)eriiced 
hut one move on confocal conies^ the locus of the remaining vertex 
will be a confocal conic. 

In the first place, we assert that if the vertex T of an angle 
PTQ circumscribing a conic, move on a confocal conic (see fig., 
Art. 399) ; and if we denote by a, 6, the diameters parallel to 
2!P, TQ ; and by a, y3, the angles TPT', TC/T^ made by each of 
the sides of the angle with its consecutive position, then ad = h0. 
For (Art. 399) TB^TS; but TB^ TP.a^T'S^ T'Q^.j3j smd 
(Art. 149) TP and TQ are proportional to the diameters to 
which they are parallel. 

Conversely, if aa = J^, T moves on a confocal conia For 
by reversing the steps of the proof we prove that 2!B= T'S] 
hence that TT' makes equal angles with TP, TQy and therefore 
coincides with the tangent to the confocal conic through T; and 
therefore that T' lies on that conic. 

If, then, the diameters parallel to the sides of the polygon be 
a, (, c, &c., that parallel to the last side being dj we have aa = b/3j 
because the first vertex moves on a confocal conic; in like 
manner bl3 = cyj and so on until we find aa^dS^ which shows 
that the last vertex moves on a confocal conic* 



* This proof is taken from a paper by Dr. Hart ; Cambridge and Dublin Mather 
matical Journal^ vol. iv. 193. 
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Pasoal'a Theorem, Art. 2G7. 

M. Stbiner was the first who (in Gergonne^s Annales) directed the attention of 
geomecen to the complete figure obtained hj joining in every possible way six points 
on a conic. M. Steiner's theorems were corrected and extended by M. PlUcker 
{Crtlh's Joumnlj vol. v. p. 274), and the subject has been more recently investigated 
by Messrs. Cayley and Kirkman, the latter of whom, in particular, has added several 
new theorems to those already known (sec Cambridge and Dublin Mathemaiical 
Journal, vol. v. p. 185). We shall in this note give a slight sketch of the more 
important of these, and of the methods of obtaining them. The greater part are 
derived by joining the simplest principles of the theory of combinations with the 
following elementary theorems and their reciprocals : " If two triangles be such that 
the lines joining corresponding vertices meet in a point {the centre of homology of the 
two triangles), the intersections of corresponding sides will lie in one right line (their 
ttcw)." " If the intersections of opposite sides of three triangles be for each pair the 
mme three points in a right line, the centres of homology of the first and second, 
second and third, third and first, will lie in a right line." 

Now let the six points on a conic be a, by e, d, e, f which we shall call the 
points P. These may be connected by Jifteen right lines, ab, ac, Ac, which we shall 
call the lines C. Each of the lines C (for example) ah is intersected by the fourteen 
others ; by four of them in the point a, by four in the point b, and consequently by 
six in points distinct from the points P (for example the points (a6, cd), Ac). These 
we shall call the points p. There are forty-five such points ; for as there are six on 
each of the lines C, to find the number of points p, we must multiply the 
number of lines C by 6, and divide by 2, since two lines C pass through every point p. 

If we take the sides of the hexagon in the order abcdej, Pascal's theorem is, that 
the three p points, («3, <fe), {edj fa), {be, ef), lie in one right line, which we may call 

either the Pascal abcdef, or else we may denote as the Pascal j ji /• ^^f i & ^orm 

which we sometimes prefer, as showing more readily the three points through which 
the Pascal passes. Through each point p four Pascals can be drawn. Thus through 
{ab, de) can be drawn abcdef, ahfdec, abcedf, abfedc. We then find the total number 
of Pascals by multiplying the number of points p by 4, and dividing by 3, since 
there are three points p on each Pascal. We thus obtain the number of Pascal's 
Ifnes = 60. We might have derived the same directly by considering the number o( 
different ways of arranging the letters abcdef. 
Consider now the three triangles whose sides are 

ab, cd, ^, (1) 

dt,fa, be, (2) 

^, be, ad, (8) 
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The inteiBectSons of oorresponding sides of 1 and 2 lie on the same Pascal, therefore 

the lines joining conesponding vertices meet in a point, but these are the three 

PascaLs, 

(ab . die . cf\ (cd./a . be^ Uf.be Md\ 

\cd,/a.U}* Xef.bc.ad}* [ab.de.ej}' 
This is Steiner*s theorem (Art. 268) ; we shall call this the <f point, 



(ab . de . ef^ 
^cd./a.be r . 
^ef.bc.ad' 



The notation shows plainly that on each Pascal's line there is only one g point ; for 

given the Pascal \ j' r ]L\ ^^ 9 point on it is found by writing under each term 
the two letters not already found in that vertical line. Since then three Pascals 
intersect in every point g, the number of points g = 20. If we take the triangles 
2, 8 ; and 1, 8 ; the lines joining corresponding vertices are the same in all cases 
therefore, by the reciprocal of the second preliminary theorem, the three aace$ of the 



(ab,cd,ef\ 
)int •! tfo ./a . &c [• , 
^cf. be.ady 



three triangles meet in a point. This is also a g point -{ de ./a . &c f , and Steiner 

cf- 

has stated that the two g points just written are harmonic conjugates with regard 
to the conic, so that the 20 g points may be distributed into ten pairs.* The Pascals 
which pass through these two g points correspond to hexagons taken in the order 
respectively, abcfed, afcdtb^ adcbtf; abcdef, qfabed, cuic/eb} three alternate vertioes 
holding in all the same position. 
Let us now consider the triangles, 

ab ed ^ (1) 



cd,bf,ae^ ef.bd.ac 
af.ce.bd}^ bcae.d/ 
ab.ee, df\ cd . by. ae \ ef, bd . ac 



ah.ce.df^ 
dt.bf.ac] ' 

ab.ce.df^ cd.bf.ae]^ ef,bd.ac"\ . . 

ef.bd.ae]' be.ac.d/j' ad.ce.bji' ^^' 



.ce, t(f\ 
.bf.ae^, 

''. ac . bd) 



rf 



The intersections of corresponding sides of 1 and 4 are three points which lie on 
the same Pascal ; therefore the lines joining corresponding vertices meet in a point. 
But these are the three Pascals, 

ab.ce. df\ cd.b/.ae^ tf.ac. bd\ 

cd.b/,ae)* e/.ac,bd}* ab.d/.ce) 

ab.ce, cj/"^ 
We may dbnote the point of meeting as the h point, cd 

'if- 

The notation differs from that of the g points in that only one of the vertical 
columns contains the six letters without omission or repetition. On every Pascal 
there are three h points, viz. there are on 

. , - ah.cd.tf\ ab.cd,tf\ ah.cd.'tf\ 

l.v;*c}' *-"^-H' *-ftJ' t-'^'^A' 

^ <f.bd.aef ac.bt.df* b/.ce.ad) 

where the bar denotes the complete vertical column. We obtain then Mr. Eirkman*8 
extensbn of Steiner's theorem :—The Pcucah intersect three by tAree, not only m 
Steiner^s ttoenty points g, but also in sixty other points h. The demonstration of 
Art. 268 applies alike to Mr. Eirkman's and to Stelner's theorem. 

In like manner if we consider the triangles 1 and 5, the lines joining oorresponding 
are the same as for 1 and 4; therefore the corresponding sides intersect oa 



♦ For a proof of this see Staudt {Crelkj lxil 142). 



ab,cd.ef\ 
>iiit, de . of, be > . 
cf ,be,eui) 
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a right line, as they manifestly do on a Pascal. In the same manner the corre- 
sponding sides of 4 and 6 Ebnst intensect on a right line, but these intersections are 
the three il pointSy 

lcA.ce,df\ a«.73.A/'') ac.M.'«/*^ 

de.bf,ac>, bd.af.ceV, d/.ae.bc> , 
<lf,ae,bd) ae.be,(ff) ee.bf.adJ 

If oreorer, the axis of 4 and 5 must pass through the intersection of the axes of 

ab,cd.ef] 
1, 4f and 1, 6, namely, through the g point, 

In this notation the g point is found by combining the complete vertical oolnmns 
of the three h points. Henoe we have the theorem, ** There are ttrenty lines G, each 
qf whieh pastes thnmgk one g and three h points."* The existence of these lines 
was obeenred independently by Prof. Cayley and myself. The proof here given is 
Pnof . Cayley's. 

It can be proved simOarly that *' The twenty lines G pass four by four through 
^Uem points t." The four lines G whose g points in the preceding notation have 
a common vertical column will pass through the same point. 

Again, let us take three Pascals meeting in a point h. For instance, 

ah.ce. <//*} de,bf,ae^ </,ae,bd^ 

de,b/,ac]' c/,ae,bd)* ab.d/.cej' 

We may, by taking on each of these a point p, form a triangle whose vertices are 
Wi or), {b/, ae), {bdj oe) and whose sides are, therefore, 

ac . b/. de") bf.ce.ad") bd.ac. rf]^ 

d/,ae,cb)* ae,bd,c/)* ce.d/,ab) 

Again, we may take on each a point h, by writing under each of the above 
Pascals af,cd,be, and so form a triangle whose sides are 

acb/.de} cf,ae.bd\ <{^.a6.ce| 
be,cd.af)* be.cd.a/j* be,cd,qf)' 

But the intersections of corresponding sides of these triangles, which must therefore 
be on a right line, are the three g points, 

be,cd,a/\ be.cd.n/\ be.cd,af\ be.cd.af\ 

ae. bf.de^ f qf.ae.bd>, d/.ab .cer , cf .ab.de y , 
({f.ae.bci ad.bf.ce* ac,tf,bd) ad.rf.bc) 

I have added a fourth g point, which the symmetry of the notation shows must 
lie on the same right line ; these being all the g points into the notation of which 
be.ed. a/* can enter. Now there can be formed, as may readily be seen, fifteen different 
products of the form be.cd.nf; we have then Steincr's theorem, The g points lie 
four by Jour onji/teen right lines I. Hesse has noticed that there is a certain reci- 
procity between the theorems we have obtained. There are 60 Kirkman points A, 
■nd 60 Pascal lines H corresponding each to each in a dt-finite order to bo explained 
presently. There are 20 Steincr points ^, through each of which passes three Pascals 
M and one line G ; and there are 20 lines G, on each of which lie three Kirkmui 
points h and one Steincr g. And as the twenty lines G pass four by four through 
fifteen points t, so the twenty points g lie four by four on fifteen lines /. The 
following investigation gives a new proof of some of the preceding theorems and 
also shews what A point corresponds to the Pascal got by taking the vertices in 
the order abcd^. Consider the two inscribed triangles ace, b^fi their lidee touch 
a conic (see Ex. 4, Art. 855) ; therefore we may apply Brianchon's theorem to the 
hexagon whose sides uxt ce, iff, ae, bf, ae, ML Taking them in this 







•\ 
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ce,bf,ad' 
gonalB of the hexagon are the three Pascals intersecting in the h point, df.ac, 

ae.bd. 

And since, if retaining the alternate sides ee, ae, ac^ we permutate csrdically the otiier 
three, then by the reciprocal of Steiner's theorem, the three resulting Brianchon 
points lie on a right line, it is thus proved that three h points lie in a right line G, 
From the same circumscribing hexagon it can be inferred that the lines joining the 
point a to {6c, df] and d to [ae, ef] intersect on the Pascal abcdtfj and that there are 
six such intersections on every PascaL 

More recently Prof. Cayley has deduced the properties of this figure by consider- 
ing it as the projection of the lines of intersection of six planes. See Quarterly 
Journal^ vol. ix. p. 848. 

Still more recently the whole figure has been discussed and several new properties 
obtained by Veronese {Nuovi Tearemi $ulV Mexagrammum Mysticum in the Memoxra 
of the Reale Accndemia dei Linceiy 1877). He states with some extension the 
geometrical principles which we have employed in the investigation, as follows: 
I. Consider three lines passing through a point, and three points in each line ; tiiese 
points form 27 triangles which may be divided into 86 seti of three triangles in 
perspective in pairs, the axes of homology passing three by three through 36 points 
which lie four by four on 27 right lines. IL If 4 triangles a|6|C|, a^^t, Ac are in 
perspective, the first with the second, the second with the third, the third with the 
fourth, and the fourth with the first, the vertices marked with the same letters 
corresponding to each other, and if the four centres of homology lie in a right line, the 
four axes will pass through a point, m. If we have four quadrangles 01^1^,(^1, &c 
related in like manner, the four points of the last theorem answering to the triangles 
bcdf cda, dabf <^ lie on a right line. Considering the case when all four quadrangles 
have the same centre of homology, we obtain the corollary : If on four lines passing 
through a point we take 3 homologous quadrangles a|5|Ci<Jj, ii^b^^d^ (ijb^d^ ; then we 
have four sets of three homologous triangles, aj^iCi, Ac. the axes of homology of each 
three passing through a point and the four points lying on a right line. lY. If we 
have two triangles in perspective ajftj^i, a^^ti <^^ ^ ^'^ ^^^ ^^ intersections of 
d|Cf, 62^1 ; 0,^2, c^i ; fli^,, 0,61, we form a new triangle in perspective with the other 
two, the three centres of homology lying on a right line. It would be too long to 
enumerate all the theorems which Veronese derives from these principles. Suffice it to 
say that a leading feature of his investigation is the breaking up of the system of 
Pascals into six groups, each of ten Pascals, the ten corresponding Kirkman points 
lying three by three on these lines which also pass in threes through these points. It 
may be added that Yeroneoe states the correspondence between a Pascal line and a 
Kirkman point as follows : Take out of the 15 lines C the six sides of any hexagon, 
there remain 9 lines C; out of these can be formed three hexagous whose Pascals 
meet in the Kirkman point corresponding to the Pascal of the hexi^n with which we 
started. 

After the publication of Veronese's paper Cremona obtained very elegant demon- 
strations of his theorems by studying the subject from quite a different point of view. 
From the theory of cubical surfaces we know {Geometry of Three IHmentiotu, 
Art. 536), that if such a surface have a nodal point, there lie on the surface six right 
lines passing through the node, which also lie on a cone of the second order, and 
fifteen other lines, one in the plane of each pair of the foregoing ; by projecting this 
figure Cremona obtains the whole theory of the hexi^n. 

It may be well to add some formults useful in the analytic discussion of the 
hexagon inscribed in the conic LM — IP. Let the values of the parameter /& 
(Art. 270) for the six vertices be a, (, c, c^ 6, /, and let us denote by {ab) the 
quantity abL ~ (a + b) Ji + If, which, equated to zero, represents the chord joiaiDg 
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two yertices. Then it is easy to see that {ab) {cd) — {ad) {Ic) is LM - IP multiplied 
by the factor (a — c) (6 — d)y and hence thafi if we compare, as in Art. 268, the forms 
{ab) {ed) — (ad) (6c), {af) (de) — {ad) (ef) we get the equation of the Pascal abcdef in 
the form 

{a-c){b-d){ef).z{a-t){f-d){hc). 
The same equation might also have been obtained in the forms, which can easily be 
Terified as being equivalent, 

(a-e) (*-/) (cd) = (c-6) {h-d){af), 

(c - a) {h -f) (dfe) = {c-e) {d -/) {ab). 
The three other Pascals which pass through (6c) {tf) are 

(a-c) {h-d){tf) = (&-/) (e-rf) (6c). 

{a-h){c-d){ef) = {a-t){f--d){he\ 

{a-b){c-d) {€/) = (a -/)(«- rf) (6c), 

these being respectively the Pascals abcdftj axbdef^ aMJt, 
Consider the three Pascals 

(a-c) (6-rf) («/) = («-e) (/-rf) (6c) = (6-/)(c-e) (a^; 
these evidently intersect in a point, viz. a Steiner jr-point ; but the three 

(a-c)(6-rf)(«/) = (o-«)(/-<Q(*c) = (6-c)(c-/)((wO 
intersect in a Kirkman A-point. 

Mr. Cathcart has otherwise obtained the equation of the Pascal Ime in a deter* 
minant form. It was shewn (Art. 881) that the relation between corresponding points 
of two homogniphic systems is of the form 

Aaa' + 5a + Ca' + D = 0. 
Hencef eliminating A^B^ C7, 2), we see that the relation between four points and 
other four of two homographic systems is 



aa 



a, a', 1 



^^', a, «*, 1 I = 0,* 

and the double points of the system are got by putting V — h^ and solving the quad- 
ratic for d. But we saw Art. 289, Ex. 10, that the Pascal line LMN passes through 
JT, K' the double points of the two homographic systems determined by ACE^ DFB 
the alternate vertices of the hexagon. And since, if ^ bo the parameter of the point 
JT, we have 3/, R^ L respectively proportional to 3^, d, 1, it follows that the equation 
of the Pascal abcdef is 

M, R, R, L 

adf Oj dj I 

be, 6, e, 1 

<fft c, /, 1 =0. 



Stbtbxs of Takobhtial CooaDiKATis, Axt. 811. 

Through this volume we have ordinarily understood by the tangential oooidiiiatei 
of a line la + ni/3 + ny, the constants /, m, n in the equation of the line (Axt. 70) ; 
and by the tangential equation of a curve the relaUon necesHuy li e iw ei M i theie 
constants in order that the line should touch the curve. We have laef e w B d tliif 
method because it is the most closely connected with the main sobjeot of tbk Tolfaiiii% 
and because all other systems of tangential coordinates may be xednoed to tt. 



On this determinant tee Cayley, PhU, TVoim, 1858^ p. 488L 
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wish now to notice one or two points in this theoiy which we have omitted to 
mention, and then briefly to explain some other systems of tangential ooordinatea. 
We have given (Ex. 6, Art. 132) the tangential equation of a circle whose oentie is 
o'P't' and radios r, vix. 

{la' + m/r + nyO* = r* (P + m» + «« - 2m» cos ^ - 2n7 ooe £ - 2An OOB C) ; 

let ns examine what the right-hand side of this equation, if equated to nothing^ 
would represent. It may easily be seen that it satisfies the condition of resoWability 
into factors, and therefore represents two points. And what these points are may 
be seen by recollecting that this quantity was obtained (Art. 61) by writing at full 
length la + m/3 + ny, and taking the sum of the squares of the coefficients of x 
and y, /oosa + inooe/3 + noosy, /sina + msin/S + nsiny. Now if a* + 6* = 0, the 
line ax + hy + c is parallel to one or other of the lines x±y ^{ — l)=.Q, the two 
points therefore are the two imaginary points at infinity on any circle. And this 
appears also from the tangential equation of a circle which we have just given: 
for if we call the two factors C0, w', and the centre a, that equation is of the form 
a* = r*c0ca', showing that », oa' are the points of contact of tangents from a. In 
like manner if we form the tangential equation of a conic whose foci are given, by 
expressing the condition that the product of the perpendiculars from these points 
on any tangent is constant, we obtain the equation in the form 

{la' + m/T + ny*) {la" + jn/3" + ny") = &»••', 

showing that the conic is touched by the lines joining the two fod to the points 
CO, w' (Art. 2d8a). 

It appears from Art. 61 that the result of substituting the tangential coordinates 
of any line in the equation of a point is proportional to the perpendicular from that 
point on the line ; hence the tangential equations a/3 = kyl^ ay = k§^ when inter- 
preted give the theorems proved by reciprocation Art. 811. If we substitute the 
coordinates of any line in the equation of a circle given above, the result is easily 
seen to be proportional to the square of the chord intercepted on the line by the 
' circle. Hence if £, S' represent two circles, we learn by interpreting the equation 
2 = P£' that the envelope of a line on which two given circles intercept chords 
having to each other a constant ratio is a conic touching the tangents common to 
the two circles. 

Lastly, it is to be remarked that a system of two points cannot be adequately 
represented by a trilinear, nor a system of two lines by a tangential equation. If 
we are given a tangential equation denoting two points, and form, as in Art. 285, 
the corresponding trilinear equation, it will be found that we get the square of tlA 
equation of the line joining the points, but all trace of the points themselves has dis- 
appeared. Similarly if we have the equation of a pair of lines intersecting in a point 
a'^y'j the corresponding tangential equation will be found to be {la' + m/S* + ny')h=0. 
In fact, a line analytically fulfils the conditions of a tangent if it meets a curve in 
two coincident points ; and when a conic reduces to a pair of lines, any line through 
their intersection must be regarded as a tangent to the system. 

The method of tangential coordinates may be presented in a form which does 
not presuppose any acquaintance with the trilinear or Cartesian systems. Just as 
in trilinear coordinates the position of a point is determined by the mutual ratios 
of the perpendiculars let fall from it on three fixed lines, so (Art. 811) the position 
of a line may be determined by the mutual ratios of the perpendiculars let fall on 
it from three fixed points. If the perpendiculars let fall on a line from two points 
Af BheXj fjij then it is proved, as in Art. 7, that the perpendicular on it from the 

point which cuts the line AB in the ratio ot m iIIb - ir' i <uid consequently that 
if the line pass through that point we have IK + mfi- Of which therefore may be 
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regarded as the cqaation of that point. Thus \ + ft = is the eqnation of the middle 
point of AB, \ — ^ = that of a point at infinity on AB, In like manner (see 
Art. 7, Ex. 6) it is proved that IK + mfi + nif = Oia the equation of a point 0^ which 
may be oonstmcted (see fig. p. 61) either by catting BCin the ratio n : m and A I) 
in the ratio m + « : /; or by cutting AC :: I :n and BE :: l-i-n :m, or by cutting 
AB ::m :l and CF ::l + m :n. Since the ratio of the triangles AOB : AOC U the 
same as that of BB : BC, we may write the equation of the point in the form 

BOC.\+ COA.il -y- AOB . IT = 0. 
Or, again, substituting for each triangle BOC its yalue p'p" sin 6 (see Art. 811) 
> XshiO 11 sine' vsine" ^ 

P P P 

Thus, for example, the coordinates of the line at infinity are \ =r /u = y, since all 
finite points may be regarded as equidistant from it ; the point tK + mfi + nv will 
be at infinity when / + m + » = ; and generally a curve will be touched by the 
line at infinity if the sum of the coeflldents in its equation =0. So again the 
eouations of the intersections of bisectors of sides, of bisectors of angles, and 
«A the perpendiculars, of the triangle of reference are respectively \ + /i + v = 0, 
Xsinul+/usinjB + vsinC=0, \ tan A-^- fi tan B + v tan C =0. It is unnecessary to 
give further illustrations of the application of these coordinates because they differ 
only by constant multipliers from those we nave used already. The length of the 
perpendicular from any point on /a + m/3 + ny is (Art. 61) 

la' + m^ + ny' 

^(^ + m« + »« - 2«n cos A - 2n/ cos ^ - llm coe C) * 

the denominator being the same for every point. If then p, p\ p" be the perpen- 
diculars let fall from each vertex of the triangle on the opposite side, the perpen- 
diculars \, fi, V from these vertices on any line are respectively proportional to 
Ipt ntp\ tip" -J and we see at once how to transform such tangential equations as were 
used in the preceding pages, viz. homogeneous equations in /, m, n, into equations 
expressed in terms of the perpendiculars X, /u, v. It is evident from the actual values 
that X, ft, V are connected by the relation 



p^'^p^'^p"* p'p" 



cos A ;v- COS B - . cos C = 1. 



P P PP 

It was Bhown (Art. 311) how to deduce from the trllincar eqnation of any curve the 
tangential equation of its reciprocal. 

The system of three point tangential 
coordinates just explained includes under 
it two other methods at first sight very 
different. Let one of the points of re- 
ference C be at infinity, then both v 
and p" become infinite, but their ratio 
remains finite and = sin COE, where 
DOE is any line drawn through the 
point 0. The equation then of a 
point already given becomes in this 



sing 
P 



sine' 



t&nCOE'^ p' 



sinC'C^i; 



T+ein0"=O. 




When is given every thing in this equation Is constant except the two variables 

X M 

l^nWS' l^doF' ^"* ■"*°® sin CO^ = sin 0Z>^, these two variables are re- 
spectively AB, BE, In other words, if we take as cooidinates AD, BE tht 

VDIK 



/ 
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intercepts made by a variable line ou two fixed parallel lines, then any equation 
a\ + bfJL + c ^ Of denotes a point ; and this equation may be considered as the form 
assumed by the homogeneous equation a\ + bfi + cu^O when the point ar = is 
at infinity. The following example illustrates the use of coordinates of this kind 
We know from the theory of conic sections that the general equation of the second 
degree can be reduced to the form a/3 = k^^ where a. fi are certain linear functions 
of the coordinates. This is an analytical fact wholly independent of the inter- 
pretation we give the equations. It follows then that the general equation of curves 
of the second class in this system can be reduced to the same form a/3 = jfc', but this 
denotes a curve on wliich the points a, /3 lie and which has for tangents at these 
points the parallel lines joining a, fi to the infinitely distant point A*. We have then 
the well known theorem that any variable tangent to a conic intercepts on two fixed 
parallel tangents portions whose rectangle is constant. 

Again, let two of the points of reference be at infinity, then, as in the lost case 
the equation of a line becomes 

^-?'!L^ + sin e'. Bin BOD + sin 6". sin COE, 
P 

or, as may be easily seen, 

sin . . «/ 1 , • an ^ A 
— + sin e* -j-r. + 8in 6" --7-, = 0. 

p M.JJ At, 

When the point is given, the only 
things variable in this equation are 
ADf AEy and we see that if we take 
as coordinates the reciprocals of the 
intercepts made by a variable line on 
the axes, then any linear equation 
betw^n these coordinates denotes a 

point, and an equation of the n^ degree denotes a curve oi the n"^ class. 

It is evident that tangential equations of this kind are identical with that form 
of the tangential equations used in the text where the coordinates are the coefficients 
/, m, in the Cartesian equation Ix-k-my — l^ or the mutual ratios of the coefficients 
n the Cartesian equation /x + my + » = 0, 

Expression of the Coordinates op a Point on a Conio bt a single 

Parambtku. 

We have seen (Art. 270) that the coordinates of a point on a conic can be 
expressed as quadratic functions of a parameter. We show now, conversely, that 
if the coordinates of a point can be so expressed, the point must lie on a conic. Let 
us write down the most genci'al expressions of the kind, viz. 

X = cX« + 2AX/U + V-'» y - o'^* + 2A'V + *>-, z = a"X« + 2h"Kfi + b"ti\ 

Then, solving these equations for X-, 2Xfi, fi', we have {Higher Algebra^ Art. 29) 

AX2 = Ax-^ A'y + A"z, 2AX^ zzHx + H'y-i- //"«, A/i« = Bx-¥B*y + B"z, 

where A is the determinant foiaied with a, A, b, dbc, and A^ //, By &c, arc the minors 
of that determinant. The point then, evidently, lies on the locus 

{IIx + H'y + U"zT' = A{Ax + A'y + A"z) {Bx + B'y + B"z). 

If we look for the intersection with this conic of any line ax + /9y + y«, we have 
only to substitute in the equation of this line the parameter expressions for x, y, ^ 
and wb find that the paiametcrs of the intersection are determined by the qnadratio 

{aa + a'/J + a"y) X' + 2 {ha + h'ft + h"y) Xfi + {ba + 6'/3 + b"y) /.« = 0. 
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The line will be a tangent if this equation be a perfect square, in which case wo 
must avo ^^^ ^ ^^^ ^ ^^^^^ ^^^ ^ ^,^ ^ ^,,^^ ^ ^^^ ^ ^,^ ^ ^,.^,,^ 

which may be regarded as the equation of the reciprocal conic If this condition is 
satibfied, we may assume 

aa + a'fi + o"y = P, ha + h'ft + A"y = /»», ba + b'ji + b"y = m«, 
whence 
Aa = .4^ + Him + JBm^ AjS = A'P + //7ot + ^m», Ay = A"P + If '7« + B"m- ; 

that is to say, the reciprocal coordinates may be similarly expressed as quadratic 
functions of a parameter, the constants being the minors of the determinant formed 
with the original constants. 

The equation of the conic might otherwise have been obtained thus : The equation 
of the lino joining two points is (Art. 132a) got by equating to aero the determinant 
formed with x^i/yZ; x', y\ z' ; x", y", z'\ If the two points are on the curve, we may 
substitute for their coordinates their parameter expressions ; and when the two points 
are consecutive, wo see, by making an obvious reduction of the determinant, that the 
equation of the tangent corresponding to any point X, /i is 

gX + Am, a'X + A'/ix, a"X + A> 

A\ + V, A'X + A'V, V'X + 6'V =0. 

Expanding this and rejijarding it as the equation of a variable line containing the 
parameter X : fi, its envelope, by the ordinary method, gives the same equation aa 
before. 

The equation of the line joining two points will be found, when expanded, to bo 
of the form A' XX' + Y (Xfi' + X'/n) + ^A*/*' = ^» *"^^ ^c c*^ otherwise exhibit it in 
this form, for the coordinates of either poiut satisfy tlie equations x = aX*+2AXfi-fAM', &c., 
and we have also // 'X« - X/i (X V + XV) + X'X' V = ; hence, eliminating \\ X/ut, /*«, 
we have 

1 mV, - (XV" + X'V'), X'x" 

: ar, a , 2A ,6 

!y, a', 2A' , V 

c, a" , 2A" , b" - 0. 

If the parameters of any number of points on a conic be given by an algebraic 
equation, the invariants and covariants of that binary quantic will admit of geometric 
interpretation (see Bumsidc, Higher Algebra, Art. 190). A quadratic has no invariant 
but its discriminant, and when we consider two points there is no special case, 
except when the points coincide. In the case of two quadratics their harmonic 
invariant expresses the condition that the two corresponding lines should be conjugate 
and their Jocobian gives the points where the curve is met by the intersection of these 
lines. If we consider thi-ee points whose parameters are given by a binary cubic, the 
covariants of that cubic may be interpreted as follows : Let the three points be a, 6, r, 
and let the triangle formed by the tangents at these points be ABC; these two 
triangles being homologous, then the Hessian of the binary cubic determines the 
parameters of the two points where the axis of homology of these triangles meets 
the conic; and the cubic covariant determines the panimetcrs of the throe points 
where the lines Aa, Bb, Cc meet the conic. In like manner, if there Ixi four ]X)int:i 
the sextic covariant of the quartic determining their pamractora, gives the panimcters 
of the points where the conic is met by the sides of the triangle whose vertices are 
the points ab, cd ; ac, bd ; ad, be. 

On the Problem to describe a Conic under Five Conditions. 
We saw (Art. 133) that five conditions determine a conic ; we can, therefore, in 
general describe a conic being given m points and n tangents where m + » = 5. We 



388 NOTES. 

shall not think It worth while to treat separately the casea Where any of these are tUb 
an infinite distance, for which the oonstmctions for the general case only require to 
be suitably modified. Thus to be giren a paralM to an aaymptoU is ecfoithlent to one 
condition, for we are then giren a point of the cnrre, namdy, the point at infinity on 
the given parallel. If, for example, we were required to describe a conic, giten four 
points and a parallel to an asymptote, the only change to be made in the constmctioii 
(Art. 269) is to suppose the point E at infinity, and the fines J)E^ QB therefora drawn 
parallel to a given line. 

To be given an asymptote is equivalent to two conditions, for we are then given 
a tangent and its point of contact, namely, the point at inflnily on the given 
asjrmptote. To be given that the curve is a parabola is equivalent to one condition^ 
for we are then given a tangent, namely, the line at infinity. To be given that the 
curve is a circle is equivalent to two conditions, for we are then given two points of 
the curve at infinity. To be given a focus is equivalent to two conditions, for we are 
then given two tangents to the curve (Art. 258a), or we may see otherwise that the focus 
and any three conditions will determine the curve ; for by taking the focus as origin, 
and reciprocating, the problem becomes^ to describe a circle, three conditions being 
given ; and the solution of this, obtained by elementary geometry, may be again 
reciprocated for the conic. The reader is recommended to construct by this method 
the directrix of one of the four conies which can be described when the focus and 
three points are given. Again, to be given the poie^ with regard to the conie^ of any 
. given right line^ is equivalent to two conditions ; for three more will determine the curve. 
For (see figure. Art. 146) if we know that P is the polar of Rlt\ and that 7 is a 
point on the curve, T\ the fourth harmonic, must also be a point on the curve ; or 
if or be a tangent, OT* must also be a tangent ; if then, in addition to a line and its 
pole, we are given three points or tangents, we can find three more, and thus determine 
the curve. Hence, to be given the centre (the pole of the line at infinity) is equivalent 
to two conditions. It may be seen likewise that to be given a point on the polar of a 
given point is equivalent to one condition. For example, when we are given that the 
curve is an equilateral hyperbola, this is the same as saying that the two points 
at infinity on any circle lie each on the polar of the other with respect to the curve. 
To be given a self -con jugate triangle is equivalent to three conditions; and when 
a self -con jugate triangle with regard to a parabola is given three tangents are 
given. 

Qivenfive points.^-We have shown. Art. 209, how by the ruler alone we may deter- 
mine as many other points of the curve as we please. We may also find the polar 
of any given point with regard to the curve ; for by the help of the same Article we 
can perform the construction of Ex. 2, Art. 146. Hence too we can find the pole 
of any line, and therefore also the centre. 

Five tatigerUs.—We may either reciprocate the construction of Art. 269, or lednoe 
this question to the last by Ex. 4, Art. 268. 

Four points and a tangent,^We have already given one method of solving this 
question. Art. 845. As the problem admits of two solutions, of course we cannot 
expect a construction by the ruler only. We may therefore apply Camot's theoiem 
(Art 813), 

AcAe'.Ba.Ba'.Cb.Cb'-Ab.Ab'.Bc.Bc'.Ca.Ca; 
Let the four points o, a', 6, b' be given, and let AB be a tangent, the points c, c* will 
coincide, and the equation just given determines the ratio Ac* : Bt^^ everything else in 
the equation being known. This question may also be reduced, if we please, to those 
which follow i for given four points, there are (Art 282) three points whose polais are 
given ; having also then a tangent, we can find three other tangents immediatdy, 
and thus have four points and four tangents. 

Four tangents and a point.—Thia is either reduced to the last by reciprocation, or 



NOTES. 389 

by the method just described; for given four tangents, there are three points whose 
pdars are given (Art. 146). 

Three points and two tangentt.— It is a particular case of Art. 844, that the pcdr of 
points where any line meets a conic, and where it meets two of its tangents, belong to 
a system in involation of which the point where the line meets the chord of contact ia 
one of the fod. If, therefore, the line joining two of the fixed points o, 6, be cut by 
the two tangents in the points A, B, the chord of contact of those tangents passes 
through one or other of the fixed points /*, /*, the fod of the system (a, 6, A, B), (see 
Bx. Art. 286). In like manner the chord of contact must pass through one or other 
of two fixed points C7, G* on the line joining the given points a, c. The chord must 
therefore be one or other of the four lines, FG^ F0% F'G, PG' \ the problem, there- 
fore, has four solutions. 

Two points and three tangents. — ^The triangle formed by the three chords of contact 
has its vertices resting one on each of the three given tangents ; and by the last case 
the sides pass each through a fixed poiut on the line joining the two given points ; 
therefore this triangle can be constructed. 

To be given two points or two tangents of a conic is a particular cape of being 
given that the conic has double contact with a given conic. For the problem to 
describe a conic having double contact with a given one, and touching three lines, or 
else passing through three points, see Art. 328, Ex. 10. Having double contact with 
two, and passing through a given point, or touching a given line, see Art. 287. Having 
double contact with a given one, and touching three other such conies, see Art. 
887, Ex. 1. 

On systems of Conics satibftino Four. CoNDinoNg, 
If we are only given four conditions, a system of different oonics can be described 
satisfying them all. The properties of systems of curves, satisfying one condition 
less than is sufficient to determine the curve, have been studied by De Jonqui^res, 
Chaslep, 2ieuthen, and Cayley. References to the original memoirs will be found 
in Prof. Cayley's memoir {Phil. TVarw., 1867, p. 75). Here it will be enough briefly 
to state a few results following from the application of If. Ohasles' method of 
characteristics. Let fi be the number of conies satisfying four conditions, which 
pass through a given point, and v the number which touch a given line, then ^, y 
are said to be the two characteristics of the system. Thus the characteristiGS of 
a system of conies passing through four points are 1, 2, since, if we are given an 
additional point, only one conic will satisfy the five conditions we shall then have ; 
but if we are given an additional tangent two conies can be determined. In like 
manner for three points and a tangent, two points and two tangents, a point and 
three tangents, four tangents, the characteristics are respectively (2, 4), (4, 4), (4, 2), 
(2, 1). We can determine a priori the order and class of many loci connected with 
the system by the help of the principle that a curve will be of the n^ order, if it meet 
an arbitrary line in n real or imaginary points, and will be of the n^ class if through 
an arbitrary point there can be drawn to it n real or imaginary tangents. Thus the 
locus of the pole of a given line with respect to a system whose characteristics are 
u, V, will be a curve of the order v. For, examine in how many points. the locus can 
meet the given line itself. When it does, the pole of the line is on the line, or 
the line is a tangent to a conic of the system. By hypothesis this can only happen 
in V cases, therefore v is the degree of the locus. This result agrees with what has 
been already found in particular cases, as to the order of locus of centre of a 
conic through four points, touching four lines, Ac. In like manner let us investigate 
the order of the locus of the foci of oonics of the system. To do this let us generalize 
the question, by the help of the conception of foci explained Art. 258a, and we shall 
see that the problem is a particular case of the following : Given two points A, B 
to find the order of the locos of the intenection of either tangent dnwn from A to 



390 KOTKS. 

a conic of the system with one of the tangents drawn from B. Let ns examinft in 
how many points the locus con meet the line AB ; and we see at once that if a point 
of the locos be on AB^ this line must be a tangent to the conic. Consider then any 
conic touching AB in & point T^ then the tangent A T meets the tangent BT in the 
point Tf which is therefore on the locus; and likewise the tangent AT meets the 
necond tangent from B in the point By and the tangent BT meets the second tangent 
from A in the point A. Hence every conic which touches AB gives three points 
of the locus on AB. The order of the locus is theiefore dv, and A and B are each 
multiple points of the order v. Thus the locus of foci of conies touching four lines 
is a cubic passing through the two circular points at infinity. If one of the con- 
ditions be that all the conies shonld touch the line ABy then it will be seen that 
any transversal through A is met by the locus in » points distinct from A, and that 
A itself also counts for v ; hence the locus is in this case only of the order 2» ; which 
is therefore the order of the locus of foci of parabolas satisfying three conditions. 

An important principle in these investigations is that if two points ^, ^' on a 
right line so correspond that to any position of the point A correspond m positions of 
A% and to any position of A' correspond n positions of Af then in m + n cases A 
and A' will coincide. This is proved as in Arts. 336, 340. Let the line on which 
Af A' lie be taken for axis of x ; then the abscisase x^ t! of these two points are con- 
nected by a certain relation, which by hypothesis is of the m^^ degree in j/ and 
the ifi^ in x, and will become therefore an equation of the (m + n)^^ degree if we 
make x = af. 

To illustrate the application of this principle, let us examine the order of the locus 
of points whose polar with respect to a fixed conic is the same as that with respect 
to some conic of the system ; and let ns enquire how many points of the locus can lie 
on a given line. Consider two points A^ A' on the line, such that the polar of A 
with respect to the fixed conic coincides with the polar of A' with respect to a oxiic 
of the system, and the problem is to know in how many cases A and A' can coincide. 
Now first if il bo fixed, its polar with respect to the fixed conic is fixed ; the locns 
of poles of this last line with respect to conies of the system, is, by the first theorem, of 
the order i/, and therefore determines by its intersections with the given line v positions 
of A', Secondly, examine how many positions of A correspond to any fixed position of 
A', By the reciprocal of the first theorem, the polars of A* with respect to conies of 
the system, envelope a curve whose class is ft, to which therefore /n tangents can be 
drawn through the pole of the given line AA' with respect to the fixed conic. It 
follows then, that /x positions of A correspond to any position of A\ Hence, in ft + v 
cases the two coincide, aud this will be the order of the required locus. 

Hence we can at once determine how many conies of the system can touch a fixed 
conic : for the point of contact is one which has the same polar with respect to the 
fixed conic and to a conic of the system ; it is therefore one of the intersections of the 
fixed conic with the locus last found ; and there may evidently be 2 (/* + v) such 
intersections. We have thus the number of conies which touch a fixed conic, and 
satisfy any of tlie systems of conditions, four points, three points and a tangent, two 
points and two tangents, <S:c., the number.^ being respectively 6, 12, 16, 12, 6. From 
these numbers again we find the characteristics of the system of conies which touch a 
fixed conic and also satisfy three other conditions, tliree points, two points and a 
tangent, dec. ; these charactciistics being respectively (6, 12), (12, 16), (16, 12), (12, 6). 
We find hence in the same manner the number of conies of the respective systems 
which will touch a second fixed conic, to be 86, 56, 56, 36. And thus again we have 
the characteristics of systems of conies touching two fixed conies, and also satisfying 
the conditions two points, a point and a tangent, two tangents ; viz. (36, 56), (56, 56), 
(56, 36). In like manner we have the number of conies of these respective systems 
which will touch a third fixed conic, viz. 184, 224, 184. The chaiacteristics then 
cf the systems three conies and a point, three conies and a line are (184, 224), 
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(224, 181). And the nnmbera of these to toach a fourth fixed conic, are in each case 
SiGj so that finally we ascertain that the number of conies which can be described to 
toach five fixed conies is 3264. For farther details I refer to the memoirs already 
dted, and only mention in conclasion that 2» — fi conies of any system reduce to 
a pair of lines, and 2^ — v to a pair of points. 

MiSCELLANBOnS N0TE8. 

(1). Art. 293, p. 267. In connection with the determinant form here given 
it may be stated that the condition that the intersection of two lines \z + fiy + vz, 
\'x + /u y + v'z should lie on the conic, is the vanishing of the determinant 

« » A » ^ » K ^' 

^»/» <?>*'» "' 
^1 M» "» 
X', m', I'', 

(2) Art. 228, Ex. 10, p. 217. Add, Either factor combined with /p+m/B'-fnp"+;>p"'=0 
gives a result of the form Xp + /4p' + »p" = 0, where X + M + y = 0, which represents 
a curve of the third degree. 

(3). Art. 372, p. 337. The discrimination of the cases of four reel and four 
imaginary points has been made by Eemmer (Giessen, 1878). His result is that if 

D = ©«©'« + 18AA'©0' - 27A«A'« - 4A0'» - 4 A'©», 

Z = 2 (®'» - 3A'©) £ - {®& - SAAO * + 2 (0» - 3A0') L', 

if = I {L« - (<l>« - Al.Z') D}, 

N = D { A'«L» - A'0'*2:« + (®'* - 2A'0) ZT 

+ A'©L*« + (©« - 2A0') LZ'* - AAV 

+ A©'*»L' - A©*!** + A'Z'" - (©©* - SAAO ZL'*}, 

we must have D and M positive, L and iV negative, in order to have four real points 
of intersection. 

I add a selection from some miscellaneous notes which had been sent me at 
various times by Messrs. Bumside, Walker, and Cathcart, to be used when a new 
edition was called for, but which I did not remember to insert in their proper places. 

(4) B. Art. 231, Ex. 10. If the normals at four points meet in a point, their 
eccentric angles are connected by the relation a + /3 + y + d= (2m + 1) ir. Hence (see 
Art. 2-14, Ex. 1) the circle through the feet of three of the normals from any point 
passes through the point on the conic opposite to the fourth point 

(5) B. If 1, 2, 3, 4 be the feet of four normals from a point, and r^ denote the 
semi-diameter parallel to the chord 12, then r^„ + r^^ = a' + b*, 

2 J(— 5* A) 

(6) B. Art. 169, Ex. 3. To any rectangular axes, tan0 = ^— -, where F 

has the same meaning as in Art. 383. If the coordinates be trilinear, the right-hand 
side is multiplied by J/, which is the value of x sin^l + y sin j5 + 2 sin C 

2TI J(— L) 

(7) B. If the tangents be drawn from the pole of ox + /ajy + y«, tan <^ =r _ , 

where £, O, B' have the same meaning as in Art. 382, Q is the quantity representing 
tangentially the circular points at infinity, viz. 

a< + ^ + yf - 2/9y oOBil - 2ya 006j9 - 2a/9 006 C\ 
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And IT = is the condition that cus + /3y + ye, and the line at infinity should b 

conjugate, or 

n ^ Aa OR A -k- Bp onB + Cy fan C -k- F ifi anC + y mn B) + G (y tan A + a ^nC) 

+ E{aanB + paJiA), 
As a particular case, the angle between the asymptotes, for which = 0, £ = 6 = lie 

(8) B. The length of the chord intercepted on any line is giren by the two, 
following equations, p being the parallel semi-diameter : 

Compare Art. 231, Ex. 15. 

(9) B. n n = Aaa' + Bfi^ + Cyy' + F (/3y' + fi'y) + G (ya'+ y'a) + ^ (a/5' + a'/3), 
the Jaoobian of 11, £, Q is a parabola touching ax + /S'y + y'z = 0, the normals where 
this line meets the conic, and the two axes. 

(10) B. The area of a triangle circumscribing a conic is Jf — \r*- *) . 

(11). The squares of the semi-axes of the conic are giyen by the quadratic 

/t*0> + iPJ/«AOO' + Ar«^« = 0. 

(12). The equation of a conic circumscribing a triangle, of which a, b, e are the 
aidea and b\ b", b"' the semi-diameters parallel to them, is 

a b c ^ 

(13) W. The area of the triangle formed by the polars with respect to an ellipse of 

points P, Q, if, is 4 ^qqj^>^ (^^pj \pOR) » ^^^^ ^^^^^ is the area of the triangle 
formed by P, Q, and the centre. 

(14) W. If P, C2, i2 be the middle points of the sides of a circumscribing triangle, 
and a, /9, y the eccentric angles of the point of contact, {QOIC) = \(ab tan | (/9 — y). 
From this expression can easily be deduced Faure's theorem (Art. 881, Ex. 12). 

(15) C. The relation (Art. 888a) is a particular case of the following connecting 
the coyariants of three conies : 

where 7=0 denotes the locus of the point whence tangents to the three conies are in 
involution (see Art. 388<r). 

(16) C. Art. 383, p. 352. The expression in the trilinear equation of the director 
circle there given, may be written 

0'5 - {L« + Jf« -h iV^« - 2J/^'coSi4 - 2ArL cosB - 2Li/oosC}, 

where Z = ax + Ay + ^«, M^hx + by +fz, N=:gx +fy + cs. 
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Angle, 

between two lines whose Cartesian 

equations are given, 21, 22. 
ditto, for trilinear equations, 60. 
between two lines given by a single 

equation, 69. 
between two tangents to a oonic, 166, 

189, 212, 213, 269, 391. 
between two oonjugate diameters, 169. 
between asymptot^ 164, 392. 
between focal radios vector and tan- 
gent, 180. 
subtended at focus by tangent from 

any point, 183. 206. 
subtended at limit points of system of 

circles, 291. 
theorems respecting anpfles subtended 

at focus proved by reaprocatlon, 284, 

by spherical geometry, 331. 
theorems concerning angles how pro- 
jected, 321, 323. 
Anharmonic ratio, 295. 

fundamental theorem proved^ 55. 
what, when one point at infinity, 295. 
of four lines whoee equations are 

given, 56, 305. 
property of four points on a conic, 

240, 252, 288, 818. 
of four tangents, 252, 288. 
of three tangents to a parabola, 299. 
these properties developed, 297. 
properties derived from projection of 

angles, 321, 323. ^' 
of four points on a oonic when equal 

to that of four others on same 

conic, 252. 
on a different conic, 252, 808. 
of four points equal that of their 

polars, 271. 
of four diameters equal that of their 

conjugates, 302. 
of se^ents of tangent to one of three 

conies having double contact, by 

other two, 819. 
Apollonius, 828. 
Arc, 

line cutting oS. constant arc from 

curve where met by its envelope, 374. 
theorems concerning arcs of comes, 877. 
Area, 

of a polygon in terms of coordinates 

of Its vertices, 31, 130. 
of a triangle, the equations of whose 

sides are given, 32, 130. 
of triangle inscribed in or drcnm- 

scribing a conic, 212, 220, 891. 



Area, 

of triangle formed by three normals, 

220, 
constant, of triangle formed by join- 
ing ends of conjugate diameters, 

159, 169. 
constant, between any tangent and 

asymptotes, 192. 
of polar triangles of middle points of 

Bides of fixed triangle witn regard 

to inscribed conic, 351, 392. 
of triangles equal, formed by drawing 

from end of each of two diameters 

a parallel to the other, 178. 
fonnd by infinitesimals, 371. 
constant^ cut from a conic by tangent 

to similar oonic, 373. 
line cutting off from a curve constant 

area bisected by its envelope, 874. 
of common conjugate trian^ of two 

conies, 362. ' 
Asymptotes, 

defined as tangents throngh centra 

whose points of contact are at in- 
finity, 155. 
are self -conjugate, 167. 
are diagonals of a parallelogram whoee 

sides are conjugate diameters, 190. 
general equation of, 272, 840. 
and pair of conjngate diameters form 

harmonic pencil, 296. 
portion of tangent between, bisected 

by curve, 191. 
equal intercepts on any chord between 

curve and, 191, 312. 
constant len^h intercepted on by 

chords joimng two fixed points to 

variable, 192, 294, 298. 
parallel to, how cnt by same chords, 

298. 

by two tangents and their chord, 

298. 

bLiected between any point and its 
polar, 295. 
parallels to, through any point on 

curve indude constant area, 192, 

294, 298. 
how divide any semi-diameter, 298. 
Axes, 

of conic, equation of, 156. 
lengths, how found, 158. 892. 
constructed geometriealiy, 161. 
how found when two oomugate dia- 
meters are given, 178, 176. 
of reciprocal curve, 291. 
axis ox parabola^ 1%. 
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Axes, 

of simUitnde, 108, 224, 282. 
radical, 99, 127. 

Bisectors of angles between lines given bj 

a single equation, 71. 
of sides or angles of a triangle meet 

in a point, 5, 34, 54. 
Bobillier on equations of conic inscribed in 

or circumscribing a triangle, 120. 
Boole on invariant functions of co€^cients 

of a conic, 159. 
Brianchon's theorem, 244, 280, 381. 
Burnaide, theorems or proofs by, 80, 220, 

221, 242, 246, 257, 272, 842, 891. 

Camot, theorem of transversals, 289, 318, 

888. 
Cartesian, equations, a case of trilinear, 64. 
Casey, theorems by, 113, 127, 135, 358. 
Cathcart, theorems bv, 129, 132, 391. 
Cayley, theorems and proofs by, 134, 342, 

350, 358, 379, 381, 389. 
Centre, 

of mean position of given points, 50. 

of homology, 59. 

radical, 99, 282. 

of similitude, 105, 224, 282. 

chords joining ends of radii through 
c.s. meet on radical axis, 107,224, 250. 

of conic, coordinates of, 143, 153. 

{x)le of line at infinity, 165, 296. 
low found, given five points, 247. 

of system in involution, 308. 

of curvature, 230, 376. 
Chasles, theorems by, 295, 300, 304, 377, 389. 
Cliord of conic, perpendicular to line join- 
ing focus to Its pole, 18B, 321. 

whicn touches confocal conic, propor- 
tional to square of parallel semi- 
diameter, 212, 221, 391. 
Chords of intersection of two oonics, equa- 
tion of, 334. 
Circle, equation of, 14, 76, 87. 

tangential equation of, 120, 124, 128, 
288, 385. 

triUnear equation of, 128. 

passes through two fixed imaginary 
points at infinity, 238, 325. 

circumscribing a triangle, its centre 
and OQ nation, 4, 86, 1 18, 130, 288. 

inscribed in a triangle, 122, 288. 

having triangle of reference for self- 
conjugate triangle, 254. 

through middle points of sides (see 
Feue^J>ach), 86, 122. 

which cuts two at constant angles, 
touches two fixed circles, 103. 

touching three others, 110, 114, 135, 
291. 

cutting three at right angles, 102, 130, 
361. 

or at a constant angle, 182. 

cutting three at same angle have 
common radical axis. 109, 132. 

circumscribing triangle formed by 
three tangents to a parabola, passes 
through focus, 207, 214, 274, 285, 320. 



Circle ci.cnmscribing triangle formed by 
two tangents and chord, 241, 376. 
circumscribing triangle inscribed in a 

conic, 220, 333. 
circumscribing, or inscribed, in a self- 
con jugate triangle, 341. 
circumscribing tnangles formed by 

four lines meet in a point, 246. 
when five lines are given, the five 

such points lie on a circle, 247. 
tangents, area, and arc found by in- 
finitesimals, 370. 
Circumscribing triangles, six vertices of 

two lie on a conic, 320, 381. 
Class of a curve, 147. 
Common tangents to two circles, 104, 106, 

263. 
to two conies, 844. 
their eight points of contact lie on a 

conic, 345. 
Condition that, 

three points should be on a right 

Une, 24. 
three lines meet in a point, 32, 34. 
four convergent lines should form 

harmonic pencil, 56. 
two lines snould be perpendicular, 

21, 59, 354. 
a right line should paas through a 

fixed point, 50. 
equation of second degree should re- 
present right lines, 72, 149, 153, 

155, 266. 

a circle, 75, 121, 352. 

a parabola, 141, 274, 352. 
an equilateral hyperbola, 169, 352. 
equation of any degree represent right 

lin^ 74. 
two circles should be oonoentric, 77. 
four points should lie on a circle, 86. 
intercept by circle on a line should 

subtend a right angle at a given 

point, 90. 
two circles should cut at right angles, 

102, 348. 
that four circles should have common 

oithogonal circle, 131. 
a line should touch a conic, 81, 152, 

267, 340. 
two conies should be similar, 224. 
two conies should touch, 336, 356. 
a point should be inside a conic, 261. 
two lines should be conjugate with 

respect to a conic, 267. 
two pairs of points suould be harmonic 

conjugates, 305. 
four points on a conic should lie on a 

circle, 229. 
a line be cut harmonically by two 

conies, 306. 

in involution by three oonica, 863. 
three pairs of lines touch same conic, 

270. 
three pairs of points form system in 

involution, 810. 
a triangle may be inscribed in one 

conic and circnmscribed to another, 

842. 
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Condition that, 

that two lines should intersect on a 

conic, 391. 
a triangle sclf-conj agate to one may 
be inscribed or circomscribed to 
another, 340. 
tliree conies have double contact with 
same conic, 359. 
have a common point, 365. 
may include a perfect square in their 
s^zygy, 366. 
lines joining to yerticcs of triangle 
points where conic meets sides 
should form two sets of three, 851. 
Cone, sections of, 826. 
Confocal conies, 186. 

cut at right angles, 181, 291, 322. 
may be considered as inscribed in 

name quadrilateral, 239. 
most general equation of, 353. 
tangents from point on (1) to (2) 
equally inclined to tangent of (1), 
182. 
pole with regard to (2) of tangent to 

(1) lies on a normal of (1), 209. 
used in finding axes of reciprocal 

curve, 291. 
in finding centre of curvature, 376. 
properties proved by reciprocation, 29 1 . 
length of arc intercepted between 
tangent from, 377. 
Conjugate diameters, 146. 

their lengths, how related, 159, 168. 
triangle included by, has constant 

area, 159, 169. 
form harmonic pencil with asymp- 
totes, 296. 
at given angle, how oonstmcted, 171. 
construction for 218. 
Conjugate hyperbolas, 165. 
Conjugate lines, conditions for, 267. 
Conjugate triangles, homologous, 91, 92. 
Continuity, principle of, 325. 
Co variants, 347. 

Criterion, whether three equations repre- 
sent lines meeting in a point, 84. 
whether a point be within or without 

a conic, 261. 
whether two conies meet in two real 
and two imaginary points, 337. 
Curvature, radius of, expressions for its 
length, and construction for, 228,875. 
circle of, equation of, 234. 
centre of, coordinates of, 230. 

De Jon(^aidres 388. 
Dctermmant notation, 129. 
Diagonals of quadrilateral, 

middle points lie in a line, 26, 62, 216. 
circles d^cribed on, as diameters, have 
common radical axis, 277. 
Diameter, polar of point at infinity on its 

conjugate, 296. 
Director arcle, 269, 352. 

when four tangents are given, have 
common radical axis, 277. 
Directrix, 179. 

of parabola, equation of, 269, 352. 



< Directrix of parabola is locus of rectangular 
tangents, 205, 269, 352. 
passes through intersection of per- 
pendiculars of circumscribing tri- 
angle, 212, 247, 275, 290, 342. 
Discriminant defined, 266. 

method of forming, 72, 149, 153, 155. 
Distance between two points, 3, 10, 133. 
Distance of two points from centre of 
circle proportional to distance of 
each from polar of other, 93. 
when a rational function of coordi- 
nates, 179. 
of four points in a plane, how con- 
nected, 134. 
Double contact, 228, 234, 346. 

equation of conic having d. c. with 

two others, 262. 

tangent to one cut harmonically by 

other, and chord of contact, 3 12, 3 19. 

properties of two conies having d. c 

with a third, 242, 282. ' 

of three having d. c. with a fourth, 

243, 263, 281. 
tangential equation of, 355. 
condition two should touch, 356. 
problem to describe one such conic 
touching thrj^ others, 356, 358. 
Duality, principled, 276. 

Eccentric angle, 217, dkc, 243. 

in terms of corresponding focal angle, 

220. 
of four points on a circle, how con- 
nected, 229. 
Eccentricity^ of conic given by general 

equation, 164. 
depends on angle between asymp- 
totes, 164. 
Ellipse, origin of name, 186, 828. 

mechanical description of, 178, 218. 
area of, 372. 
Envelope of 

line whose equation involvee indeter- 

minates in second degree, 257, &c 
line on which sum of perpcndiculani 

from several fixed points is con- 
stant, 95. 
given product or sum or difference of 

squares of perpendiculars from two 

fixed points, 259. 
base of triangle given vertical angle 

and sum of sides, 260. 
whose sides pass through fixed points 

and vertices move on fixed lines, 

259. 
and inscribed in given conic, 250, 280, 

319. 
which subtends constant angle at fixed 

pointy two sides being given in 

position, 284. 
polar of fixed point with re^^ard to a 

conic of which four oonditionB are 

eiven, 271, 280. 
pohur of centre of circle touching two 

given, 291. 
chord of conic subtending oonstaot 

angle at fixed point, 255. 
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Enyelope of 

perpendicalar at extremity of radius 

yector to circle, 205. 
aBjrmptote of hyperbolas haying same 

fccos and directrix, 285. 
giyen three points and other asymp- 
tote, 272. 
line joining corresponding points of 

two homographic systems 
on different lines, 802. 
on a conic, 258, 808. 
free side of inscribed polygon, all the 

rest passing through fixed points, 

250, 301. 
base of triangle inscribed in one conic, 

two of whose sides touch another, 

849. 
leg of giyen anharmonic pencil under 

different conditions^ 824. 
ellipse given two conjugate diameters 

and s^m of their squares, 260. 
Equation, its meaning when coordinates 

of a given point are substituted in 

it ; for a right line, circle, or conic, 

29, 84, 128, 241. 
ditto for tangential equation 884. 
pair of bisectors of angles between 

two lines, 71. 
of radical axis of two circles, 98, 128. 
common tangents to two circl^ 104, 

106, 263. 
circle through three points, 86, 180. 
cutting three circles orthogonally, 

102, 180. 
touching tUree circles, 114, 185, 859. 
inscribed 'va or Gircumscribing a tri- 
angle, 118, 126, 288. 
having triangle of refezenoe aelf- 

oonju^ate, 254. 
tangential of circle, 129^ 884. 
tangent to circle or conic, 80, 147, 264. 
polar to circle or conic, 82, 147, 265. 
pair of tangents to conic from any 

point, 85, 149, 269. 

where conic meets given line, 272. 
asymptotes to a conic, 272, 840. 
chords of intersection of two conies, 
834. 

circle osculating conic, 284. 
conic through five points, 283. 
touching five lines, 274. 
having double contact with two giyen 

ones, 262. 
having double contact with a given one 

and touching three others, 856. 
through three points, or touc^ng three 

linesL and having given centre, 267. 

and naving given focus, 288. 
leciprocal of a given conic, 292, 848, 

856. 
directrix or director circle, 269, 852. 
lines joining point to intersection of 

two curves, 270, 807. 
four tangents to one conic where it 

meets another, 849. 
curve parallel to a conic, 887. 
cvolute to a conic, 281, 388. 
Jacobian of three conies, 860. 



Equilateral hyperbola, 168. 
general condition for, 852. 
given three points, a fourth is giyeil, 

215, 290, 821. 
circle circumscribing self -con jugate 

triangle passes through centre 216, 

842. 
Euler, expression for distance between 

centres of inscribed and dzcum- 

scribing circles, 848. 
Evolutes of conies, 281, 838. 
Fagnani's theorem on arcs of oonioa, 878. 
Faure. theorems by, 841, 851, 392. 
Feuerbach, relation connecting four points 

on a circle, 87, 217. 
theorem on circles touching four lines^ 

127, 313, 359. 
Fixed point, the following lines peaa 

through a 
coefficients in whose equation are con- 
nected by relation of first degree, 50. 
base of triangle, given vertical angle 

and sum of reciprocals of sides, 48. 

whose sides pass through fixed 
points, and vertices move on three 
oonverging lines, 48. 
line sum of whose distances from fixed 

points is constant, 49. 
polar of fixed point with respect to 

circle, two pomts given, 100. 

with respect to conic, four points 
given, 153, 271, 281. 
chord of intersection wiUi fixed centre 

of circle through two points, 100. 
of two fixed lines with conic through 

four points, one lying on each line, 

302. 
chord of contact given two points and 

two lines, 262. 
chord subtending right angle at fixed 

point on conic, 17o, 270. 
when product is constant of tangents of 

parts into which normal divides 

subtended angle, 175. 
given bisector of angle it subtends at 

fixed point on curve, 823. 
perpendicular on its polar, from point 

on fixed perpendicular to axis, 184. 
Focus, see Contents, pp. 177-190, 209-212. 
infinitely small circle haying double . 

contact with conic, 241. 
intersection of tangents from two fixed 

imaginary points at infinity, 239. 
equiv^ent to two conditions, 386. 
coordinates of, given three tangentSi 

274. 

when conic is given by general equa- 
tion, 239, 353. 
focus and directrix, 179, 241. 
theorems concerning angles subtended 

at 284, 331. 
focal properties investigated by pro- 
jection, 320. 
focal radii vectores from any point have 

equal difference of reciprocals, 212. 
line joining intersections of focal nor- 
mals and tangents passes through 

other focus, 21 1« 
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Focus, 

locus of, given three tangents to a 

parabola, 207, 214, 274, 285, 820. 
given four tangeata^ 275, 277. 
given four points, 217, 288. 
given three tangents and a point, see 

Ex. 8, p. 288. 
of section of ri^ht cone, how found, 881. 
of systems in involution, 809. 

Gaultier of Tours, 99. 

Grergonne, on ciide tonching three others, 

110. 
Gk>rdan, on number of oonoomitantSy 868. 
Graves, theorems bj, 888, 877. 

Hamilton, proof of Feuerbach*B theorem, 

813. 
Harmonic, section, 50. 

what when one point at infinity, 295. 
properties of quadrilateral, 57, 317. 
property of poles and polan, 85, 146, 

295, 297, 818. 
pencil formed by two tangents and 

two co-polar Imes, 148, 296. 
by asymptotes and two conjugate 

diameters, 296. 
by diagonals of inscribed and circum- 
scribing quadrilateral, 242. 
by chords of contact and common 
chords of two conica having double 
contact with a third, 242. 
properties derived from projection of 

right angles, 321. 
condition for harmonic pencil, 305. 
condition that line should be cut har- 
monically by two conies, 806. 
locus of points whence tangents to two 
conies form a harmonic pencU, 806. 
Hart, theorems and proo& by, 124, 126, 

127, 268, 378. 
Harvey, theorem on four circles, 182. 
Heame, mode of finding locus of centre, 

given four conditions, 267. 
Hermes, on equation of conio circum- 
scribing a triangle, 120. 
Hesse, 881. 

Hexagon (see Brianchon and Pascal), 
property of angles of dicumscribing, 
270, 289. 
Homogeneous, equations in two'variables, 
meaning of, 67. 
trilinear equations, how made, 64. 
Homo^phic systems, 57, 68. 

criterion for, and method of forming, 

804. 
locus of intersection of corresponding 

lines, 271. 
envelope of line joining coziesponding 
points, 802, 808. 
Homologous triangles, 59. 
Hyperbola, origin of name, 186, 328. 
area of, 873. 

Imaginary, lines and points, 69, 77. 

circular points at infinity, tangentLal 

equation of, 852. 
every line through either perpen- 
dicular to itself, 861. 



Infinity, line at, equation of, 64. 
touches parabola, 235, 290, 829. 
centre, pole of, 155, 296. 
Inscription m conic of triangle or polygon 
whose sides pass througn fixed 
points, 250, 278, 281, 807. 
Intercept on chord between curve and 
asymptotes equal, 191, 312. 
on asymptotes constant by lines Join- 
ing two variable points to one fixed, 
192^ 294, 298. 
on axis of parabola by two lines, equal 
to projection of distance between 
their poles, 201, 294. 
Intercept on parallel tangents by variable 

tangent, 172, 287, 299, 885. 
Invariants, 159. 835. 
Inversion of curves, 114. 
Involution, 307. 

Jacobian of three conies, 860, Ac, 
JoachimsthaL 

relation between eccentric angles of 

four points on a circle, 229. 
method of finding points where line 
meets curve, 264. 

Kemmer, 391. 

Kirkman's theorems on hexagons, 880. 

Latus rectum, 185. 

limit points of system of dxcles, 101, 291. 

Locus of 

vertex of triangle given base and a 

relation between lengths of sides, 

89, 47, 178. 
and a relation between angles, 89, 47, 

88, 107. 
and intercept by sides on fixed line, 300. 
and ratio of parts into which sides 

divide a fixed parallel to base, 41. 
vertex of given triangle, whose base 

angle moves along fixed lines, 208. 
vertex of triangle of which one base 

angle is fixed and the other moves 

along a given locus, 51, 96. 
whose sides pass through fixed points 

and base angles move along fixed 

linea, 41, 42. 248, 280, 299. 
generalizations of the last problem, 800. 
of vertex of triangle wnich circum- 
scribes a given conic and whose 

base angles move on fixed lines, 

250, 819, 849. 
generalizations of this problem^ 850. 
common vertex of several triangles 

given bases and sum of areas, 40. 
vertex of right cone, out of which 

given conic can be cut, 831. 
pomt cutting in ffiven ratio parallel 

chords of a drck, 162. 

intercept between two fixed lines, on 
various conditions, 89, 40, 47. 

yariable tangent to conic between 
two fixed tangents, 277, 828. 
point whence tangents to two drdea 

have given ratio or sum, 99, 263. 
taken according to dififerent laws on 

radii vectores through fixed point, 52. 
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Locus of, 

8uch that T.tnr* = constant, 88. 
whence square of tangent to circle is 

as product of distances from two 

fixed lines, 240. 
cutting in giyen anharmonic ratio, 

chords of conic through fixed point, 

820. 
on perpendicular at height from base 

equal a side, gi^en ba^ and sum of 

sides, 59. 
such that triangle formed by joining 

feet of perpendiculars on sides of 

triangle nas constant area, 1 19. 
point on line of given direction meeting 

sides of triangle, so that oc^z^oa.ob. 

298. 
on line cut in given anharmonic ratio, 

of which other three describe right 

lines, and line itself touches a conic, 

824. 
chords through which subtend right 

angle at pomt on conic, 270. 
whence tangents to two conies form 

harmonic pencil, 806. 
whose polars with respect to three 

conies meet in a point, 360. 
middle point of rectangles inscribed in 

triangle, 43. 

of parallel chords of conic, 143. 

of convergent chords of circle, 96. 
intersection of bisector of vertical 

angle with perpendicular to a 

side, given base and sum of sides, 

51. 
of perpendicular on tangent from 

centre, or focus, with f ocid or central 

radius vector, 209. 
focal radius vector with oorre«ponding 

eccentric vector, 220. 
of peipendiculars to sides at extremity 

of base, given vertical angle and 

another relation, 47. 
of perpendiculars of triangle given base 

and vertical angle, 88. 
of perpendiculars of triangle in$>cribed 

m one conic and circumscribing 

another, 342. 
eccentric vector with corresponding 

normal, 220. 
corresponding lines of two homogra- 

phio pencil 271. 
polars with respect to fixed conies of 

points which move on right lines, 

271. 
Intersection of tangents to a conic 

which cut at right angles, 166, 171, 

269, 852. 

to a parabola which cut at given 
angle, 213, 256, 285. 

at extremities of conjugate dia« 
meters, 209. 

whose chord subtends constant angle 
at focus, 284. 

from two points, which cut a given 
line harmonically, 822. 

each or both on one of four given 
tftngents, 802, 820. 



Locus of, 

at two fixed points on a conic satisfy- 
ing two otner conditions, 220, 320. 
various other conditions, 215. 

intersection of normab 8^ extremity 
of focal chord, 211. 

or chord through fixed point, 214, 835. 

foot of perpendicular from focus on 
tangent, 182, 204, 351. 
on normal of parabola, 213. 
on chord of circle subtendhig right 
angle at given point, 91. 

extremitv of focal subtangent, 184. 

centre of circle making given inter- 
cepts on given lines, 208. 

centre of inscribed circle given base 
and sum of sides, 208. 

of circle cutting three at equal angles, 
108. 

of circumscribing circle given vertical 
angle, 89. 

of circle touching two given circles, 
291, 320. 

centre of conic (or pole of fixed line) 
given four points, 153, 254, 2(i8, 
271, 281, 302, 320. 

given four tangents, 216, 254, 267, 
277, 281, 321, 339. 

given three tangents and sum of 
squares of axes, 216. 

four conditions, 267, 389. 

pole of fixed line with regard to sys- 
tem of confocals, 209, 322. 

pole with respect to one conic of tan- 
gent to another, 209, 278. 

focus of parabola given three tan- 
gents, 207, 214, 274, 285, 320. 

focus given four tangents, 275, 277. 

given four points, 217, 288, 392. 

given three tangents and a point, 288. 

given four conditions, 389. 

vertices of self -conj ugate triang1e,oom- 
mon to fixed conic, and variable of 
which four conditions are given^ 
889. 

MacCullagh, theorems by, 210, 220, 888, 
874, 377. 

MacLaurin's mode of generating conies, 
247, 248, 251, 299. 

Malfatti's problem, 263. 

Mechanical construction of conies, 178, 
194, 203, 218. 

Middle points of diagonals of quadrilate- 
ral in one line, 26, 62. 

Miquel, on circles circumscribing triangles 
formed by five lines, 247. 

Mobiiis, 217, 278, 295. 

Moore, deduction of Steiner's theorem from 
Briancbon's, 247. 

Mulcaby, on angles subtended at focus, 881. 

Newton's method of generating conies, 800. 

Normal, 173, Ac. 335. 

Number of terms in general equation, 74. 

of conditions to determine a conic, 136. 

of intersections of two curves, 225. 

of solutions of problem to describe 
a conic touching five others, 890, 
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Number of concomitants to system of 
conies, 863. 

O'Brien, 217. 

Orthogonal systems of circles, 102, 131, 

348, 361. 
Osculating circle, 227, 234. 

three pass through gi^en point on 

curve, 229. 

Pappus, 186, 295, 8>8. 
Parabola (see Contents, pp. 195 — 207, 
212-214). 

origin of name, 180, 828. 

has tangent at infinity, 235, 290, 829. 

coordinates of foctis, 239, 274, 354. 

equation of directrix, 269, 352. 

touching four lines, 274. 
Parallel to conic, equation of, 837. 
Parameter, 185, 197, 202. 

same for reciprocals of equal dzcles, 
286. 
Pascal's hexagon, 245, 280, 801, 819, 880. 

expression o^ coordinates by single, 
217, 248, .886. 
Perpendicular, equation and length, 26, 60. 

condition for, 59. 

extension of relation, 321, 854. 

from centre and foci on tangent, 169, 
179 204. 
Plucker, 278, 380. 

Polar coordinates and equations, 9, 86, 
87, 95, IdO, 162, 184, 207. 

poles and polars, properties of, 92, 148. 

polar, equation of, 82, 147, 265. 

pole of given line, coordinates of, 266. 

polar reciprocals, 276, Ac 

point and polar equivalent to two 
conditions, 888. 
Poncelet, 101, 278, 801, 814. 
rejection, 314, 832. 

Quadrilateral, 

middle points of diagonals lie on 
a right line, 26, 62, 216. 

circles having diagonals for diameters 
have common radical axis, 277. 

harmonic properties of, 67, 817. 

inscribed m oonica, 148^ 819. 

sides and diagonals of inscribed qnad- 
rilateral cut transversal in involu- 
tion, 812. 

diagonals of inscribed and circam- 
scribed form harmonic pencil, 242. 

Radical axis and centre, 99, 122, 224, 282. 
Radius of dide drcomBcribing triangle 

inscribed in conic, 218, 220, 883, 
Radius of curvature, 227. 
Reciprocals, method of, 66, 276, 294, 866. 

Sadleir, theorems by, 184. 
Belf-ooniugate trianples, 91. 

circle naving triangle of reference fcMr, 
254. 

of equilateral hyperbola, 216. 



Self-conjugate triangle 

vertices of two he on a conic, 322, 841. 
equation of conic referred to, 238, 253. 
common to two conies, 257, 362. 
determination of, 349. 361. 
Serret on locus of centre given four 

tangents, 216. 
Similitude, centre of, 105, 228, 282. 
Similar conies, 222. 
condition for 224. 

have points common at infinity, 236. 
tangent to one cuts constant area 
from other, 878. 
Steiner, 

theorem on triangle circumscribing 

parabola, 212. 247, 275. 290, 342. 
on points whose osculating circle 

passes through eiven point, 229. 
theorems on Pascars hexagon, 246, 880. 
solution of Malfatti's problem, 268. 
Subnormal of parabola constant, 202. 
Supplemental choids, 172. 
Systems of circles having common radical 
axis, 100. 
of conies through four points cut a 
transver3al in mvolution, 312. 

Tangent^ general definition of, 78. 
to circle, length of, 84. 
to conic constructed geometrically, 151. 
determination of points of contact, 

five tangents given, 247. 
variable, makes what intercepts oa 

two parallel tangento, 172, 181. 
or on two conjugate diameters, 172. 
of parabola, how divides three fixed 
tangents, 299. 
Tangential equations, 66, 276, d(C., 883, 
Ac. 
of inscribed and droumscribing circles^ 

121, 125, 288. 
of circle in general, 128, 884. 
of conic in general. 152, 260. 
of imaginary drcular points, 85'Z» 
of ooniocal conies, 353, 384. 
of points common to four conies, 84^ 
interpretation of, 384. 
TowDsend, theorems and piool» by, 2621 

301, 875. 
Transformatbn of ooordinates, 6, 9, 167^ 

886. 
Transversal, how cuts sides of triangle, 86w 
Camot's theorem of, 289, 818, 888. 
met by mtem of conies in involu* 
tion, 812. 
Triangle, ciicnmacribingy vertioeB or two 

he on a conic, 820. 
Triangles made by four linM, propertiet 

of, 217, 246. 
Trilinear ooozdinates, 67, 60, 264. 

Veioneee^ 882. 

Walker, 891. 

Zeothen,889. 



THE END. 



BY THE SAME AUTHOE. 



A TREATISE ON THE HIGHER PLANE 

CURVES. 

7%ird Edition. 

Dublin: Hodges, Foster, and Figgis. 



A TREATISE ON THE GEOMETRY OF 

THREE DIMENSIONS. 

ITiird Edition. 

Dublin: Hodges, Foster, and Figgis. 



LESSONS INTRODUCTORY TO THE 
MODERN HIGHER ALGEBRA. 

Third Editum. 

Dublin: Hodges, Foster, and Figgis. 



CAMBRIDGE ! 

PRINTBD BT W, MSTOALFB A5D 805, TRIlfITT STREET. 



Jl §aialoqnc of ^orifes 



IN 



GENERAL LITERATURE 



PUBLISHED BY 



MESSRS. LONGMMS, aiLEEI, & CO. 

39 PATERNOSTER ROW, LONDON, E.C. 



MESSRS. LONGMANS, GREEN, & CO. 

Issue the undermentioned Lists of their Publications^ which may be had post free on 

application : — 



1. Monthly List of New Works and 

New Editions. 

2. Quarterly List of Announce- 

ments AND New Works. 

3. Notes on Books ; being an Analysis 

OF THE Works published during 
EACH Quarter. 

4. Catalogue of Scientific Works. 

5. Catalogue of Medical and Surgical 

Works. 



6. Catalogue of School Books and 

Educational Works. 

7. Catalogue of Books for Ele- 

mentary Schools and Pupil 
Teachers. 

8. Catalogue of Theological Works 

BY Divines and Members of the 
Church of England. 

9. Catalogue of Works in General 

Literature. 



ABBEY and OVERTON.— The Eng- 
lish Church in the Eighteenth 

Century. By Charles J. Abbey and 
John H. Overton, Cr. 8vo. yj. 6</. 

ABBOTT.— Hellenica. A Collection 

of Essays on Greek Poetry, Philosophy, 
History, and Religion. Edited by Evelyn 
Abbott,M.A. LL.D. Fellowand Tutor of 
Ball id College, Oxford. Svo. I dr. 

ABBOTT (Evelyn, M.A. LLD.)— 
Works by. 

A Skeleton Outline of Greek 

History. Chronologically Arranged. 
Crown Svo, 2J. 6^. 

A History of Greece. In Two 

Parts. 
Part I. — From the Earliest Times to the 

Ionian Revolt. Crown 8vo. I ox. dd. 
Part II. Vol.1.— 500-445 B.C. [Inthepress. 
Vol. II, — [In Preparation,} 



ACLAND and RAN80ME.— A Hand- 
book in Outline of the Politi- 
cal History of England to 1SB7. 

Chronologically Arranged. By A, H. 
Dyke Acland, M. P. and Cyril Ran- 
SOME, M.A Crown Svo. 6s, 

ACTON.— Modem Cookenr. By 

Eliza Acton. With 150 Woodcuts. 
Fcp. Svo. 4s, 6d, 

A. K. H. B.— The Essays and Con» 
tributions of. Cr. Svo. 

Autumn Holidays ofa Country Parson. 3J.M 
Changed Aspects of Unchanged Truths. 

3^. 6d. 
Commonplace Philosopher. 3;. 6d, 
Counsel and Comfort from a City Pulpit. 

3J, 6d, 
Critical Essays of a Country Parson, y, 6d. 
East Coast Days and Memories, yt, 6^^ 

[Coniimtidon nextptigt* 

A 



A Catalogue of Books in General Literature 



A. K. H. B.— The Essays and Con- 
tributions Oi— continued. 

Graver Thoughts of a Country Parson. 
Three Series, y, 6d. each. 

Landscapes, Churches, and Moralities. 31.6^. 

Leisure Hours in Town. 3;. 6d, 

L,essons of Middle Age, y, 6d, 

Our Little Life. Two Series. 3^. 6d. each. 

Our Homely Comedy and Tragedy. 31. 6d, 

Present Day Thoughts. 31. M, 

Recreations of a Country Parson. Three 
Series. 3x. 6d, each. 

Seaside Musings. 3^. 6d, 

Sunday Afternoons in the Parith Church of 
a Scottish University City. 31. 6d, 

« To Meet the Day ' through the Christian 
Year r being a Text of Scripture, with an 
Original Meditation and a Short Selection 
in Verse for Every Day. 4J. 6d, 

American Whist, Illustrated : 

containing the Laws and Principles of 
the Game, the Analysis of the New 
Play and American Leads, and a Series 
of Hands in Diagram, and combining 
"UTiist Universal and American Whist. 
By G. W. P. Fcp. 8vo. 6j. 6d. 

AM 08.— A Primer of the English 
Constitution andGovernment 

By Sheldon Amos. Crown 8vo. 6s, 

Annual Register (The). A Review 

of Public Events at Home and Abroad, 
for the year 1889. 8vo. I&r. 
%* Volumes of the * Annual Register ' for 
the years 1 863 -i 888 can still be had. 

AN8TEY.— Works by F. Anstey, 

Author of * Vice Vers4.* 

The Black Poodle, and other 

Stories. Crown 8vo. 2s, bds. ; 2s, 6d, cl. 

Voces Populi. Reprinted from 

Punch, "With 20 Illustrations by J. 
Bernard Partridge. Fcp. 4to. sj. 

ARISTOTLE.— The Works of. 
The Politics, G. Bekker's Greek 
Text of Books I. III. IV. (VII.) with 
an English Translation by W. £. 
BOLLAND, M.A. ; and short Introductory 
Essays by A. Lang, M. A. Cr. 8vo. ^s, 6d, 

The Politics : Introductory Essays. 
By Andrew Lang. (From BoUand and 
Lang's ' Politics.*) Crown 8vo. 2s, 6d, 

The Ethics ; Greek Text, illustrated 

with Essays and Notes. By Sir Alkxan- 
DBR Grant, Bart. M.A. LL.D. 2 vols. 
8vo. 32J. 

The Nicomachean Ethics, Newly 

- Translated into English. By Robert 
Williams, Barrister-at-Law. Crown ' 



ARMSTRONG (6. F. 8AVAQE-) — 
Works by. 

Poems: Lyrical and Dramatic Fcp. 

8vo. 6/. 

King Saul. (The Tragedy of Ismd, 

Part I.) Fcp. 8vo. 51. 

King David. (The Tragedy of Israel, 

Part II.) Fq). 8vo. 6j. 

King Solomon. (The Tragedy of 

Israel, Part III.) Fcp. 8vo. 6x. 

Ugone : A Tragedy. Fcp. 8vo. dx. 
A Garland from Greece ; Poems. 

Fcp. 8vo. 9x. 

Stories of Wicklow ; Poems. Fcp. 

8vo. 9J-. 

> Victoria Regina et Imperatriz : 

a Jubilee Song from Ireland, 1887. 4to. 

Mephistopheles in Brpadcloth : 

a Satire. Fcp. 8yo. 4J', 

The Life and Letters of Edmund 
J. Armstrong. Fcp. 8vo. 71. 6</. 

ARMSTRONG (E. J.)-Works by. 

Poetical Works. Fcp. 8vo. t^s. 

Essays and Sketches. Fcp. Svo. 5^. 
ARNOLD. —The Light of the 

World \ or, the Great Consummation. 
A Poem. By Sir Edwin Arnold^ 
K.C.I.E. Crown Svo. 7j. dd, net. 

ARNOLD (Dr. T.)— Works by. 
Introductory Lectures on Mo- 
dem History. 8vo. 7/. 6</. 

Sermons Preached mostly in 
the Chapel of Rugby SchooL 

6 vols, crown Svo. 30;. or separately, 51. ea. 

Miscellaneous Works. 8va 7^. 6^ 

ASHLEY.-English Economic His- 
tory and Theory. By w. j. ash- 

LEY, M.A. Professor ofPoIitical Economy 
in the University of Toronto. 
Part I. — The Middle Ages. 51. 

Atelier (The) du Lys: or, an Art 

Student in the Reign of Terror. By the 
Author of ' Mademoiselle MorL' Crown 
8vo. 2/. 6i/. 

By the Same Author. 

Mademoiselle Mori : a Tale of 

Modem Rome. Crown 8va 2f. 6tU 

TViatChUd* Illustrated by Gordon 



PUBU5HBD BY AfESSSS. LONGMANS, GRBRN^ Ct* CO. 



Atelier (The) du Lys— Works 
by the Author oi— continued. 

Under a Cloud. Crown 8vo. 2s, 6d. 

The Fiddler of Lugau. With 

Illustrations by W. Ralston. Crown 
8vo. 2s, 6d, 

A Child of the Revolution. 

With Illustrations by C. J. Staniland. 
Crown 8vo. 2y. 6</. 

Hester's Venture : a Novel 

Crown 8vo. 2s, 6d, 

In the Olden Time : a Tale of 

the Peasant War in Germany. Crown. 8 vo. 
2s, 6d. 

BACON.— The Works and Life of. 
Complete Works. Edited by 

R. L. Ellis, J. Spbdding, and D. D. 
Heath'. 7 vols. 8vo. £Z' ^y* 6</. 

Letters and Life, including all 
his Occasional Works. Edited 

by J. Spedding. 7 vols. 8vo. £^ 4J, 

The Essays ; with Annotations. By 

Richard WHATBLY, D.D., 8vo. lor. 6d. 
The Essays; with Introduction, 

Notes, and Index. By E. A. Abbott, 
D. D. 2 vols. fcp. 8vo. price 6j. Text 
and Index only, without Introduction 
and Notes, in i vol. fcp. 8vo. 2x. td. 

The BADMINTON LIBRARY, 

edited by the Duke of Beaufort, K.G. 
assisted by Alfred E. T. Watson. 

Huntine. By the Duke of Beau- 
fort, K.G. and Mowbray Morris. 
With 53 Illus. by J. Sturgess, J. Charlton, 
and A. M. Biddulph. Crown ovo. los, 6d, 

Fishingf. By H. Cholmondeley- 

Pennell, 
Vol. I. Salmon, Trout, and Grayling. 

With 158 Illustrations. Cr. 8vo. icxr. 6d, 
Vol. II. Pike and other Coarse Fish. 

With 132 Illustrations. Cr. 8vo. loj. 6d, 

Racing and Steeplechasing. By 

the Earl of Suffolk and Berkshire, 
W. G. Craven, &c. With 56 lUustra- 
tions by J. Sturgess. Cr. 8vo. lOr. dd. 

Shooting. By Lord Walsingham 

and Sir Ralph Payne-Gallwey, Bart. 
Vol. I. Field and Covert. With 105 

Illustrations. Cr. 8va lOf. 6d, 
Vol. II. Moor and Marsh. With 65 lUus- 

UAiions, Ct, 8vo. iox. 6i/. 



\ 



The BADMINTON LIBRARY 

— continued. 

Cycling. By Viscount Buru; 

K.C.M.G. and G. Lacy Hillier. With 
19 Plates and 70 Woodcuts by Viscotmt 
Bury, Joseph Pennell, &c. Cr. 8vo. lOif. 6d, 

Athletics and Football. Bv 

Montague Shearman. With 6 fuU- 
page Illustrations and 45 Woodcuts l^ 
Stanley Berkeley, and from Photographs 
by G. Mitchell. Cr. 8vo. lOf. 6d. 

Boating. By W. B. Woodgate 

With 10 full-page IIlustratioRS and 39 
Woodcuts in the Text. Cr. 8vo. lOf. 6d, 

Cricket. By A. G. Steel and the 

Hon. R. H. Lyttelton. With 11 full- 
page Illustrations and 52 Woodcuts in the 
Text, by Lucien Davis. Cr. 8vo. lOf. td. 

Driving. By the Duke of Beaufort. 

With II Plates and 54 Woodcuts by J. 
Sturgess and G. D. Giles. Cr. 8vo. lOf . wL 

Fencing, Boxing, and Wrestling. 

By Walter H. Pollock, F. C. Groye, 
C. Preyost, E. B. Michell, and 
Walter Armstrong. With 18 Plates 
and 24 Woodcuts. Crown 8vo. icxr. 6d, 

Golf. By Horace Hutchinson, the 
Rt. Hon. A J. Balfour, M.P. Andrew 
Lang, Sir W. G. Simpson, Bart. &c. 
With 19 Plates and 69 Woodcuts. 
Crown 8vo. lar. td. 

Tennis, Lawn Tennis, Rackets, 

and Fives. By J. M. and c. G. 

Heathcote, E. O. Pleydell-Bou verib, 
and A. C. Ainger. With 12 Plates and 
67 Woodcuts, &c Crown 8vo. los, 6d, 

BAQEHOT (Walter)— Works by. 

Biographical Studies. 8vo. 12s. 

Economic Studies. 8vo. 10s. 6d, 

Literary Studies. 2 vols. 8vo. 28X. 

The Postulates of English Po- 
litical Economy. Cr. 8vo. 2s. 6d. 

A Practical Plan for Assimi- 
. lating the English and Ameri- 
can Money as a Step towards 
a Universal Money. Ct.Swo.2s,6d. 

BAGWELL — Ireland under the 

TudorSy with a Succinct Account of 
the Earlier History. By RiCHAKD Bag- 
well, M. A (3 vols.) Vols. I. and IL 
From the first invasion of the Northmoi 
to the ^«at \Vl^* %^^* •>;»* "H^uXahi* 



A Catalogue op Books in Gbnbral Literature 



BAIN (Alexander)— Works by. 
Mental and Moral Science. 

Crown 8vo. icxr. 6d, 

Senses and the Intellect 8V0.15X. 
Emotions and the Will 8vo. 15^. 
Logic, Deductive and Inductive. 

Part I. Deduction, 4r. PA&T II. In- 
duction, 6s, 6d, 

Practical Essays. Cr. 8vo. 2s. 
BAKER.— By the Western Sea: 

a Summer Idyll. By James Baker, 
F.R.G.S. Author of *John Westacott.* 
Cr. 8vo. 6s, 

BAKER (Sir 8. W.)-Works by. 
Eieht Years in Ceylon. With 

o Illustrations. Crown 8vo. 31. 6d, 

The Rifle and the Hound in 

Ceylon. With 6 illustrations. Crown 
8vo. 3f. 6d, 

BALL (The Rt. Hon. J.T.)— Works by. 
The Reformed Church of Ireland 

(1537-1889). 8yo. Js, 6d, 

Historical Review of the Legis- 
lative Systems Operative in 

Ireland, from the invasion of Henry the 
Second to the Union (i 1 72-1800). 8ro. 6s, 

BEAC0N8FIELD (The Earl of) — 
Works by. 

Novels and Tales. The Hugh- 

enden Edition. With 2 Portraits and 1 1 
Vignettes. 1 1 vols. Crown 8vo. 42s, 

Pndymion. Henrietta Temple. 

Lothair. Contarini Fleming, &c. 

Coningsby. Alroy, Ixion, &c 

Tancred. Sybil. The Young Duke, &c. 

Venetia. Vivian Grey. 

Novels and Tales. Cheap Edition, 

complete in 11 vols. Crown 8vb. is, 
each, boards ; is, 6d, each, cloth. 

BECKER (Professor)— Works by. 
Gallus; or, Roman Scenes in the 

Time of Augustus. Post Svo, Js, 6d, 

Charicles ; or, Illustrations of the 
Private Life of the Ancient ' Greeks. 
Fast Svo, //. 6a, 






BELL (MPS. Hugh).-Works by. 
Will o' the Wisp: a Story. 

Illustrated by £. L. Shute. CroD^-n 8vo. 
y. 6d, 

Chamber Comedies : a Collection 

of Plays and Monologues for the Drawing 
Room. Crown Svo. 6s. 



BLAKE.— Tables for the Conver- 
sion of 5 per Cent Interest 
from T^ff to 7 per Cent By r. 

Blake, of the London Joint Stock Bank, 
Limited. 8vo. 12s, 6d, 



Book (The) of Wedding Days. 

Arranged on the Plan of a Birthday Book. 
With g6 Illustrated Borders, Frontispiece, 
and Title-page by Walter Crane ; and 
Quotations for each Day. Compiled and 
Arranged by K. £. J. Reid, May Ross, 
and Mabel Bamfield. 4to. 21/. 



BRA88EY (Udy)— Works by. 

A. Voyage in the 'Sunbeam/ our 
Home on the Ocean for 
Eleven Months. 

Library Edition. With 8 Maps and 
Charts, and 118 Illustrations, 8 vo. 2 ix. 

Cabinet EdiUon. With Map and 66 
Illustrations, crown 8vo. ys. 6d. 

School Edition. With 37 lUustfations, 
fcp. 2s, cloth, or 3j. white parchment. 

Popular Edition. With 60 Illustrations, 
4to. 6cL sewed, is, doth. 

Sunshine and Storm in the East. 

Library Edition. With 2 Maps and 
114 Illustrations, Svo. 21s, 

Cabinet EdiUon. With 2 Maps and 
114 Illustrations, crown 8vo. 7/. 6d, 

Popular Edition. With 103 lUustra- 
tions, 4to. 6d, sewed, is, doth. 

In the Trader, tl^eTropics, and 
the •' Roaring Forties.' 

Cabinet Edition. With Map and 220 
Illostrations, crown Svo. 71. 6d, 

Popolai Edition. With 183 Illustra* 
tionS} 4tdw 6d, sewed, is, cloth. 



• • 



rVBUSItXD BT MtSSMS. LOSGItAHS, GXSJU/, &• Co. 



BRA88EY (Udy) — Works by — 

continued. 

The Last Voyage to India and 
Australia in the ' Sunbeam.' 

With Charts and Maps, and 40 Illustrations 
in Monotone (20 full-page), and nearly 200 
Illustrations in the Text from Drawings 
by R. T. Pritcheit. 8vo. 21s, 

Three Voyages in the 'Sun- 

• beam.' Popular Edition. With 546 
Illustrations, 4to. 2s, 6d, 

BRAY.—The Philosophy of Ne- 
cessity ; or, Law in Mind as in Matter. 
By Charles Bray. Crown 8vo. 51. 

BRIGHT.— A History of England. 

By the Rev. J. Franck Bright, D.D. 
Master of University College, Oxford. 
4 vols, crown 8yo. 
Period I. — Mediaeval Monarchy : The De- 
parture of the Romans to Richard III. 
From A.D. 449 to 1485. 4;. 6d. 

Period II. — Personal Monarchy : Henry 
VII. to James II. From 1485 to 1688. $1, 

Period III. — Constitutional Monarchy : 
William and Mary to William IV. From 
1689 to 1837. ys. 6d. 

Period IV. — The Growth of Democracy : 
Victoria. From 1837 to 1880. 6j. 

BRYDEN. — Kloof and Karroo: 

Sport, Legend, and Natural History in 
Cape Colony. By H. A.Bryden. With 
17 Illustrations. 8vo. lox. 6^. 

BUCKLE. — History of tivilisa- 
tion in England and France, 
Spain and Scotland. By Henry 

Thomas Buckle. 3 vols. or. 8vo. 24s, 

BUCKTON (Mrs. C. M.)-Works by. 
Food and Home Cookery. With 

1 1 Woodcuts. Crown 8vo. 2s, 6d, 

Health in the House. With 41 

Woodcuts and Diagrams. Crown 8vo. 2J. 

BULL (Thomas)— Works by. 

Hints to Mothers on the 
Management of their Health 

during the Period of Pregnancy. Fcp. 8vo. 
IS, 6d, 

The Maternal Management of 
Children in Health and Dis- 
ease. Fcp. 8vo. IS, 6d, 



BUTLER (Samuel)— Works by. 
Op. I. Erewhon. Cr. 8vo. 55. 
Op. 2. The Fair Haven. A Work 

in Defence of the Miraculous Element in 
our Lord's Ministry. Cr. 8vo. *js. 6d, 

Op. 3. Life and Habit An Essay 

after a Completer View of Evolution. 
Cr. 8vo. ys, 6d, 

Op. 4. Evolution, Old and New. 

Cr. 8vo. iQf. 6d, 

Op. S Unconscious Memory. Cr. 

8vo, *js, 6d, 

Op. 6. Alps and Sanctuaries of 
Piedmont and the Canton 

TicinO. illustrated. Pott 4to. los, 6d. 

Op. 7. Selections from Ops. z-6. 

With Remarks on Mr. G. J. Romanes' 
< Mental Evolution in Animals.' Cr. 8vo. 

7j. ed. 

Op. 8. Luck, or Cunning, as the 
Main Means of Organic 
Modification ? Cr. 8vo. 7s. 6d. 

m 

Op. 9. ExVoto. An Account of the 

Sacro Monte or New Jerusalem at Varallo- 
Sesia. los, 6d, 

Holbein's *La Danse.' A Note on 

a Drawing called *La Danse.' y, 

CARLYLE. — Thomas Carlyle: a 

History of his Life. By J. A. Froudb. 
'795-1 83s, 2 vols, crown 8va 7j. 
1834- 1881, 2 vols, crown 8vo. Js, 

CASE. — Physical Realism : being 

an Analytical Philosophy from the Physical 
Objects of Science to the Physical Data 
of Sense. By Thomas Case, M.A. 
Fellow and Senior TulorC.CC. 8vo. i$s, 

CHETWYND. — Racing Remini- 
scences and Experiences of 

the Turf. By Sir George Chetwynd, 
Bart. 2 vols. 8vo. 21 s, 

CHILD. — Church and State 
under the Tudors. By Gilbert 

W. Child, M.A. Exeter College, Oxford. 
8vo. 15/. ' . 

CHI8H0LM.— Handbook of Com- 
mercial Geography. By o. o. 

Chisholm, B.Sc. W'lXh 29 Maps. $wc 
i6j. 
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CHURCH.— Sir Rich^d Church, 

C.B. G.C.H, Commander-in>Chief 
of the Greeks in the War of Independence: 
a Memoir. By Stanley Lane-Poole, 
Author of * The Life of Viscount Strat- 
ford de Redcliffe.* With 2 Plans. 8VO.5J. 

CLARK-K EN N ED Y.— Pictures in 

Rhyme. By Arthur Clark- 
Kennedy. With Illustrations by 
Maurice Greiffexiiagen. Cr. 8vo. 

CtlVE.— Poems. By V. (Mrs. 
Archer Clive), Author of *Paul 
FerroU.* Including the IX. Poems. 
New Edition. Fcp. 8vo. 6f. 

CLODD.— The Story of Creation : 

a Plain Account of Evolution. By 
Edward Clodd. With 77 Illustrations. 
Crown 8vo. y, dd, 

CLUTTERBUCK.— The Skipper in 
Arctic Seas. By w. j. Clutter- 

BUCK, one of the Authors of * Three in 
Norway.' With 39 Illustrations. Cr. 8vo. 
iQf. td» 

C0LEN80.— The Pentateuch and 
Book of Joshua Critically Ex- 
amined. By J. W. COLENSO, D.D. 
late Bishop of Natal. Crown 8vo. 6s, 

COLMORE. — A Living Epitaph. 

Bjr G. Colmore, Author of *A Con- 
spiracy of Silence ' &c. Crown 8vo. 6s, 

COMYN. — Atherstone Priory: a 

Tale. By L. N. Comyn. Cr. 8vo. 2j. 6d, 

CONINQTON (John)-Works by. 

The -ffineid of Virgil. Trans- 
lated into English Verse. Crown 8vo. 6j. 

The Poems of Virgil. Translated 

into English Prose. Crown 8vo. 6s, 

COX. — A General History of 

Greece, from the Earliest Period to 

the Death of Alexander the Great ; with 

a sketch of the subsequent History to 

the Present Time, By the Rev. Sir 

G. W. Cox, Bart. M,A. With 11 Maps 

ADd Plans, Crown 8vo. 7s, 6d. 



CRAKE. — Historical Tales. By 

A. D. Crake, B.A. Author of 'History 
of the Church under the Roman Empire,' 
&c. &C. Crown 8vo. 5 toIs. 3x. 6d, each. 
Sold separately. 

Edwy the Fair ; or, The First Chronicle of 
i^iscendune. 

Alfgar the Dane; or, The Second Chronicle 
of ^scendune. 

The Rival Heirs: being the Third and 
Last Chronicle of iEscendune. 

The House of Waldeme. A Tale of the 
Cloister and the Forest in the Days of 
the Barons* Wars. 

Brian Fitz-Count. A Story of Wallingford 
Castle and Dorchester Abbey. 

CRAKE.--History of the Church 
under the Roman Empire, 

A.D. 30-476. By the Rev. A. D. 
Crake, B.A. late Vicar of Cholsey, 
Berks. Crown 8vo. Is, 6d, 

CREI6HT0N.— History of the 
Papacy During the Reforma- 
tion. By Man dell Creighton, 
D.D, LL.D. Bishop of Peterborough. 
8vo. Vols. I. and II. 1378-1464, 32/. ; 
Vols. III. and IV. 1464^1518, 24r. 



CRUMP (A.)-Works by. 

A Short Enquiry into the Form- 
ation of Political Opinion, 

from the Reign of the Great Families to 
the Advent of Democracy. 8vo. 7j, 6«/« 

An Investigation into the Causes 
of the Great Fall in Prices 

which took place coincidently with the 
Demonetisation of Silver by Germany. 
8vo. 6s, 

CURZON.— Russia in Central Asia 
in 1889 and the Anglo- 
Russian Question. By the Hon. 
George N. Curzon, M.P. 8vo. 2Ij. 



DANTE.— La Commedia di Dante. 

A New Text, carefully Revised with 
the aid of the most recent Editions and 
Collations. Small 8vo. dr. 

♦#* Fifty Copies (of which Forty-five 
axe foi ^ftle\ have been printed on 
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DAVIDSON (W. L)— Works by. 

The Logic of Definition Ex- 
plained and Applied. Cr.8vo.6^. 

Leading and Important English 
Words Explained and Ex- 
emplified. Fcp. 8vo. 3J. fyi, 

DELAND (Mrs.)— Works by. 
John Ward, Preacher : a Story. 

Crown 8vo. 2s, boards, 2s, 6d, (Cloth. 

Sidney: a Novel. Crown 8yo. 6s, 
The Old Garden, and other Verses. 

Fcp. 8vo. 5j. 

Florida Dajrs. With 12 Full-page 

Plates (2 Etched and 4 in Colours), and 
about 50 Illustrations in the Text, by 
Louis K. Harlow. 8vo. 2Ij. 

DE LA SAUS8AYE.— A Manual of 
the Science of Religion. By 

Professor Chantepie de la Saussayb. 
Translated by Mrs. Colyer Fergusson 
(tu^e Max Muller). Revised by the 
Author. 

DE REDCLIFFE.— The Life of the 
Right Hon. Stratford Can- 
ning: Viscount Stratford De 

RedclifTe. By Stanley Lanb-Pools. 

Cabinet Edition, abridged, with 3 Portraits, 
I vol. crown 8vo, 71. 6d, 

DE 8ALI8 (Mrs.)— Works by. 
Savouries k la Mode. Fcp. 8vo. 

IS. 6d. boards. 

Entries k la Mode. Fcp. 8vo. 

IS, 6d, boards. 

Soups and Dressed Fish k la 

Mode. Fcp. 8vo. IX. 6d, boards. 

Oysters k la Mode. Fcp. Svo. 

IX. 6<i, boards. 

Sweets and Supper Dishes k la 

Mode. Fcp. 8vo. IX. 6d, boards. 

Dressed Vegetables k la Mode. 

Fcp. 8vo. IX. od, boards. 

Dressed Game and Poultry k 

la Mode. Fcp. 8vo. ix. 6d. boards. 

Puddings and Pastry k la Mode. 

Fcp. Svo, IS, 6d, boards. 
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DE 8ALI8 (Mrs.)— Works by— r^. 
Cakes and Confections k la 

" Mode. Fcp. 8vo. IX. 6d, boards. 

Tempting Dishes for Small 

Incomes. Fcp. 8vo. ix. 6d. 

Wrinkles and Notions for every 

Household. Crown 8vo. 2x. 6d. 

DE TOCQUEVILLE.— Democracy in 

America. By Alexis de Tocque- 
viLLE. Translated by Henry Reevb, 
C.B. 2 vols, crown 8vo. i6x. 

DOWELL— A History of Taxa- 
tion and Taxes in England 

from the Earliest Times to the Year 1885. 
By Stephen Dowell. (4 vols. Svo.) 
Vols. I. and II. The History of Taxation, 
21X. VoU. III. and IV. The HUtory of 
Taxes, 21/. 

DOYLE (A. Conan)— Works by. 
Micah Clarke: his Statement as 

made to his three Grandchildren, Joseph, 
Gervas, and Reuben, during the hard 
Winter of 1734. With Frontispiece and 
Vignette. Crown 8vo. 3x. (td. 

The Captain of the Polestar; 

and other Tales. Crown 8vo. 6x. 

Dublin University Press Series 

(The) : a Series of Works undertaken 
by the Provost and Senior Fellows ol 
Trinity College, Dublin. 

Abbott's (T. K.) Codex Rescriptus Dublin- 
ensisof St Matthew. 4to. 2ix. 

^— — ^ Evangeliorum Versio Ante- 

hieronymianaex CodiceUsseriano (Dublin- 
ensi). 2 vols, crown 8vo. 2ix. 

Allman*s (G. J.) Greek Geometry from 
Thales to Euclid. Svo. lox. 6d, 

Bumside (W. S.) and Panton*s (A. W.) 
Theory of Equations. 8vo. I2x. 6d, 

Casey's (John) Seqnel to Euclid's Elements. 
Crown Svo. 3/. 6d, 

■ Analytical Geometry of the 

Conic Sections. Crown Svo. yx. 6d, 

Davies' (J. F.) Eumenides of .Aschylnt. 

With Metrical English Translation. Svo. 

is. 
Dublin TranslaHiocA VeiXa C^xwStL <«b^"%n^ 
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Dublin University Press Series 

(The) — continued. 

Graves' (R, P.) Life of Sir William 
Hamilton. 3 vols. 15/. each. 

Griffin (R. W.) on Parabola, EUipse, and 
Hyperbola. Crown 8vo. 6s, 

Hobart's (W. K.) Medical Language of St 
Luke. 8vo. i6j. 

Leslie's (T. E. Cliflfe) Essays in PoliUcaT 
Economy. 8vo. ioj. 6^. 

Macalister*s (A.) Zoology and Morphology 
of Vertebral a. 8yo. ioj. 6d, 

MacCullagh's (James) Mathematical and 
other Tract*. 8vo. 151. 

Maguire*s (T.) Parmenides of Plato, Text 
with Introduction, Anal) sis, &c8vo. 7j.6</. 

Monck's(W. H. S.) Introduction to Logic. 
Crown 8vo. $s, 

Roberts' (R. A.) Examples in the Analytic 

Southey*s(R.) Correspondence with Caroline 
Bowles. Edited by E. Dowden. 8vo. 14J. 

Stubbs' (J, W.) History of the University 
of Dublin, from its Foundation to the End 
of the Eighteenth Century. 8vo. I2J.6^. 

ThomhiU's (W. J.) The iEncid of Virgil, 
freely translated into English Blank 
Verse. Crown 8vo. 7j. 6d, 

Tyrrell's (R. Y.) Cicero's Correspondence. 
Vols. I. II. and III. 8vo. each izr. 

— ^^^ The Achamians of Aristo- 
phanes, translated into English Verse. 
Crown 8vo. is, 

Webb's (T. E. ) Goethe's Faust, Transla- 
tion and Notes. 8vo. I2J. td, 

— — The Veil of Isis : a Series 

of Essays on Idealism. 8vo. lox. (>d, 

Wilkins' (G.) The Growth of the Homeric 
Poems. 8vo. 6j. 

Epochs of Modern History. 

Edited by C. Colbeck, M.A. 19 vols, 
fcp. 8vo. with Maps, 2s, 6d, each. 

Church's (Very Rev. R. W.)The Beginning 
of the Middle Ages. With 3 Maps. 

Johnson's (Rev. A. H.) The Normans in 
Europe, With 3 Maps. 

Cox's (Rev. Sir G. W.) The Crusades. 
. With a Map. 

Stubbs's (Right Rev. W.) The Early Plan- 
tagenets. With 2 Maps. 

WarburtoD's (Rev. W.j Edward the Third. 
I*7/A J Maps and j Genealogical Tables. 



Epochs of Modern History—- 

continu€d, 

Gairdner's (J.) The Houses of Lancaster and 
York ; with the Conquest and L06S of 
France. With 5 Maps. 

Moberly's (Rev. C. E.) The Eariy Tudors. 

Seebohm's (F.) The Era of the Protestant 
Revolution. With 4 Maps and 12 Dia- 
grams. 

Creighton's (Rev. M. ) The Age of Elizabeth. 
With 5 Maps and 4. Genealogical- Tables. 

Gardiner's (S. R.) The First Two Stuarts 
and the Puritan Revolution (1603-1660). 
With 4 Maps. 

Gardiner's (S. R. ) The Thirty Years' War 
(1618-1648). With a Map. 

Airy's (O.) The English Restoration and 
Louis XIV. (1648-1678). 

Hale's (Rev. E.) The Fall of the Stuarts ; 
and Western Europe (1678- 1697). ^^ith 
1 1 Maps and Plans. 

Morris's (E. E.) The Age of Anne. With 
7 Maps and Plans. 

Morris's (E. E.) The Early Hanoverians* 
With 9 Maps and Plans. 

Longman's (F. W.) Frederick the Great and 
the Seven Years' War. With 2 Maps. 

Ludlow's (J. M. ) The War of American Inde- 
pendence ( 1 77 5- 1 783). With 4 Maps. 

Gardiner's (Mrs. S. R.) The French Revo- 
lution (1789-1795). With 7 Maps, 

McCarthy's (Justin) The Epoch of Reform 
(1830-1850). 

Epochs of Church Historv. 

Edited by Mandell Creighton, D.Dc 
Bishop of Peterborough. Fcp. 8vo. 
2s, 6d, each. 
Tucker's (Rev. H. W.)The English Church 
in other Lands. 

Perry's (Rev. G. G.) The History of the 
Reformation in England. 

Brodrick's (Hon. G. C.) A History of the 
University of Oxford. 

Mullinger's (J. B.) A History of the Univer- 
sity of Cambridge. 

Plummer's (A.) The Church of the Eady 
Fathers. 

Carr's (Rev. A.) The Church and the 
Roman Empire. 

Wakeman's (II. O.) The Church and the 
Puritans (i 570-1660). 

Overton's (Rev. J. H.) The Evangelical 
Revival in the Eighteenth Century. 

Tozer's (Rev. H. F.) The Church and the 
'EasVtm Empire. 
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Epochs of Church History— 

continued, 
Stephens's (Rev. W. R.W.) Hildebrand and 

his Times. 
Hunt's (Rev. W.) The English Church in 

the Middle Ages. 
Balzani's (U.) The Popes and the Ilohen- 

staufen. 
Gwatkin's (H. M.) The Arian Controversy. 

Ward's (A. W.) The Counter- Reformation. 

Poole's (R. L.) Wycliffe and Early Move- 
ments of Reform. 

Epochs of Ancient History. 

Edited by the Rev. Sir G. W. Cox, 

Bart. M.A. and by C. San key, M.A. 

lo volumes, fcp. 8vo. with Maps, 2s. 6d, 

each. 
Beesly's (A. H.) The Gracchi, Marius, and 

Sulla. With 2 Maps. 
Capes's (Rev. W. W.) the Early Roman 

Empire. From the Assassination of 

Julius Ctesar to the Assassination of 

Domitian. With 2 Maps. 

■ .^— The Roman Empire 

of the Second Century, or the Age of 
the Antonines. With 2 Maps. 

Cox's (Rev. Sir G. W.) The Athenian 
Empire from the Flight of Xerxes to the 
Fall of Athens. With 5 Maps. 

-^ The Greeks and 

the Persians. With 4 Maps. 

Curteis's (A. M.) The Rise of the Mace- 
donian Empire. With 8 Maps. 

Ihne's (W.) Rome to its Capture by the 
Gauls. With a Map. 

Merivale's (Very Rev. C.) The Roman 
Triumvirates. With a Map. 

Sankey's (C.) ITie Spartan and Theban 
Supremacies. With 5 Maps. 

Smith's (R. B.) Rome and Carthage, the 
Punic Wars. With 9 Maps and Plans. 

Epochs of American History. 

Edited by Dr. Albert Bushnell Hartj 
Assistant Professor of History in Harvard 
College. 

Thwaites's (R, G.) The Colonies (1492- 
1763). Fcp. 8.V0. ss.'6d, [Ready. 

Hart's (A. B.) Formation of the Union 
(1 763-1829). Fcp. 8vo. [fn preparation, 

Wilson's (W.) Division knd Re-union 
(1 829-1889). Fcp. 8vo. [In preparation. 

Epochs of English History. 

Complete. in One Volume, with 27 Tables 
and Pedigrees, and 23 Maps. . Fcp. 8vo. 

^n* For details of Parts^^^ Longmans « Co»'s 
Catalogue of School Books. 



EWALD (Heinrich)— Works by. 
The Antiquities of Israel. Trans- 

lated from the German by H. S. SOLLY, 
M.A. 8vo. I2J. 6d, 

The History of Israel Trans- 
lated from the German. 8 vols. Sva 
Vols. I. and II. 24r. Vols. III. 9m 
IV. 2is. Vol. V. i8f. VoL VI, i6x 
Vol. VII. 2is. Vol. VIII. with Indei 
to the Complete Work. i8f. 

FARNELL.— The Greek Lyric 

Poets. Edited, with Introduction 
and Notes, by G. S. Fa&nell, M.A 
8vo. 

FARRAR.— Lang:uage and Lan^ 

guages. A Revised Edition of Chap 
ters an Language and Families of Speech, 
ByF. W. Farkar, D.D. Crown 8vo. 6s 

FIRTH.— Nation Making: a Stor] 

of New Zealand Savageism and Civil 
isation. By J. C. Firth, Author o 
' Luck ' and < Our Kin across the Sea. 
Crown 8vo. 6/. 

FITZWY6RAM.— Horses and 

Stables. By Major-General Sir F 
Fitzwygram, Bart. With 19 pages o 
Illustrations. 8vo. 5^. 

FORD.— The Theory and Prac 
tice of Archery. BytheiateHoRAci 

Ford. New Edition, thoroughly Revisec 
and Re-written by W. Butt, M.A. Witl 
a Preface by C. J. LfONGMAN^ M.A. 
F.S.A. 8vo. I4r. 

FOUARD.— The Christ the Son oi 

God I a Life of our Lord and Saviouj 
Jesus Christ By the Abb6 Constani 
FouARD. Translated from the Fiftl 
Edition, with the Author's sanction, bj 
George F. X. Griffith. With an Intra 
duction by Cardinal Manning. 2 vols, 
crown 8vo. 14^. 

FOX.— The Early History ol 
Charles James Fox. By the 

Right Hon. Sir G. O. Trevelyan, Bart, 
Library Exlition, 8vo. i8j. 
Cabinet Edition, cr. 8vo. 6f. 

FRANCIS— A Book on Anglmg; 

or. Treatise on the Art of Filling in everji 
branch; including full Illustrated List 
of Salmon Flies. By Francis Francis. 
Post 8vo. Portrait and Plates, 151. 

FREEMAK.— The Historical Geo- 
graphy of Europe. By £. a. 

Frbbican. With 65 Blaps. a toIs. Sfpu 
31X. 6d. 
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FROUDE (James A.)— Works by. 
The History of England, from 

the Fall of Wolsey to the Defeat of the 
Spanish Armada. 12 vols, crown 8vo» 

A2.2J. 

Short Studies on Great Sub- 

. jectS. Cabinet Edition, 4 toIs. crown 
8vo. 24J, Cheap Eklition, 4 vols, crown 
8vo. 3x. 6</. each. 

Caesar : a Sketch. Crown 8vo. 3^. 6^. 

The English in Ireland in the 
Eighteenth Century. 3 vols. 

crown 8vo. i8f. 

Oceana ; or, England and Her 

Colonies. With 9 illustrations. Crown 
8vo. 2x. boards, zr. 6^. cloth. 

The English in the West Indies; 

or, the Bow of Ulysses. With 9 
Illustrations. Crown 8vo. 2^. boards, 
2J. 6^. cloth. 

The Two Chiefs of Dunboy; 

an Irish Romance of the Last Century. 
Crown 8vo. 6j. 

Thomas Carlyle, a History of his 

Life. 1795 to 1835. 2 vols, crown 8vo. 
7j, 1834 to 1 88 1. 2 vols, crown 8vo, 71. 

GALLWEY.— Letters to Young 

Shooters. (First Series.) On the 
Choice and Use of a Gun. By Sir Ralph 
Payne-Gallwey, Bart. With Illustra- 
tions. Crown Svo. 71. 6^. 

GARDINER (Samuel Rawson)— 
Works by. 

Historjr of England, from the 

Accession of James I. to the Outbreak 
of the Civil War, 1603-1642. 10 vols, 
crown 8vo. price 6j. each. 

A History of the Great Civil 
War, 1 642- 1 649. (3 vols.) Vol. I. 

1 642- 1 644. With 24 Maps. 8vo. 2ij. 
{out of print). Vol. II. 1644-1647. 
With 21 Maps. 8vo. 24r. 

The Student's History of Eng- 
land. Illustrated under the superin- 
tendence of Mt St. John Hope, 
Secretary to the Society of Antiquaries. 
VoL I. B.C. 55— A. D. 1509, with 173 
Illustrations, crown 8vo, 45. Vol. II. 
1 509- 1 689, with 96 Illustrations. Crown 
Svo. 4s. 

The work will be published in Three 
Volumes, and also in One Volume 
complete. 



6IBERNE— Works by. 
Ralph Hardcastle's Will. By 

Agnes Giberne. With Frontispiece. 
Crown 8vo. 5/. 

Nigel Browning, Crown Svo. 5^. 
GOETHE.— Faust A New Tranda- 

tion chiefly in Blank Verse ; with Intro- 
duction and Notes. By James Adsy 
' Birds. Crown Svo. 6s. 

Faust The Second Part. A New 

Translation in Verse. By James Adby 
Birds. Crown 8vo. 6s, 

GREEN.— The Works of Thomas 

Hill Green. Edited by R. L. Nettle- 
ship (3 vols.) Vols. I. and II.—' 
Philosophical Works. Svo. idr. each. 
Vol. III. — Miscellanies. With Index to 
the three Volumes and Memoir. Svo. 21s. 

The Witness of God and Faith : 

Two Lay Sermons. By T. H. Green. 
Fcp. Svo. 2S, 

GREVILLE.— A Journal of the 
Reigns of King George IV. 
King William IV. and Queen 

Victoria. By C. C. F. Greville. 
Edited byH. Reeve. 8 vols. Cr.8vo.6f.ea. 

GREY.— Last Words to Girls. On 

Life in School and after School. By 
Mrs. William Grey. Cr Svo. y. 6d, 

GWILT. — An Encyclopaedia of 

Architecture. By Joseph Gwilt, 
F.S.A. Illustrated with more than i>7oo 
Engravings on Wood. Svo. S2s, 6d, 

HAGGARD.— Life and its Author : 

an Essay in Verse. By Ella Haggard. 
With a Memoir by H. Rider Haggard, 
and Portrait. Fcp. Svo. 3^. 6d, 

HAGGARD (H. Rider)— Works by. 

She. With 32 Illustrations by M. 
Greiffenhagen and C. H. M. Kerr. 
Crown Svo. 31. 6d, 

Allan Quatermain. With 31 Il- 
lustrations by C. H. M. Kerr. Crown 
Svo. 3J. 6d, 

Maiwa's Revenge; or, the War 

of the Little Hand. Crown Svo as, 
boards ; 2s, 6d, cloth. 

Co\oxv^\C^>i^xV«i!cL^V,C» A. Novel. 
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HAGGARD (H. Rider)— Works by— 

continued, 

Cleopatra : being an Account of the 

Fall and Vengeance of Harmachis, the 
Royal Eg}T)tian. With 29 Full-page 
Illustrations by M. Greiffenhagen and 
R. Caton Woodville. Crown 8vo. y. 6d, 

Beatrice. A Novel Cr. 8vo. 6s. 
HAGGARD and LANG.— The World's 

Desire. By H. Rider Haggard and 
Andrew Lang. Crown 8vo. dr. 

HARRISON.— Myths of the Odys- 
sey in Art and Literature. 

Illustrated with Outline Drawings. By 
Jane E, Harrison. 8vo. iSj. 

HARRISON. — The Contemporary 
History of the French Revo- 
lution, compiled from the 'Annual 
Register.* By F. Bayford Harrison. 
Crown 8vo. 35. 6d, 

HARTE (Bret)-Works by. 
In the Carquinez Woods. Fcp. 

8vo. If. boards ; is, 6d, cloth. 

On the Frontier. i6ma is. 
By Shore and Sedge. i6mo. is. 

HARTWIG (Dr.)-Works by. 
The Sea and its LivineWonders. 

With 12 Plates and 303 Woodcuts. 8vo. 
I or. 6d. 

TheTropicalWorld. WithSPlates, 

and 172 Woodcuts. 8vo. los. 6d. 

The Polar World. With 3 Maps, 

8 Plates, and 85 Woodcuts. 8vo. lOr. 6ci. 

The Subterranean World. With 

3 Maps and 80 Woodcuts. 8vo. los. 6d, 

The Aerial World. With Map, 

8 Plates, and 60 Woodcuts. 8vo. lOjr. 6d, 

The following books are extracted from the 
foregoing works by Dr. Hartwig : — 

Heroes of the Arctic Regions. 

. With 19 Illustrations. Crown 8vo. 2s, 

Wonders of theTropicalForests 

With 40 Illustrations. Crown 8vo. 2s, 

Workers Under the Ground. 

or. Mines and Mining. With 29 Illus- 
trations. Crown 8vo. 2s. 

Marvels Over Our Heads. With 

29 Illustrations. Crown 8vo. 2s, 

Marvels Under Our Feet With 

22 Illustrations. Crown 8vo. 2s, 



\ 



HARTWIG (Dr.)— Works by-.^. 
Dwellers in the Arctic Regions 

With 29 Illustrations. Crown 8vo. 2s, 6d, 

Winched Life in the Tropics, 

With 55 Illustrations. Crown 8vo. 2s. 6d, 

Volcanoes and Earthquakes, 

With 30 Illustrations. Crown 8vo. 2s. 6d, 

Wild Animals of the Tropics, 

With 66 Illustrations. Crown 8vo. 31. 6if, 

Sea Monsters and Sea Birds, 

With 75 Illustrations. Crown 8vo. 2s, 6d 

s Denizens of the Deep. WitI: 

117 Illustrations. Crown 8vo. 2s. 6d, 

HAVELOGK.— Memoirs of Sii 
Henry Havelock, K.C.B. B] 

John Clark Marshbian. Cr. 8vo. ^.6d, 

HEARN (W. Edward)— Works by. 
The Government of England: 

its Structure and its Development. 8vo. 1 6/, 

The Aryan Household: its stmc 

ture and its Development. An Intro< 
duction to Comparative Jurisprudence. 
8vo. i6s, 

HISTORIC TOWNS. Edited by 

E. A. Freeman, D.C.L. and Rev, 
William Hunt, M. A With Maps and 
Plans. Crown 8vo. 3^. 6d. each. 

Bristol. By Rev. W. Hunt. 
Carlisle. By Rev. Mandell Creigh- 

TON. 

Cinque Ports. By Montagu 

Burrows. 

Colchester. By Rev. E. L. Cutts. 

Exeter. By E. A. Freeman. 

London. By Rev. W. J. Loftie. 

Oxford. By Rev. C. W. Boase. 

Winchester. By Rev. G. W. Kit- 
chin, D.D. 

New York. By Theodore Roose- 
velt. 

Boston (U.S.) By Henry Cabot 

Lodge. [In tfu press. 

York. By Rev. James Raine. 

\^In preparation. 

HODGSON (Shadworth H.)— Works 
by. 

Time and Space : a Metaphysical 

Essay. 8vo. i6x. 

The Theory of Practice: an 

Ethical Enqmry. 2 vols. 8vo. 2^, 

The Philo^G^^ ^^^^^jt^^^d^ 

a \o\s. %^o. xv». , ^ ^ 
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HODGSON (Shadworth H.)— ^yo^ks 

by — continued. 

Outcast Essays and Verse 

Translations. Essays : The Genius 
of De Quincey — De Quincey as Political 
Economist — The Supernatural in English 
Poetry ; with Note on the True Symbol 
of Christian Union — English Verse. 
Verse Translations : Nineteen Passages 
from Lucretius, Horace, Homer, &c. 
Crown 8vo. 8j. 6^/, 

HOWITT.— Visits to Remarkable 

Places, Old Halls, Battle-Fields, Scenes 
illustrative of Striking Passages in English 
History and Poetry. By William 
HowiTT. 80 Illustrations. Cr. 8vo. 3J. 6</. 

HULLAH (John)— Works by. 
Course of Lectures on the His- 
tory of Modern Music. 8vo. 
8j. &: 

Course of Lectures on the Tran- 
sition Period of Musical 
History. 8vo. ioj. 6</. 

HUME.— The PhilosophicalWorks 
of David Hume. Edited by t. h. 

Green and T. H. Grose. 4 vols. 8vo. 
56J. Or separately, Essays, 2 vols. 28j. 
Treatise of Human Nature. 2 vols. 28j. 

HUTCHINSON (Horace)-Works by. 
Cricketing Saws and Stories. 

By Horace Hutchinson. With 
rectiliaear Illustrations by the Author. 

Some Great Golf Links. Edited 

by Horace Hutchinson. With Illus- 
trations. 
This book is mainly a reprint of articles 
that have recently appeared in the Saturday 
MttfUw* 

HUTH.— The Marriage of Near 

Kin, considered with respect to the Law 
of Nations, the Result of Experience, 
and the Teachings of Biology. By 
Alfred H. Huth. Royal 8yo. 2Ij, 

IN6EL0W (Jean)— Works by. 
Poetical Works. Vols. I. and II. 

Fcp. 8vo. I2J, Vol. IH. Fcp. 8vo. 5j. 

Lyrical and Other Poems. Se- 
lected from the Writings of Jean 
Ingelow. Fcp. 8vo. aj. 6^. cloth plain ; 
jf, cJotb gilt 

l^nr Young and Quite Another 

^^^'y: Two Stories. Crown 8vo, 6«. 



JAMES.— The Long White Moun- 
tain ; or, a Journey in Manchnria, with 
an Account of the History, Administra- 
tion, and Religion of that Province. By 
H. E.James. With Illustrations. 8VO.24J. 

JAMESON (Mp8.)— Works by. 

Legends of the Saints and Mar- 
tyrs. With 19 Etdiings and 187 Wood- 
cuts. 2 vols. 8vo. 20X. net. 

Legends of the Madonna, the 

Virgin Mary as represented in Sacred 
and Legendary Art. With 27 Etchings 
and 165 Woodcuts, i vol. 8vo. lor. net. 

Legends of the Monastic Orders. 

With II Etchings and 88 Woodcuts. 
I vol. 8vo. lor. fut. 

History of Our Lord, His Types 

and Precursors. Completed by Lady 
Eastlake. With 31 Etchings and 281 
Woodcuts. 2 vols. 8vo. 20f. net, 

JEFFERIES.-Field and Hedge- 
row : last Essays of RiCHARD JSFFR- 
RIES. Crown 8vo. y, 6d, 

JENNINQS.-Ecclesia AngUcana. 

A History of the Church of Clurist in 
England, from the Earliest to the Present 
Times. By the Rev. Arthur Charles 
Jennings, M.A. Crown 8vo, 71. td. 

JE880P(G. H.)-Worksby. 

Judge Ljrnch: a Tale of the Cali- 
fornia Vineyards. Crown 8vo. 6s, 

Gerald Ffrench's Friends. Cr. 

8vo. 6s, A collection of Irish-American 

character stories. 

J H N 8 N. — The Patentee's 

Manual ; a Treatise on the Law [and 
Practice of Letters Patent. By J. Johnson 
and J. H. Johnson. 8vo. iot. 6d. 

JORDAN (William Leighton)— The 
Standard of Value. By William 

Leighton Jordan. 8vo. 6s, 

JUSTINIAN.— The Institutes of 

iUStinian ; Latin Text, chiefly that of 
Buschke, with English Introduction. 
Translation, Notes, and Snmmary. Bj 
Thomas C. Sandars, M.A. 8vo. i8f. 

KALI8CHI(M. M.)~Works by. 
Bible Studies. Part I. The Pro- 

11, 'Y\i<t^«>>Lol'\aMati* %ni v»«^« 
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KALI8CH (M. M.)— Works by— cc»^d. 

Commentary oh the Old Testa- 
ment ] with a New Translation. Vol. I. 
Genesis, 8vo. i&r. or adapted for the 
General Reader, I2J. Vol. II. Exodus, 
15X. or adapted for the General Reader, 
I2s, Vol. III. Leviticus, Part I. 15J. or 
adapted for the General Reader, 8j. 
Vol. IV. Leviticus, Part II. 15X. or 
adapted for the General Reader, 8^. 

Hebrew Grammar. With Exer- 
cises. Part I. 8to. I2s, 6d. Kty, $/. 
Part II. I2s, 6d. 

KANT (Immanuel)— Works by. 

Critique of Practical Reason, 
and other Works on the 

Theory of Ethics. Translated 
by T. K. Abbott, B.D. With Memoir. 
8vo. I2s.6d, 

Introduction to Logic, and his 
Essay on the Mistaken Sub- 
tilty of the Four Figures. 

Translated by T. K. Abbott Notes by 
S. T. Coleridge. 8vo. 6x. 

KENDALL (May)— Works by. 
From a Garrett Crown 8vo. 6s. 
Dreams to Sell; Poems. Fcp, 

8vo. dr. 

'Such is 'Life': a Novel. Crown 

8vo. dr. 

Kl LUCK. — Handbook to MiU's 

SjTStem of Log^iC. By the Rev. A. 
H. KiLLiCK, M.A. Crown 8vo. 31. 6d. 

KNI6HT.— The Cruise of the 

•Alerte': the Narrative of a Search 
for Treasure on the Desert Island of 
Trinidad. By E. F. Knight, Author 
of * The Cruise of the ** Falcon." * With 
2 Maps and 23 Illustrations. Crown 8vo. 
lOf. 6</. 

LADD (George T.)— Works by. 

Elements of Physiological Psy- 
chology. 8vo. 2 IX. 

Outlines of Physiological Psy- 
chology. A Text-Book of Menial 
Science for Academies and Colleges. 8vo. 
1 2 J. 

LANG (Andrew)— Works by. 
Custom and Myth: Studies of Early 

Usage and Belief. With 15 Illustrations. 
Crown 8vo. *js, (xL 

Books and Bookmen. With 2 

Coloured Plates and 17 Illustrations. Cr. 
Hvo. dr. 6k/. 



LANG (Andrew)— Works by— con/d. 
Grass of Parnassus. A Volume 

of Selected Verses. Fcp. 8vo. 6/. 

Letters on Literature. Crown 

8vo. 6s, 6d, 

Old Friends : Essays in Epistolary 

Parody. 6j. 6a\ 

Ballads of Books. Edited by 

Andrew Lang^ Fcp. 8vo. 6s, 

The Blue Fairy Book. Edited by 

Andrew Lang. With 8 Plates and 130 
Illustrations in the Text by H. J. Ford 
and G. P. Jacomb Hood. Crown 8vo. 6j. 

The Red Fairy Book. Edited by 

Andrew Lang. With 4 Plates and 96 
Illustrations in the Text by H. J. Ford 
and Lancelot Speed. Crown 8vo. 6x. 

UVIQERIE.-Cardinal Lavigerie 
and the African Slave Trade. 

I voL 8vo. 14s, 

LAYARD.— Poems. By Nina R 

Layard. Crown 8vo. 6s, 

LECKY (W. E. H.)-Works by. 

History of England in the 
Eignteenth Century. 8yo.Voi8. 

I. & IL 1 700-1 760. 36J. Vols. IIL 
&IV. 1760-1784. 36s, Vols. V. &VL 
1784-1793. 36s, Vols. VIL & vin. 
I793-I800. 36s, 

The History of European Morals 
from Augustus to Charle- 
magne. 2 vols, crown 8vo. i6s. 

History of the Rise and Influ- 
ence of the Spirit of Ra- 
tionalism in Europe. 2 vols. 

crown 8vo. idr. 

LEES and CLUTTERBUCK. — B.C. 
1887, A Ramble in British 

Columbia. By J. a. Lees and W. J. 
CLUTTERBUCK. With Map and 75 Illus- 
trations. Crown 8vo. 6s, 

LEBER.— A History of Austro- 

Hungary. From the Earliest Time 
to the year 1889. By Louis Leger. 
Translated from the French by Mrs, 
BiRKBECK Hill. With a Preface by 
E. A. Freeman, D.C.L. Crown 8vo. 
lOf. 6^. 

LEWE8.— The History of PhUo- 
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LIDDELL— Memoirs of the Tenth 

Royal Hussars : Historical and 
Sociil. By Colonel Liddbll. With 
Poilrait^ and Coloured Illual ration, 
z vols. Imperial 8vo. 

LLOYD.— The Science of Agri- 
culture. ByF. J. Lloyd. 8vo. iw. 

LONGMAN (Frederick W.)-Works 

by- 
Chess Openings. Fcp. 8vo. aj. f>i, 

Frederick the Great and the 
Seven Years' War. Fcp. Svc 

Longman's Magazine. Published 

Monlhly. Price Sixpence. 
Vols. 1-16, 8vo. price Sj. eacb. 

Longmans' New Atlas. Political 

and Physical. For the Use of Si^ooU 
and Private Persons. Consisting of 40 
Quailo and 16 Octavo Maps and Dia- 
grams, and 16 Plates of Views. Edited 
by Geo. G. Chisholm, M.A. B.Sc. 
Irap. 4to. or imp. Svo. \2s. 6d. 

LOUDON (J. 0.)-Works by. 



Encyclopasdia of Agriculture: 

the Laying- out, Improvement, and 
Management of Landed Property, With 
1,10a Woodcuts. Svo. 211. 

Encyclopedia of Plants; the 

specific Character, &c. of oil Plants found 
in Great Britnin. With 12,000 Wood- 
cull. Svo. 42/. 

LUBBOCK.— The Origin of Civil- 
isation and the Primitive Condition 

of Man. By Sir J. Lubbock, Bail. 
M.P. With S Plates and 20 Illustrations 
in the text. 8vo. iSi. 

LYALL— The Autobiography of a 

Slander. By Edna Lvall, Author 
of 'Donovan,' Slc. Fcp. Svo. is. sewed. 

LY D E.— An Introduction to Ancient 

History: beinga Sketch of the History 
of Egypt, Mesopotamia, Greece, and 
Kome. With a Chapter on the Develop- 
weat of the Roman Empire into the 
Folders of Modern Europe. By LlONBL 
W, LvDE, M.A. With 3 Coloured 
-W- "'oxva Svo. V. 



MACAULAY (Lord).— Works oi: 
Complete Works of Lord Ma- 
caulay. 

library Edition, 8 vols. 8to. £$. $1. 
CaUaet Edition, t6 volt, post Svo. £4. t6t. 

History of England from the 
Accession of James the 
Second. 



Library Edition, 5 vols. Svo. £^, 

Critical and Historical Essays, 
with Lays of Ancient Rome, 

Popular Edition, crown Svo. ar. 6J. 
Authorised Edition, crown Svo. u, &/. or 
3/, id. gilt edges. 

Critical and Historical Es5ays> 

Student's Edition, I vol. crown Svo. ti. 

People's Edition, 3 vols, crown Svo, it. 

Trevelyan Edition, 2 vols, crown Svo. 91. 

Cabinet Edition, 4 vols, post Svo. i^t. 

IJbiary Edition, 3 vols. Svo. 361, 
Essays which may be. had separ- 
ately price id. each sewed, I>. each dolh 1 

Addison and Walpole. 

Frederick the Great. 

Croker's Boswell's Johnson, 

Hallam's Constitutional History. 

Wanen Hastings, (31/. sewed, 6d. cloth.' 

The Earl of Chatham (Two Estayi). 

Ranke and Gladstone. 

Milton and Machiavelli. 

Lord Bacon, 

Lord Clive: 

Lord Byron, and The Comic Dramatists of 
■he RestotatioQ. 



The Essay on Warren Hastings amiolated 

by S. Hales, is. &/. 
The Essay on Lord Clive uutotated br 

H, COORTHOPB BOWBN, M.A. ar. M. 

Speeches : 

People's Edition, ctown Svo. 3;. dJ. 

Lays of Ancient Rome, &c 

Illustrated by G. Scharf, fcp. 410. iw. M. 
Bijoo Edition, 

iSmo. 2J. &/. gilt top. 
' ■ Poptihur Edition, 

fcp. 4to. &/. sewed, u. cloth. 
Illustrated by J. R. Wigaelin, crown Sto. 

y. id. cloth exit*, gilt edges. 
Cabinet. 'E&Vuon, ^jraiL %i«. y. ft/. 
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MACAU LAY (Lord)— Works of— 

contintud. 

Miscellaneous Writings : 

People's Edition, I vol. crown 8vo. 4/. td, 
Librazy Edition, 2 vols. 8vo. 2IJ. 

Miscellaneous Writings and 
Speeches : 

Popular edition, i vol. crown 8vo. 2x. 6</. 

Student's Edition, in i vol. crown 8vo. dr. 

Cabinet Edition, including Indian Penal 
Code, Lays of Ancient Rome, and Mis- 
cellaneous Poems, 4 vols, post 8vo. 241. 

Selections from the Writings 
of Lord Macaulay. Edited, with 

Occasional Notes, by the Right Hon. Sir 
G. O. Trevelyan, Bart. Crown 8vo. 6x. 



The Life and Letters of Lord 

Macaulay. By the Right Hon. Sir 

G. O. Trevelyan, Bart . 
Popular Edition, i vol. crown 8vo. 2j. td. 
Student's Edition, i voL crown 8vo. dr. 
Cabinet Edition, 2 vols, post 8vo. I2j. 
Library Edition, 2 vols. 5vo. 3dr. 

MACDONALD (Geo.y—Works by. 
Unspoken Sermons. Three 

Series. Crown 8vo. 3/. 6</. each. 

The Miracles of Our Lord. 

Crown 8vo. y, 6d, 

A Book of Strife, in the Form 
of the Diary of an Old Soul : 

Poems. I2ma 6/. 

MACFARREN— Lectures on Har- 
mony. By Sir G. A. Macfarrbn. 

8vo. 12S, 

MACKAIL— Select Epigjamsfrom 
the Greek Anthology. Edited, 

with a Revised Text, Introduction, Trans- 
lation, and Notes, by J. W. Mackail, 
M.A. Fellow of Balliol College, Oxford. 
8vo. i6j. 

MACLEOD (Henry D.)— Works by. 
The Elements of Banking. 

Crown 8vo. 5^. 

The Theory and Practice of. 
Banking. Voi.i.8vo.i2j. Voi.11.14j.* 

The Theory of Credit. 8vo. 

Vol. I. 7s, 6d. ; Vol. II. Part I. 4f. 6d, ; 
Vol. II. Part II. icw. td, 

Mcculloch— The Dictionary of 

Commerce and Commercial Navi- 
gation of the late J. R. McCulijOCH, 
8vo. with II Maps and 30 Charts, 6^* 



MALME8BURY. — Memoirs of an 

Ex-Minister. By tlie Earl of 
Malmesbury. Crown 8vo. Js, 6d, 

MANUALS OF CATHOLIC 

PHILOSOPHY {Stonyhurst 

Series) : 

Logic. By Richard F. Clarke, S.J. 

Crown 8vo. $/. 

First Principles of Knowledge. 

By John Rickaby, S J. Crown 8vo. 5j. 

Moral Philosophy (Ethics and 

Natural Law). By Joseph Rick. 
ABY, S.J. Crown 8vo. 51. / 

General Metaphysics. By John 

Rickaby, S.J. Crown 8vo. $s, 

Psychologfy. By Michael Maher, 

S.J. Crown 8vo. 6s. 6</. 

Natural Theology. By Bernard 

BOEDDER, S.J. Crown 8vo. 6s, 6d, 

[Nearly ready, 

A Manual of Political Economy. 

By C. S. Devas, Esq. M.A. Examiner 
in Political Economy in the Royal Uni« 
versity of Ireland. 6s, 6d, [In preparation. 

MARTINEAU (James)— Works by. 
Hours of Thought on Sacred 

Things. Two Volumes of Sermons. 
2 vols, crown 8vo. ^s, 6d, each. 

Endeavours after the Christian 

Life. Discourses. Crown 8vo. *js, 6d, 

The. Seat of Authority in Re- 
ligion. 8vo. 14s, 

Essays, Reviews and Addresses. 

4 vols, crovm 8vo. ys. 6d. each. 

III. Theological: 
Philosophical. 

IV. Academical : 
Religious. 

[In course of publication, 

MA80N.— The Steps of the Sun: 

Daily Readings of Prose. Selected by 
Agnes Mason. i6mo. 3J. 6d, 

MAUNDERS TREASURIES. 
Biographical Treasury. With 

Supplement brought down to 1889, bj 
Rev. Jas. Wood. Fcp. 8vo, 6j. 

Treasury of Natural History; 

or, Popular Dictionary of Zoology. Fcp. 
8vo. with 900 Woodcuts, dr. 

Treasury of Geog^at^h.^^^Vc^^^s^ 

BSsVofvcaJi, \iw.Tvv\N^^ "^^^^^^^ 



I. Personal : Poli- 
tical. 
II. Ecclesiastical 
Historical. 
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MAUNDER'S TREASURIES 

— continued. 

Scientific and Literary Trea- 
sury. Fcp. 8vo. 6s. 

Historical Treasury: Outlines of 

Universal History, Separate Histories of 
all Nations. Fcp. 8vo. 6j. 

Treasury of Knowledge and 
Libraiy of Reference. Comprising 

an English Dictionary and Grammar, 
Universal Gazetteer, Classical Dictionary, 
Chronology, Law Dictionary, &c. Fcp. 
8vo. 6s, 

The Treasury of Bible Know- 
ledge. By the Rev. J. Ayre, M.A. 
With 5 Maps, 15 Plates, and 3cx> Wood- 
cuts. Fcp. 8vo. 6s, 

The Treasury of Botany. 

Edited by J. Lindley, F.R.S. and 
T. Moore, F.L.S. With 274 Woodcuts 
and 20 Steel Plates. 2 vols. fcp. 8vo. 12s, 

m 

MAX MULLER (F.)— Works by. 

Selected Essays on Languag^e, 
Mythology and Religion. 2 voU. 

crown 8vo. i6s. 

Lectures on the Science of Lan- 
guage. 2 vols, crown 8vo. i6s, 

Hibbert Lectures on the Origin 
and Growth of Religion, as 

illustrated by the Religions of India. 
Crown 8vo. *js, 6d. 

Introduction to the Science of 

Religion' ; Four Lectures delivered at 
the Royal Institution. Crown 8vo. ys, 6d, 

Natural Religion. The Gifford 

Lectures, delivered before the University 
of Glasgow in 1888. Crown 8vo. loj. 6d^. 

Physical Religion. The Gifford Lee- 
tures, delivered before the University of 
Glasgow in 1890. Crown 8vo. lar. 6</. • 

The Science of Thought. 8vo. 2 is. 

Three Introductoiy Lectures on 
the Science of Thought. 8vo.. 

2s. 6d. 

Biographies of Words, and the 
Home of the Aryas. Cr8vo.7j.6^ 

A Sanskrit Grammar for Be- 

New and Abridged Edition. 
^DosELU Crown 8vo. 6s. 



MAY.— The Constitutional His- 
tory of England since the Accession 
of George III. 1760-1870. By the Rig^t 
Hon. Sir Thomas Erskine May, K.C.B. 
3 vols, crown 8vo. iSs, 

MEADE (L T.)— Works by. 
The O'Donnells of Inchfawn« 

With Frontispiece by A Chasbmors. 
Crown 8vo. dr. 

Daddy's Boy. With Illustrations. 

Crown 8yo. $s. 

Deb and the Duchess. With 

Illustrations by M. £. Edwards. Crown 
8vo. 5^. 

House of Surprises. With Illus- 
trations by Edith M. Scannell. Crown 
8vo. p. 6d, 

The Beresford Prize. With U- 

lustrations by M. £. Edwards. Crown 
8vo. Sx. 

MEATH (The Earl of)-Works by. 
Social Arrows : Reprinted Articles 

on various Social Subjects. Cr. 8vo. 5^. 

Prosperity or Pauperism ? Phy- 
sical, Industrial, and Technical Training. 
(Edited by the Eari« of Meath). 8va 5^. 

MELVILLE (G. J. Whyte)— Novels 

by. Crown 8va is, each, boards; 
IS. 6d, each, cloth. 
The Gladiators. 



The Interpreter. 
Good for Nothing. 
The Queen's Maries. 



Holmby House. 
Kate Coventry. 
Digby Grand. 
Gen^ul Bounce. 



MENDEL880HN.— The Letters of 

Felix Mendelssohn. Translated 
by Lady Wallace. 2 vols. cr. 8vo. lOf. 

. 

MERIVALE (The Very Rev. Chas.)— 
Works by. 

Histoiy of the Romans under 

the nmpire. Cabinet Edition, 8 vols, 
crown 8vo. 4&r. 
Popular Edition, 8 vols., crown 8vo. 3^. 6^. 

each. 

The Fall of the Roman Republic : 

a Short History of the Last Century of 
the Commonwealth. i2mo. Js, 6d, 

Geti^tel YlvSk\.ori ^t Rome from 
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MERIVALE (The Very Rev. Chas.)— 

Works hj—coniinued. 

The Roman Triumvirates. With 

Maps. Fcp. 8vo. 2x. 6</. 

MILES.— The Correspondence 
of William Augustus Miles 
on the French Revolution, 

1^^1817. Edited by the Rev. 
Charles PopH AM MileS|M.A. F.L.S. 
Honorary Canon of Durham, Membre 
de la Soci^t^ d'Histoire Diplomatique. 
2 vols. 8vo. 32J. 

M I LL-^ Analysis of the Pheno- 
mena of the Human Mind. 

By James Mill. 2 vols. 8vo. 281. 

MILL (John Stuart)— Works by. 
Principles of Political Economy. 

Library Edition, 2 vols. 8vo. 30f. 
People's Edition, i vol. crown 8vo. $/• 

A System of Logic. Cr. 8vo. 51. 
On Liberty. Crown Sva is, \d. 
On Representative Government 

Crown 8vo. 2J. 

Utilitarianism. 8va 55. 

Examination of Sir William 
Hamilton's Philosophy. 8vo.i6j. 

Nature, the Utility of Religion, 

and Theism. Three Essays. 8vo. 5j. 

MOLESWORTH (Mr8.)-Works by. 

Marrying and Giving in Mar- 
riage: a Novel. By Mrs. Moles- 
worth. Fcp. 8vo. 2j. 6</. 

Silverthorns. * With Illustrations by 
F. Noel Paton. Crown 8vo. Sj. 

"The Palace in the Garden. With 

Illustrations by Harriet M. Bennett. 
Crown 8vo. 5^. 

The Third Miss St Quentin. 

Crown 8vo. 6j. 

Neighbours. With Illustrations by 

M. Ellen Edwards. Crown 8vo. 6j. 

The Story of a Spring Morning, 

&C. With Illustrations by M. Yaaxs< 
Edv/akh^, Crown 8 vo. 51. 
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MOON (6. Washington)— Works by. 
The King's English. Fcp. 8vo. 

The Soul's Inquiries Answered 
in the Words of Scripture. 

A Year-Book of Scripture Texts. 

Pocket Edition. Royal 32010. 2J. dt/. 
Common Edition. Royal 32mo. %d, limp ; 
\s, td, cloth. 

The Soul's Desires Breathed to 
God in the Words of Scrip- 
ture I being Prayers, and a Treatise on 
Prayer in the Language of the Bible. 
Royal 32mo. 2s, 6d, 

MOORE.— Dante and his Eariy 

Biographers. By Edward Moore, 
D.D. Principal of St. Edmund Hall, 
Oxford. Crown 8vo. 4s, ,6</. 

MULHALL.— History of Prices 

since the Year 1850. By Michael 
G. Mulhall. Crown 8vo. 6s. 

MURDOCK.— The Reconstruction 

of Europe : a Sketch of the Diplo- 
matic and Military History of Con- 
tinental Europe, from the Rise to the 
Fall of the Second French Empire. By 
Henry Murdock. Crown 8vo. gs, 

MURRAY.— A Dangerous Cats- 
paw : a Story. By David Christie 
Murray and Henry Murray. Cr. 8vo. 
2s, 6d, 

MURRAY and HERMAN.— Wild 

Darriei aStory. ByCuRisriEMuRRAV 
and Henry Herman. Crown 8vo. 2i. 
boards ; 2s, 6d, cloth. 

NAN8EN.— The First Crossing of 
Greenland. By Dr. Fridtjof 

Nansen. With 5 Maps, 12 Plates, and 
150 Illustrations in the Text. 2 vols. 
8vo. 36J. 

NAPIER.— The Life of Sir Joseph 
Napier, Bart. Ex-Lord Chan- 
cellor of Ireland. By Albx. 

Charles Ewald, K S. A. With Portrait. 
8vo. 15J. 

NAPIER.— The Lectures, Essays^ 
and Letters of the Ri^t Hon.. 
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NE8BIT— Leaves of Life: Verses. 

By E. Nesbit. Crown 8vo. 5^. 

NEWMAN.— The Letters and Cor- 
respondence of John Henry 

Newman during his Life in the 
English Church. With a brief Autobio- 
graphical Memoir. Arranged and Edited, 
at Cardinal Newman *s request, by Miss 
Anne Mozley, Editor of the * Letters 
of the Rev. J. B. Mozley, D.D.' With 
Portraits, 2 vols. 8vo. 301. net. 

NEWMAN (Cardinal)— Works by. 
Apologia pro Vita Sua. Cabinet 

Edition, cr. 8vo. 6s, Cheap Edition, 3^.6^. 

Sermons to Mixed Congrega- 
tions. Crown 8vo. 6s. 

Occasional Sermons. Crown 8vo. 

6s, 

The Idea of a University defined 
and illustrated. Crown Svo. ^s. 

Historical Sketches. 3 vols. 

crown Svo. 6s, each. 

The Arians of the Fourth Cen- 
tury. Cabinet Edition, crown Svo. dr. 
Cheap Edition, crown Svo. 3^. 6d, 

Select Treatises of St. Athan- 

aSlUS in Controversy with the Arians. 
Freely Translated. 2 vols. cr. Svo. i $;. 

Discussions and Arguments on 

Various Subjects. Cabinet Edition, 
crown Svo. 6s, Cheap Edition, crown 
Svo, 3^. 6d. 

An Essajr on the Development 
of Christian Doctrine. Cabinet 

Edition, crown Svo. 6x. Cheap Edition, 
crown Svo. 3i. 6d, 

Certain Difficulties felt by 
Anglicans in Catholic Teach- 
ing Considered. Vol. i, crown 

Svo. 7x. 6d, ; Vol. 2, crown Svo. 5j. 6d. 

The Via Media of the Anglican 

Church, illustrated in Lectures, &c. 
2 vols, crown Svo. 6s, each. 

Essays, Critical and Historical. 

Cabinet Edition, 2 vols, crown Svo. izs. 
Cheap Edition, 2 vols, crown Svo. Ts, 

Essays on Biblical and on Ec- 
clesiastical Miracles. Cabinet 

Edition, crown Svo, 6s. Cheap Edition, 
crow- '' V. 6^. 



NEWMAN (Gardlnal)— Works hj— 

continued. 

Tracts, i. Dissertatiunculae. 2. On 

the Text of the Seven Epbtles of St. 
Ignatius. 3. Doctrinal Causes of Arian- 
ism. 4. Apollinarianism. 5. St. Cjrril's 
Formula. 6. Ordo de Tempore. 7* 
Douay Version of Scripture. Crown 8vo. 
Sj. 

An Essay in Aid of a Grammar 

of Assent. Cabinet Edition, crown 
Svo. 7j. 6d, Cheap Edition, crown Svo. 
y . 6d. 

Present Position of Catholics in 

England. Crown Svo. 71. 6d. 

Callista : a Tale of the Third Cen- 

tury. Cabinet 'Cdiiion, crown Svo. 6s, 
Cheap Edition, crown Svo. 3^. 6d, 

Loss and Gain : a Tale. Crown 

Svo. 6s, 

The Dream of Gerontius. i6mo. 

6d, sewed, is, cloth. 

Verses on Various Occasions. 

Cabinet Edition, crown Svo. 6s. Cheap 
Edition, crown Svo. 31. 6d. 

♦^* For Cardinal Newman's other Worts 
see Messrs. Longmans & Co.'s Catalogue 
of Theological Works. 

N0RRI8.— Mrs. Fenton: a Sketch. 

By W. E. NoRRis. Crown Svo. 6s. 

NORTON (Charles L)— Works by. 

Political Americanisms : a Glos- 
sary of Terms and Phrases Current at 
Different Periods in American Politics. 

A Handbook of Florida. With 

49 Maps and Plans. Fcp. Svo. $s, 

NORTHCOTT.— Lathes and Turn- 

• 

ingi Simple, Mechanical, and Orna- 
mental. By W. H. NoRTHCOTT. With 
33S Illustrations. Svo. iZs. 

O'BRIEN.— When we were Boys: 

a Novel. By William O'Brien, M.P. 
Cabinet Edition, crown Svo. 6s. Cheap 
Edition, crown Svo. 2s. 6d, 

OLIPHANT (Mrs.)— Novels by. 
Madam. Cr. 8vo. \s. bds. ; \s. 6d, cL 
In Trust. Cr. Svo. u.bds.; xs. 6d. cl. 
I«ad7 Cat \ x^cva ^s^c^^l o1 ^ liife. 
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OMAN.— A History of Greece from 
the Earliest Times to the 
Macedonian Conquest By 

C. W. C. Oman, M.A. F.S.A. Fellow 
of All Souls College, and Lecturer at 
New College, Oxford. With Maps and 
Plans, Crown 8vo. 4J. 6</. 

O'REILLY.— Hurstleigh Dene: a 

Tale. By Mrs. O Reilly. Illustrated 
by M. Ellen Edwards. Crown 8vo. $s, 

PAYN (James)— Novels by. 
The Luck of the Darrells. Cr. 

8vo. IS, boards ; is. 6t/. cloth. 

Thicker than Water. Crown Svo. 

IX. boards ; is, td, cloth. 

PERRINQ (8ip PHILIP)-Works by. 
Hard Knots in Shakespeare. 

8vo. ^s, 6d. 

The 'Works and Days' of 

Moses. Crown 8vo. 3^. 6d, 

PHILLIPP8-W0LLEY.— Snap: a 

Legend of the Lone Mountain. By C. 
Philltpps-Wolley, Author of * Sport in 
the Crimea and Caucasus '&c With 13 
Illustration.*; by H. G. Willink. Crown 
Svo. 6s, 

POLE.— The Theory of the Mo- 
dern Scientific Game of 

Whist By W. Pole, F.R.S. Fcp. 
Svo. 2s, 6d. 

POLLOCK. — The Seal of Fate: 

a Novel. By W. H. Pollock and 
Lady Pollock. Cro\\'n Svo. 

PRENDER6 AST— Ireland, from the 
Restoration to the Revolution, 

1660- 1690. By John P. Prendergast. 
Svo. 5j. 

PRIN8EP.— Virginie: a Tale of One 

Hundred Years Ago. By Val Prinsep, 
A.R.A. 3 vols, crown Svo. 25J. 6d. 

PROCTOR (R. A.)— Works by. 
Old and New Astronomy. 12 

Parts, 2s, td, each. Supplementary Sec- 
tion, is. Complete in i vol. 4to. 36^. 
[In course of pubHcatum, 

The Orbs Around Us ; a Series of 

Essays on the Moon and Planets, Meteors 
and Comets. With Chart and Diagrams. 
Crown Syo, Ss, \ 



PROCTOR (R. A.)— Works bj-amf. 
Other Worlds than Ours; The 

Plurality of Worlds Studied under the 
Light of Recent Scientific Researches. 
With 14 Illustrations. Crown Svo. 51. 

The Moon : her Motions, Aspects, 

Scenery, and Physical Condition. With 
Plates, Charts, Woodcuts, &c. Cr.Svo.5/. 

Universe of Stars ; Presenting 

Researches into and New Views respect* 
ing the Constitution of the Heavens. 
With 23 Charts and 22 Diagrams. Svo. 
lOr. 6d, 

Larger Star Atlas for the Library, 

in 12 Circular Maps, with Introduction 
and 2 Index Pages. Folio, 15^. or Maps 
only, I2X. 6d, 

The Student's Atlas. In Twelve 

Circular Maps on a Uniform Projection 
and one Scale. Svo. 5^. 

New Star Atlas for the Library, 

the School, and the Observatory, in 42 
Circular Maps. Crown 8va 51. 

LightScience for Leisure Hours; 

Familiar Essavs on Scientific Subjects. 
3 vols, crown Svo. Ss, each. 

Chance and Luck ; a Discussion of 

the Laws of Luck, Coincidences, Wagers, 
Lotteries, and the Fallacies of Gambling 
&c Crown Svo. 2s, boards ; 2x. 6d, doth. 

Studies of Venus-Transits. With 

7 Diagrams and 10 Plates. Svo. 5/. 

How to Play Whist : with the 
Laws and Etiquette of Whist 

Crown Svo. 31. 6d, 

ome Whist : an Easy Guide to 

Correct Play. i6mo is. 

The Stars in their Seasons. 

An Easy Guide to a Knowledge of the 
Star Groups, in 12 Maps. Roy. Svo. 5/. 

Star Primer. Showing the Starry 

Sky Week by Week, in 24 Hourly Maps. 
Crown 4to. 2x. 6a. 

The Seasons Pictured in 48 Sun- 
Views of the E2Uth,and24ZodiacaI 
Maps, &C. Demy 4to. 5x. 

Strength asvd Vl^^^^^ttmi^ ^^^^ 

\C«wii'ii'ued w^ ■"* 
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PROCTOR (R. A.)— Works hj^mt. 
Strength : How to get Strong and 

keep Strong, with Chapters on Rowing 
and Swimming, Fat, Age, and the 
Waist. With 9 Illustrations. Crown 
8vo. 2J. 

Rough Ways Made Smooth. 

Familiar Elssays on Scientific Subjects. 
Qown 8vo. 5i-. 

Our Place Among Infinities. A 

Series of Essays contrasting our Little 
Abode in Space and Time with the Infi- 
nities Around us. Crown 8vo. 51. 

The Expanse of Heaven. Essays 

on the Wonders of the Firmament. Crown 
8vo. 5j. 

The Great Pyramid, Observa- 
tory, Tomb, and Temple. 

Witn Illustrations. Crown 8vo. 5^. 

Pleasant Ways in Science. Crown 

8vo. 5j. 

Mjrths and Marvels of Astro- 
nomy. Crown 8vo. 5/. 

Nature Studies. By Grant Allen, 

A. Wilson, T. Foster, E. Clodd, and 
R. A. Proctor. Crown 8vo. Sj. 

Leisure Readings. By E. Clodd, 

A. Wilson, T. Foster, A. C. Ran yard, 
and R. A. Proctor. Crown 8vo. 5/. 

PRYCE.~The Ancient British 

Church : an Historical Essay. By 
John Pryce, M.A. Crown 8vo. 6/. 

RANSOM E.~The Rise of Consti- 
tutional Government in Eng- 
land I being a Series of Twenty Lectures 
on the History of the English Constitution 
delivered to a Popular Audience. By 
Cyril Ransome, M.A. Crown 8vo. 6s, 

RAWLIN80N.— The History of 

Phoenicia. By George Rawltn- 
SON, M.A. Canon of Canterbury, &c. 
With numerous Illustrations. 8vo. 24r. 



RENDLE and NORMAN.— The Inns 
of Old Southwark, and thdr 

Associations. By William Rendlb, 
F.R.C.S. and Philip Norman, F.S.A. 
With numerous Ulnstrations. Roy.8vo.28x. 

RIBOT.— The Psychology of At- 
tention. By Th. Ribot. Crown 
8vo. 3^. 

w 

RICH.— A Dictionary of Roman 
and Greek Antiquities. With 

2,000 Woodcuts. By A. Rich. Cr. 8vo. 
is, W. 

RICHARDSON.— National Health. 

Abridged from *The Health of Nations.' 
A Review of the Works of Sir Edwin 
Chad wick, K.C.B. By Dr. B. W. 
Richardson. Crown, 4;. 6d. 

RILEY.—Athos; or, the Mountain 

of the Monks. By Athblstan RiLSYy 
M.A. F.R.G.S. With Map and 29 
Illustrations. 8vo. 21s, 

RIVERS. — The Miniature Fruit 

Garden \ or, the Culture of Pyramidal 
and Bush Fruit Trees. By Thomas 
Rivers. With 32 Illustrations. Fcp. 
8vo. 4J-. 

ROBERTS.— Greek the Language 
of Christ and His Apostles. 

By Alexander Roberts, D.D. 8to. i&r. 

R06ET.— A History of the 'Old 
Water-Colour ' Society (now 

the Royal Society of Painters in Water- 
Colours). With Biographical Notices of 
its Older and all its Deceased Members 
and Associates. Preceded by an Account 
of English Water- Colour Art and Artists 
in the Eighteenth Century. By John 
Lewis Roget, M.A. Bariistcr-at-Law. 
2 vols, royal 8vo. 

• 

ROGET.— ThesaunfS of English 
Words and Phrases. Classified 

and Arranged so as to faciUtate the Ex- 
pression of Ideas. By Peter M. Roget. 
Crown 8vo, ioj. 6d 



READER.— Echoes of Thought: 



r.^^,.—^^..^^^ w •..^- .... RONALDS.— The Fly- 

Z'^Medle^'a'^Verse^^ By^'emily'V. \ * ttl^omology- By ALFRp Ronalds. 
'?-'^ OER. Fcp. 8vo. 5x. cloth, gilt top. \ NNV^^^ ^^ Cc\Q>lX1^^^aX^ %^^. V4.r. 
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ROSSETTI.— A Shadow of Dante : 

being an Essay towards studying Himself, 
his World, and his Pilgrimage. By Maria 
Francesca Rossetti. With Illustra- 
tions. Crown 8vo. loj. 6d, 

RUSSELL— A Life of Lord John 
Russell <Earl Russell, K.G.). 

By Spencer Walpole; With 2 Por- 
traits. 2 vols. 8vo. 36^. Cabinet Edition, 
2 vols, crown 8vo. 12s. 

8EEB0HM (Frederic)— Works by. 

The Oxford Reformers— John 
Colet, Erasmus, and Thomas 

More ; a History of their Fellow- Work. 
8vo. 14J. 

The Era of the Protestant 

Revolution, with Map. Fq). 8vo. 
2r. 6d. 

The English Village Commu- 
nity Examined in its Relations to the 
Manorial and Tribal Systems, &c. 13 Maps 
and Plates. 8vo. i6x. 

SEW ELL— Stories and Tales. By 

Elizabeth M. Sewell. Crown 8vo. 
IX. 6d. each, cloth plain ; 2s, 6d, each, 
cloth extra, gilt edges : — 



Laneton Parsonage. 

Ursula. 

Gertrude. 

Ivors. 

Home Life. 

After Life. 



Amy Herbert. 
The Earl's Daughter. 
The Experience of Life. 
A Glimpse of the World. 
Cleve HalL 
Katharine Ashton. 
Margaret Percival. 

SHAKESPEARE.— Bowdler's Family 
Shakespeare, ivoi. 8vo. With 

36 Woodcuts, 14s, or in 6 vols. fcp. 
8vo. 21/. 

Outlines of the Life of Shake- 
speare. By J. O. Halli WELL- Phil- 
LiPPS. 2 vols. Royal 8vo. £1, ix. 

Shakespeare's True Life. By 

James Walter. With 500 Illustrations. 
Imp. 8vo. 21s, 

m 

The Shakespeare Birthday 

Book. By Mary F. Dunbar. 32mo. 
IS, 6d, cloth. With Photographs, 32mo. 
5^. Drawing-Room Edition, with Photo- 
graphs, fcp. 8vo. los. 6d, 

SHORT.— Sketch of the History 
of the Church of England 

to the Revolution of 1688. By T. V. 
Short, D.D, Crown 8vo. *js, 6^ 

SMITH (Gregory).— Fra Angelico, 

and other .Short Poems. By GR£G0RY 
Smith. Crown 8vo. 4r. ^, 



SMITH (R. Bo8worth).-~Carthag:e 
and the Carthagenians. Bv r. 

BoswoRTH Smith, M.A. Maps, Plans, 
&c« Crown 8vo. &r. 

Sophocles. Translated into English 
Verse. By Robert Whitelaw, M.A. 
Assistant-Master in Rugby School ; late 
Fellow of Trinity College, Cambridge. 
Crown 8vo. 8j. 6d, 

STANLEY.— A Familiar History 

of Birds. By E. Stanley, D.D. 
With 160 Woodcuts. Crown 8vo. 3 J. 6</. 

STEEL (J. H.)— Works by. 
A Treatise on the Diseases of 

the Dog* I being a Manual of Canine 
Pathology. Especially adapted for the 
Use of Veterinary Practitioners and 
Students. 88 Illustrations. 8vo. lox. td, 

A Treatise on the Diseases of 

the Ox J being a Manual of Bovine 
Pafthology specially adapted for the use 
of Veterinary Practitioners and Students. 
2 Plates and 117 Woodcuts. 8vo. 151. 

A Treatise on the Diseases of 

the Sheep : being a Manual of Ovine 
Pathology. Especially adapted for the 
use of Veterinary Practitioners and 
Students. With Coloured Plate and 99 
Woodcuts. 8vo. I2s, 

STEPH EN. — Essays in Ecclesi- 
astical Biography. By the Right 
Hon. Sir J. Stephen. Cr. 8vo. ^s, 6d, 

STEPHENS.— A History of the 
French Revolution. By h. 

Morse Stephens, Balliol College, 
Oxford. 3 vols. 8vo. Vol. I. i&r. Rtady. 

Vol, II, in the press, 

STEVENSON (Robt. Louis)— Works 
by. 

A Child's Garden of Verses. 

Small fcp. 8vo. 51. 

The Dynamiter. Fcp. 8vo. \s. swd. 

ij. 6^. cloth. 



Strange Case of Dr. Jekyll and 
Mr. » 



Mr. Hvdft.* ^c^^ %^^ >A. -ciA. 
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STEVENSON and OSBOURNE.— The 

Wrong Box. By Robert Dduis 
Stevenson and Lloyd Osbourne. 
Crown 8vo. 5^. 

STOCK. -T- Deductive Loc:ic. By 

St, George Stock. Fcp. Svo, y, 6d, 

'STONEHENQE.'— The Dog in 
Health and Disease. By 

•Stonehenge.' With 84 Wood En- 
gravings. Square crown Svo. ys, 6d, 

STRONG and LOG EM AN.— Introduc- 
tion to the Study of the His- 
tory of Language. By Herbert 
A. Strong, M.A. LL.D. ; Willem 
S. Logeman ; and Benjamin Ide 
Wheeler. Svo. ioj. 6d, 

SULLY (James)— Works by. 
Outlines of Psychology, with 

Special Reference to the Theory of Edu- 
cation. Svo. I2s, 6d, 

The Teacher's Handbook of 

Psychology, on the Basis of • Out- 
lines of Psychology.' Cr. Svo. 6s, 6d, 

Supernatural Religion ; an In- 
quiry into the Reality of Divine Reve- 
lation. 3 vols. Sva 36J. 

Reply (A) to Dr. Lightfoot's 

Assays. By the Author of 'Super- 
natural Religion.' I vol. Svo. 6s. 

SWINBURNE.— Picture Logic; an 

Attempt to Popularise the Science of 
Reasoning. By A. J. Swinburne, B. A. 
Post Svo. 5^. 

SYME8. — Prelude to Modern 

History : being a Brief Sketch of the 
World's History from the Third to the 
Ninth Century. By J. E. Symes, M.A. 
University College, Nottingham. With 
5 Maps. Crown Svo. 2s. 6d, 

TAYLOR.— A Student's Manual of 
the History of India, from the 

Earliest Period to the Present Time. By 
Colonel Meadows Taylor, C.S.I. &c. 
Crown Svo. *js, 6d, 

THOMPSON (D. Greenleaf)— Works 
by. 

The Problem of Evil : an Intro- 

duction to the Practical Sciences. &vo. 

MCS. 6i/, 



THOMPSON (D. Qpeenleaf)— Works 

by — continiud, 

A Sjrstem of Psychology. 2 vols. 

Svo. 3df. 

The Relig^ious Sentiments of 
the Human Mind. Svo. 7^. 6</. 

Social Progress: an Essay. 8va 

7j. 6d, i 

The Philosophy of Fiction /in 

Literature : an Essay. Cr. 8vo( 6s. 

f 

Three in Norway. By Two ol 

Them. With a Map and 59 Illustra- 
tions. Cr. Svo. 2j. boards ; 25. 6d, cloth. 

TOYNBEE.— Lectures on the In- 
dustrial Revolution of the 
18th Century in England. 

Bv the late Arnold Toynbee, Tutoi 
01 Balliol College, Oxford. Together 
with a Short Memoir by B. Jovvett, 
Master of Balliol College, Oxford. 
Svo. loj. 6d. 

TREVELYAN (Sir G.O.Bart.)- Works 
by. 

The Life and Letters of Lord 
Macaulay. 

Popular Edition, i vol. cr. Svo.2j.6^. 
Student's Edition, i vol. cr. Svo. 6s. 
Cabinet Edition, 2 vols. cr. Svo. \2s. 
Library Edition, 2 vols. Svo. 36/. 

The Early History of Charles 

James Fox. Library Edition, Svo. 
iSf. Cabinet Edition, crown Svo. 6j, 

TROLLOPE (Anthony).— Novels by. 

The Warden. Crown Svo. u.boards; 
\s. 6d. cloth. 

Barchester Towers. Crown 8vo. 

I J. boards \ vs. 6d, clolh. 

VILLE.— On Artificial Manures, 

their Chemical Selection and Scientific 
Application to Agriculture. By Georges 
NwAA, Ti-KRslated and edited by W. 
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VIRGIL— Publi Vergili Maronis 
Bucolica, GeorgicOi ^neis; 

the Works of Virgil, Latin Text, with 
English Commentary and Index. By 
B. H. Kennedy, D.D. Cr. 8vo. iof.6^. 

The iEneid of Virgil Translated 

into English Verse. By John Coning- 
TON, M.A. Crown 8vo, 6j. 

The Poems of Virgil. Translated 

into English Prose. By John Conino- 
TON, M.A, Crown 8vo, 6s, 

The Eclogues and Georgics of 

Virgil. Translated from the Latin by 
J. W. Mackail, M.A. Fellow of Balliol 
College, Oxford. Printed on Dutch 
Hand -made Paper. Royal i6mo. 1^. 

WAKEMAN and HA88ALL— Essays 
Introductory to the Study of 
English Constitutional His- 
tory. By Resident Members of the 
University of Oxford. Edited by Henry 
Offley Wakeman, M.A. Fellow of All 
Souls College, and Arthur Hassall, 
M. A. Student of Christ Church. Crown 
8vo. 6s, 

WALKER.— The Correct Card; or 

How to Play at Whist ; a Whist 
Catechism. By Major A. Campbell- 
Walker, F.R.G.S. Fcp. 8vo. 2s. 6d. 

WALPOLE.— History of England 
from the Conclusion of the 
Great War in 1815 to 1858. 

By Spencer Walpole. Library Edition. 

5 vols. 8vo. £^, I or. Cabinet Edition. 

6 vols, crown 8vo. 6s, each. 

WELLINGTON.— Life of the Duke 

of Wellington. By the Rev. G. R. 
Glbig, M.A. Crown 8vo. y, 6^. 

WELLS.— Recent Economic 

Changes and their Effect on the Pro- 
duction and Distribution of Wealth and 
the Well-being of Society. By David A. 
Wells, LL.D. D.C.L. late United States 
Special Commissioner of Revenue, &c 
Crown 8vo. los. 6d, 

WENDT.— Papers on Maritime 

Legislation, with a Translation of 
the German Mercantile Laws relating to 
Maritime Commerce. By Ernest Emil 
Wendt, D.C.L. Royal 8vo, J^u lu. 6d. 



WEST.— Lectures on the Diseases 
of Infancy and Childhood. 

By Charles West, M.D. 8vo. i8j. 

WEYMAN.— The House of the 

Wolf: a Romance. By STANLEY J. 
Weyman, Crown 8vo. 6s, 

WHATELY (E. Jane)— Works by. 
English Synonyms. Edited by R. 

Whately, Y>,Y>, Fcp. 8vo. y. 

Life and Correspondence of 
Richard Whately, D.D. late 

Archbishop of Dublin. With Portrait. 
Crown 8vo. lOf. 6d, 

WHATELY (Archbishop)— Works by. 
Elements of Logic. Cr. Svo. 41. ^cL 

Elements of Rhetoric. Crown 

8vo. 4r. 6d, 

Lessons on Reasoning. Fcp. Svo. 

XJ. 6d, 

Bacon's Essays, with Annotations. 

8vo. icxr. 6d, 

WILCOCK8.— The Sea Fisherman. 

Comprising the Chief Methods of Hook 
and Line Fishing in the British and 
other Seas, and Remarks on Nets, Boats, 
and Boating. By J. C. Wilcocks. 
Profusely Illustrated. Crown 8vo. 6s, 

Wl LL I CH. — Popular Tables for 

giving Information for ascertaining the 
va*ue of Lifehold, Leasehold, and Church 
Property, the Public Funds, &c By 
Charles M. Wjllich. Edited by 
H. Bencb Jones. Crown Svo. lOf. 6d. 

WILLOUGHBY.— East Africa and 

its Big Game. The NarraUve of a 
Sporting Trip from Zanzibar to the 
Borders of the Masai. By Capt. Sir 
John C. Willoughby, Bart. Illus- 
trated by G. D. Giles and Mrs. Gordon 
Hake. Royal Svo. z\s, 

WITT (Prof.)— Works by. Trans- 

lated by Frances Younghusband. 
The Trojan War. Crown Svo. 2 j. 
Myths of Hellas'; or, Greek Tales. 
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